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3.2: Work and Energy

4b Learning Objectives

o Calculate the work done by any force.

o Calculate the kinetic energy of a particle given its mass and velocity or momentum.

¢ Relate the difference of potential energy to work done on a particle for a system without friction or air drag.

o Explain the meaning of the zero of the potential energy function for a system.

o Define conservative force and non-conservative force.

o Formulate the principle of conservation of mechanical energy, with or without the presence of non-conservative forces

Work

In physics, work represents a type of energy. Work is done when a force acts on something that undergoes a displacement from one
position to another. Forces can vary as a function of position, and displacements can be along various paths between two points. We

first define the increment of work dW done by a force F' acting through an infinitesimal displacement d7 as the dot product of
these two vectors:

dW = F-dF = |F||dF| cosf. (3.2.1)

Then, we can add the contributions for infinitesimal displacements along a path between two positions to get the total work.

# Definition: Work Done by a Force

The work done by a force is the integral of the force with respect to displacement along the path of the displacement:

Was :/ F-dr. (3.2.2)
path AB

The vectors involved in the definition of the work done by a force acting on a particle are illustrated in Figure 3.2.1.
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Figure 3.2.1: Vectors used to define work. The force acting on a particle and its infinitesimal displacement are shown at one point

along the path between A and B. The infinitesimal work is the dot product of these two vectors; the total work is the integral of the

dot product along the path.
We choose to express the dot product in terms of the magnitudes of the vectors and the cosine of the angle between them because
the meaning of the dot product for work can be put into words more directly in terms of magnitudes and angles. We could equally
well have expressed the dot product in terms of the various components introduced in Vectors. In two dimensions, these were the x-
and y-components in Cartesian coordinates, or the r- and ¢-components in polar coordinates; in three dimensions, it was just x-, y-,
and z-components. Which choice is more convenient depends on the situation. In words, you can express Equation 3.2.1 for the
work done by a force acting over a displacement as a product of one component acting parallel to the other component. From the
properties of vectors, it doesn’t matter if you take the component of the force parallel to the displacement or the component of the
displacement parallel to the force—you get the same result either way.

Recall that the magnitude of a force times the cosine of the angle the force makes with a given direction is the component of the
force in the given direction. The components of a vector can be positive, negative, or zero, depending on whether the angle
between the vector and the component-direction is between 0° and 90° or 90° and 180°, or is equal to 90°. As a result, the work
done by a force can be positive, negative, or zero, depending on whether the force is generally in the direction of the displacement,
generally opposite to the displacement, or perpendicular to the displacement. The maximum work is done by a given force when it
is along the direction of the displacement (cos € = + 1), and zero work is done when the force is perpendicular to the displacement
(cos 8 =0).

The unit of work is units of force multiplied by units of length, which in the SI system is newtons times meters, N-m. This
combination is called a joule and is abbreviated as J.
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Kinetic Energy

Kinetic energy is the energy of motion. For particles with speeds slow compared to the speed of light, we can define the kinetic
energy of a particle with mass m and speed v or momentum magnitude p = muv.

# Definition: Kinetic Energy

The kinetic energy of a particle is:

1
K= §m1)2 ==, (3.2.3)

We then extend this definition to any system of particles by adding up the kinetic energies of all N of its constituent particles:
Y1
Kzzgmiv?. (3.2.4)
i=1

The units of kinetic energy are joules (J).

If force is applied to a particle, it will accelerate, thereby changing its speed and kinetic energy. However, from Equation 3.2.2, the
applied force must also do work on the particle. As a result, work and kinetic energy must be related, and this relationship is
defined in the work-kinetic energy theorem.

# Definition: Work-Kinetic Energy Theorem

The net work done on a particle equals the change in the particle's kinetic energy:

Wy = Kp— K. (3.2.5)

Potential Energy

Potential energy is "stored" energy. As an example, consider kicking a football as illustrated in Figure 3.2.1. For simplicity, let's
ignore friction and air resistance and define our coordinate system with the vertical axis in the positive direction. As the football
rises, the work done by the gravitational force on the football is negative, because the ball’s displacement is positive vertically and
the force due to gravity is negative vertically. The ball slows down until it reaches its highest point in the motion, implying
decreasing kinetic energy. Under the principle of conservation of energy, this loss in kinetic energy must translate into a gain in
gravitational potential energy of the football-Earth system so that the total energy of the system is conserved (constant). In some
sense, energy is being temporarily "stored" by gravity in the increased height of the football.

As the football falls toward Earth, the work done on the football is now positive, because the displacement and the gravitational
force both point vertically downward. The ball also speeds up, which indicates an increase in kinetic energy. Therefore, energy is
converted from gravitational potential energy back into kinetic energy.
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Figure 3.2.1: As a football starts its descent toward the wide receiver, gravitational potential energy is converted back into kinetic
energy.

Based on this scenario, we can define the difference of potential energy from point A to point B as the negative of the work done:
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This formula explicitly states a potential energy difference, not just an absolute potential energy. Therefore, we need to define

AUAB:UB_UA:_WAB (326)

potential energy at a given position in such a way as to state standard values of potential energy on their own, rather than potential
energy differences. We do this by rewriting the potential energy function in terms of an arbitrary constant,

AU:U(?)—U(?O) (3.2.7)

The choice of the potential energy at a starting location of 7y is made out of convenience in the given problem. Most importantly,
the choice should be stated and kept consistent throughout the given problem. There are some well-accepted choices of initial
potential energy. For example, the lowest height in a problem is usually defined as zero potential energy, or if an object is in space,
the farthest point away from the system is often defined as zero potential energy. Then, the potential energy, with respect to zero at
To, is just U(7).

Common types of potential energy include gravitational potential energy and elastic potential energy, i.e., energy stored in
compressed or extended springs. (We will see that electric charges can also have electric potential energy.)

Conservation of Energy

We can now mathematically define the concept of energy conservation.

# Definition: Conservation of Energy

The mechanical energy E of a particle stays constant unless forces outside the system or non-conservative forces do work on it,
in which case, the change in the mechanical energy is equal to the work done by the non-conservative forces:

Wi, ap = A(K+U) up = AE 5. (3.2.8)

Non-conservative forces are dissipative forces such as friction or air resistance. These forces take energy away from the system as
the system progresses, energy that you can’t get back. These forces are path-dependent; it matters where the object starts and stops.
Conservative forces are forces for which the change in energy is path-independent. Gravity is an example of a conservative force.
Conservative forces can have a potential energy associated with them. (We will see that the electric force is a conservative force,
and therefore we will be able to define an electric potential energy.) Mathematically, these concepts can be defined in terms of
integrals of force over a path.

# Definition: Conservative Force

The work done by a conservative force is independent of the path; in other words, the work done by a conservative force is the
same for any path connecting two points:

VVAB7 path—1 = / Feons-dr = WAB, path—2 :/ Feonsdr. (329)
AB, path—1 AB, path—2

The work done by a non-conservative force depends on the path taken. Equivalently, a force is conservative if the work it does
around any closed path is zero:

Weiosed path = fécons' dr =0. (3210)

In Equation 3.2.1(, we use the notation of a circle in the middle of the integral sign for a line integral over a closed path, a notation
found in most physics and engineering texts.] Equations 3.2.9 and 3.2.10are equivalent because any closed path is the sum of two
paths: the first going from A to B, and the second going from B to A. The work done going along a path from B to A is the
negative of the work done going along the same path from A to B, where A and B are any two points on the closed path:

0= /Fcons'dr :/ Fcons'dr +/ Fcons'dr
AB, path—1 BA, path—2

= / Fopns-dr _/ cons-dr = 0.
AB, path—1 AB, path—2
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It is sometimes convenient to separate the case where the work done by non-conservative forces is zero, either because no such
forces are assumed present or, like the normal force, they do zero work when the motion is parallel to the surface. Then

# Conservation of Energy without Non-Conservative Forces

The mechanical energy of a particle does not change if all the non-conservative forces that may act on it do no work.

OZWncy ABZA(K+U)AB=AEAB. (3.2.11)

In many cases, there exist systems for which Equation 3.2.11 will hold exactly or approximately. In such situations, conservation
of energy can be a powerful tool for understanding the behavior of the system.
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