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1.4: Velocity Addition

Since the Lorentz transformation allows you to relate the position and time of an event in one coordinate system to the position and
time in any other coordinate system, it also allows you to relate quantities that depend on position and time, like velocity and
acceleration. Therefore, using Lorentz we can derive equations that allow use to transform velocities measured by one observer to
velocities measured by other observers.

Refer back to the Lorentz transformation derivation. This time, imagine that the event of interest is a particle, launched from the
origin when the two origins overlapped at time zero, striking some detector. Thus,

T =yt (1.4.1)
z = vt (1.4.2)

Substituting these relationships into the Lorentz transformation yields

z' =~y(z —ut) (1.4.3)
vpt' = (v, —ut) (1.4.4)
vht' =y(v, —u)t (1.4.5)
and
T (t— %) (1.4.6)
. (t_ “:;t) (1.4.7)
:7(1— ”CZ’”)t (1.4.8)

dividing the Equation 7?7 by Equation 777 yields
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This directly relates the z-speed of an object in one reference system (v, ) to the speed of the same object measured in a different
system (v}).

Although y- and z-positions are not effected by the Lorentz transformation, y- and z-velocities are different in different systems.

Starting with,
y =y (1.4.11)
vyt = vyt (1.4.12)
divide by the time transformation derived above
vyt vy Y
5 uv, (1.4.13)
v ( e ) y
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vy = L (1.4.14)
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The same type of transformation holds for z-velocity.
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Using Velocity Addition

A spaceship travels at 0.8c with respect to the solar system. An unmanned probe is ejected at 0.6c at an angle of 30° from the
direction of travel of the ship (both the speed and angle of the probe are measured with respect to the ship). What are the speed and
angle of launch of the probe as measured in the solar system frame?

Just as distance and time depend on the relative motion between observers, so does velocity. The following relationships allow you
to compare velocity measurements between two observers in relative motion.

Uy —U

v, = s (1.4.16)
-5
v
o, = — (1.4.17)
1(1-7F)

were v, and v}, are the velocities of an object measured in a frame (the “primed” frame) moving at speed u relative to the
“unprimed” frame (where observers measure v, and vy).

These equations are written in a form that easily allows the determination of v, and vy if v, and v, are known. If the situation
requires the inverse of this task, the equations can be easily inverted (by changing the sign of w and flipping the primed and
unprimed notation) to yield

/
vy =2 (1.4.18)
UV
1+ —
vl
v, = Y (1.4.19)
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Using this form of the equations, with the spaceship the primed frame and © = 0.8¢ (y = 1.67), yields

vy +u

Vp = .
UV
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The solar system observers detect the probe’s motion as
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This page titled 1.4: Velocity Addition is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Paul
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