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4.8: Curl
Curl is an operation, which when applied to a vector field, quantifies the circulation of that field. The concept of circulation has
several applications in electromagnetics. Two of these applications correspond to directly to Maxwell’s Equations:

The circulation of an electric field is proportional to the rate of change of the magnetic field. This is a statement of the Maxwell-
Faraday Equation (Section 8.8), which includes as a special case Kirchoff’s Voltage Law for electrostatics (Section 5.11).
The circulation of a magnetic field is proportional to the source current and the rate of change of the electric field. This is a
statement of Ampere’s Law (Sections 7.9 and 8.9)

Thus, we are motivated to formally define circulation and then to figure out how to most conveniently apply the concept in
mathematical analysis. The result is the curl operator. So, we begin with the concept of circulation:

“Circulation” is the integral of a vector field over a closed path.

Specifically, the circulation of the vector field  over the closed path  is

The circulation of a uniform vector field is zero for any valid path. For example, the circulation of  is zero because non-
zero contributions at each point on  cancel out when summed over the closed path. On the other hand, the circulation of 

 over a circular path of constant  and  is a non-zero constant, since the non-zero contributions to the integral at each
point on the curve are equal and accumulate when summed over the path.

Consider a current  (units of A) flowing along the  axis in the  direction, as shown in Figure .

 Figure : Magnetic field intensity due to a current flowing along the  axis. (CC BY SA 4.0; K.
Klikkeri).

It is known that this current gives rise to a magnetic field intensity , where  is a constant having units of A
since the units of  are A/m. (Feel free to consult Section 7.5 for the details; however, no additional information is needed to
follow the example being presented here.) The circulation of  along any circular path of radius  in a plane of constant  is
therefore

Note that the circulation of  in this case has two remarkable features: (1) It is independent of the radius of the path of
integration; and (2) it has units of A, which suggests a current. In fact, it turns out that the circulation of  in this case is equal
to the enclosed source current . Furthermore, it turns out that the circulation of  along any path enclosing the source current
is equal to the source current! These findings are consequences of Ampere’s Law, as noted above.

Curl is, in part, an answer to the question of what the circulation at a point in space is. In other words, what is the circulation as 
shrinks to it’s smallest possible size. The answer in one sense is zero, since the arclength of  is zero in this limit – there is nothing
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to integrate over. However, if we ask instead what is the circulation per unit area in the limit, then the result should be the non-
trivial value of interest. To express this mathematically, we constrain  to lie in a plane, and define  to be the open surface
bounded by  in this case. Then, we define the scalar part of the curl of  to be:

where  is the area of , and (important!) we require  and  to lie in the plane that maximizes the above result.

Because  and it’s boundary  lie in a plane, it is possible to assign a direction to the result. The chosen direction is the normal 
to the plane in which  and  lie. Because there are two normals at each point on a plane, we specify the one that satisfies the right
hand rule. This rule, applied to the curl, states that the correct normal is the one which points through the plane in the same
direction as the fingers of the right hand when the thumb of your right hand is aligned along  in the direction of integration. Why
is this the correct orientation of ? See Section 4.9 for the answer to that question. For the purposes of this section, it suffices to
consider this to be simply an arbitrary sign convention.

Now with the normal vector  unambiguously defined, we can now formally define the curl operation as follows:

where, once again,  is the area of , and we select  to lie in the plane that maximizes the magnitude of the above result.
Summarizing:

The curl operator quantifies the circulation of a vector field at a point.

The magnitude of the curl of a vector field is the circulation, per unit area, at a point and such that the closed path of
integration shrinks to enclose zero area while being constrained to lie in the plane that maximizes the magnitude of the result.

The direction of the curl is determined by the right-hand rule applied to the associated path of integration.

Curl is a very important operator in electromagnetic analysis. However, the definition (Equation ) is usually quite difficult to
apply. Remarkably, however, it turns out that the curl operation can be defined in terms of the  operator; that is, the same 
operator associated with the gradient, divergence, and Laplacian operators. Here is that definition:

For example: In Cartesian coordinates,

and

so curl can be calculated as follows:

or, evaluating the determinant:
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Expressions for curl in each of the three major coordinate systems is provided in Appendix B2.

It is useful to know is that curl, like  itself, is a linear operator; that is, for any constant scalars  and  and vector fields  and 
:
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