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22.3: Radiation from a Current Moment

In this section, we begin to address the following problem: Given a distribution of impressed current density J(r), what is the
resulting electric field intensity E(r)? One route to an answer is via Maxwell’s equations. Viewing Maxwell’s equations as a
system of differential equations, a rigorous mathematical solution is possible given the appropriate boundary conditions. The
rigorous solution following that approach is relatively complicated, and is presented beginning in Section 9.2 of this book.

If we instead limit scope to a sufficiently simple current distribution, a simple informal derivation is possible. This section presents
such a derivation. The advantage of tackling a simple special case first is that it will allow us to quickly assess the nature of the
solution, which will turn out to be useful once we do eventually address the more general problem. Furthermore, the results
presented in this section will turn out to be sufficient to tackle many commonly-encountered applications.
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X Figure 22.3.1 A +z-directed current moment located at the origin. ( CC BY-SA 4.0; C.
Wang)

The simple current distribution considered in this section is known as a current moment. An example of a current moment is shown
in Figure 22.3.1and in this case is defined as follows:
AJ(r)=2zI Alé(r) (22.3.1)

where I Al is the scalar component of the current moment, having units of current times length (SI base units of A-m); and d(r) is
the volumetric sampling function® defined as follows:

5(r)20 for r#0; and (22.3.2)
/J(r) dv=1 (22.3.3)
v

where V is any volume which includes the origin (r = 0). It is evident from Equation 22.3.3 that §(r) has SI base units of m—3.
Subsequently, AJ(r) has SI base units of A/m?, confirming that it is a volume current density. However, it is the simplest possible
form of volume current density, since — as indicated by Equation 22.3.2— it exists only at the origin and nowhere else.

Although some current distributions approximate the current moment, current distributions encountered in common engineering
practice generally do not exist in precisely this form. Nevertheless, the current moment turns out to be generally useful as a
“building block” from which practical distributions of current can be constructed, via the principle of superposition. Radiation from
current distributions constructed in this manner is calculated simply by summing the radiation from each of the constituent current
moments.

Now let us consider the electric field intensity AE(r) that is created by this current distribution. First, if the current is steady (i.e.,
“DC”), this problem falls within the domain of magnetostatics; i.e., the outcome is completely described by the magnetic field, and
there can be no radiation. Therefore, let us limit our attention to the “AC” case, for which radiation is possible. It will be
convenient to employ phasor representation. In phasor representation, the current density is

AJ(r) =21 Al §(r) (22.3.4)
where I Al is simply the scalar current moment expressed as a phasor.

Now we are ready to address the question “What is AE(r) due to AJ(r)?” Without doing any math, we know quite a bit about
AE(r). For example:

o Since electric fields are proportional to the currents that give rise to them, we expect Aﬁ(r) to be proportional to 'f Al‘.
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o If we are sufficiently far from the origin, we expect Aﬁ(r) to be approximately proportional to 1/rwhere r = |r| is the
distance from the source current. This is because point sources give rise to spherical waves, and the power density in a spherical

~ 2 ~
wave would be proportional to 1/72. Since time-average power density is proportional to ‘AE(r) , AE(r) must be

proportional to 1 /7.

o If we are sufficiently far from the origin, and the loss due to the medium is negligible, then we expect the phase of Aﬁ(r) to
change approximately at rate 8 where S is the phase propagation constant 27t/ \. Since we expect spherical phasefronts, Af}(r)
should therefore contain the factor e 77"

e Ampere’s law indicates that a z-directed current at the origin should give rise to a qg—directed magnetic field in the z =0 plane.2
At the same time, Poynting’s theorem requires the cross product of the electric and magnetic fields to point in the direction of
power flow. In the present problem, this direction is away from the source; i.e., +t. Therefore, AE(z =0) points in the —z
direction. The same principle applies outside of the z = 0 plane, so in general we expect Aﬁ(r) to point in the 6 direction.

o We expect AE(r) =0 along the z axis. Subsequently ‘Aﬁ(f‘)’ must increase from zero at § = 0 and return to zero at § = 7.
The symmetry of the problem suggests ‘Aﬁ(f‘)‘ is maximum at = 7r/2. This magnitude must vary in the simplest possible
way, leading us to conclude that AE(f‘) is proportional to sin §. Furthermore, the radial symmetry of the problem means that
AE(t) should not depend at all on ¢.

Putting these ideas together, we conclude that the radiated electric field has the following form:

e Jpr

AE(r) ~ ile; (f Al) (sin@)
T
where C'is a constant which accounts for all of the constants of proportionality identified in the preceding analysis. Since the units
of AE(r) are V/m, the units of C' must be /m. We have not yet accounted for the wave impedance of the medium 7, which has
units of €2, so it would be a good bet based on the units that C' is proportional to 7. However, here the informal analysis reaches a
dead end, so we shall simply state the result from the rigorous solution: C' = jn/8/4m. The units are correct, and we finally obtain:

e
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AE(r) ~ 0—— (I Al) 0
(1)~ 2 (sinf)

Additional evidence that this solution is correct comes from the fact that it satisfies the wave equation

V2AE(r) +B*AE(r) =0 2

Note that the expression we have obtained for the radiated electric field is approximate (hence the “~2”). This is due in part to our
presumption of a simple spherical wave, which may only be valid at distances far from the source. But how far? An educated guess
would be distances much greater than a wavelength (i.e., 7> A). This will do for now; in another section, we shall show
rigorously that this guess is essentially correct.

We conclude this section by noting that the current distribution analyzed in this section is sometimes referred to as a Hertzian
dipole. A Hertzian dipole is typically defined as a straight infinitesimally-thin filament of current with length which is very small
relative to a wavelength, but not precisely zero. This interpretation does not change the solution obtained in this section, thus we
may view the current moment and the Hertzian dipole as effectively the same in practical engineering applications.

Additional Reading:

e “Dirac delta function” on Wikipedia.
o “Dipole antenna” (section entitled “Hertzian Dipole”) on Wikipedia.

1. Also a form of the Dirac delta function; see “Additional Reading” at the end of this section.«
2. This is sometimes described as the “right hand rule” of Ampere’s law.«
3. Confirming this is straightforward (simply substitute and evaluate) and is left as an exercise for the student.<

This page titled 22.3: Radiation from a Current Moment is shared under a CC BY-SA license and was authored, remixed, and/or curated by
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