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4.1: The Dot Product

Learning Objectives

o Calculate the dot product of two given vectors.

o Determine whether two given vectors are perpendicular.

o Explain what is meant by the vector projection of one vector onto another vector, and describe how to compute it.
o Calculate the work done by a given force.

If we apply a force to an object so that the object moves, we say that work is done by the force. Previously, we looked at a constant
force and we assumed the force was applied in the direction of motion of the object. Under those conditions, work can be expressed
as the product of the force acting on an object and the distance the object moves. In this chapter, however, we have seen that both
force and the motion of an object can be represented by vectors.

In this section, we develop an operation called the dot product, which allows us to calculate work in the case when the force vector
and the motion vector have different directions. The dot product essentially tells us how much of the force vector is applied in the
direction of the motion vector. The dot product can also help us measure the angle formed by a pair of vectors and the position of a
vector relative to the coordinate axes. It even provides a simple test to determine whether two vectors meet at a right angle.

The Dot Product and Its Properties

We have already learned how to add and subtract vectors. In this chapter, we investigate two types of vector multiplication. The
first type of vector multiplication is called the dot product, based on the notation we use for it, and it is defined as follows:

Definition: dot product

The dot product (also called the scalar product) of two vectors U = (uy, u2,u3) and v = (v, v, v3) is given by the sum of
the products of the components

u-v= U1V] + U2V + U3V3.

When vectors are written in standard unit vector form, W =wu;i +usj +usk and v =v1i +vsj +v3k the dot product is
the same sum of products. Notice the standard unit vectors themselves are not included in the dot product.

u-v= U1V1 + UV + U3 V3.

Note that if u and v are two-dimensional vectors, we calculate the dot product in a similar fashion. Thus, if W = (u;,us) and
V= <1)1, ’112>, then

NN
u-vV=1ujv1 +usvs.

When two vectors are combined under addition or subtraction, the result is a vector. When two vectors are combined using the dot
product, the result is a scalar. For this reason, the dot product is often called the scalar product. 1t may also be called the inner
product.

Example 4.1.1: Calculate Dot Products

a. Find the dot product of u = (3,5,2) and v = (-1, 3,0).
b. Find the scalar product of p = 10i —4j + 7k and q = —2i —i—j +6k.

Solution:
a. Substitute the vector components into the formula for the dot product:
UV =uiv; +usvy +usvs
=3(—-1)+5(3)+2(0)
=-3+15+0=12.

b. The calculation is the same if the vectors are written using standard unit vectors. We still have three components for each
vector to substitute into the formula for the dot product:
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P-d =uv +uvy +usvs

=10(=2) +(-4)(1) +(7)(6)
= 20-4+42=18.

a. Find u- v, where u = (2,9, -1) and v = (— 3,1, —4).
b. Find 6 - v, where u = —8i +3j and v = 2i +9j.
Hint
Multiply corresponding components and then add their products.
Answer

a.7 b.11

Like vector addition and subtraction, the dot product has several algebraic properties.

Magnitude of a vector and the Dot Product

The dot product of a vector Vv with itself is the square of its magnitude:

N

vy =¥ (4.1.1)

Example 4.1.2: Dot Product Expressions

Leta =(1,2,-3),b=(0,2,4),and € = (5,—1,3).
Find each of the following products.
( b)c
a-(2¢)
C IIbII2
Solution

a. Note that this expression asks for the scalar multiple of € by a - b:
(a-b)e =((1,2,-3)-(0,2,4))(5, -1, 3)
= (1(0) +2(2) +(-3)(4)) (5, -1, 3)
= (—8)(5, -1, 3) = (—40, 8, —24}.
b. This expression is a dot product of vector a and scalar multiple 2¢c:
a-(2¢) =(1,2,-3)-2((5,-1,3))
=(1,2,-3)-(10,—2,6)
= (1)(10) +2(=2) +(-3)(6))
=10-4-18 = —12.
c. Simplifying this expression is a straightforward application of the dot product:
b-b
=(0,2,4)-(0,2,4)
=0"+22+4°
=0+4+416 =20.

Ib|?
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Find the following products for p =71 +0j +2k , g = —2i +2j —2k ,and ¥ =0i +2j — 3k .
a (r-p)q
b. [|p|[*
Hint
T - P is ascalar.

Answer

a. (F-p)g=12i-12j+12k; b. |p|*>=53

Find the Angle between Two Vectors

When two nonzero vectors are placed in standard position, whether in two dimensions or three dimensions, they form an angle
between them. The dot product provides a way to find the measure of this angle.

How
How to: Evaluate the dot product given the magnitude of 2 vectors and the angle between them

Given two non-zero vectors u and v and the angle between them, 6, such that 0 < 6 <.

The dot product of the two vectors is the product of the magnitude of each vector and the cosine of u
the angle between them:

—

u-v = ||ul|||v] cosé.

Place vectors U and V in standard position and consider the vector v —u (see the figure on the
right). These three vectors form a triangle with side lengths |||, | V|, and | v — ]| .

Recall from trigonometry that the law of cosines describes the relationship among the side lengths of
the triangle and the angle 6. Applying the law of cosines here gives

= =2 —12 =2 =
IV =" = [[a]” +[[¥[" = 2[la[| |V cos.

The dot product provides a way to rewrite the left side of Equation 777 :

—(v-u)-v-(v-u)-u
=v-v—-u-v-v-utu-u
=v-v—-u-v-u-v+u-u
=[v|* —2u- v+l

Substituting into the law of cosines yields

Iv —)* = [1al* +[v]* —2[|6|[|¥]| cos 8
IVI* —2u-v + 8" =] +|v]* -2/t v] cosb
246V = 2] cos®
u-v =|al|||v] cosb. ]

(Another proof uses the formula for the cosine of the sum of two angles instead of the Law of Cosines).
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We can use the form of the dot product in Equation 7?7 to find the measure of the angle between two nonzero vectors by
rearranging Equation 777 to solve for the cosine of the angle. Using this equation, we can find the cosine of the angle between two
nonzero vectors. Since we are considering the smallest angle between the vectors, we assume 0° <0 <180° (or 0 <0 <7 if we
are working in radians). The inverse cosine is unique over this range, so we are then able to determine the measure of the angle 6.

How
How to: Find the angle between two vectors

Given two vectors U and Vv, then the smallest angle 6 between them can be found using the equation:

Example 4.1.3: Find the Angle between Two Vectors

Find the measure of the angle between each pair of vectors.
a i —I—j +k and 25—3—312
b. (2,5,6)and (—2, —4,4)
Solution
a. To find the cosine of the angle formed by the two vectors, substitute the components of the vectors into Equation 777 :
(14 +k)-(2i—j—3k)
Ji+3+k -1 21 -5 - 3k|
12)+@)(=1)+(1)(=3) —2 —2

B \/m\/22+(_1)2+(_3)2 V3v/14 42’

Therefore, § = arccos —— ~ 107.98° or ~ 1.88 rad.
V42

cosf =

b. Start by finding the value of the cosine of the angle between the vectors:

<2a 9, 6> i <_2a _47 4>
1142,5,6) [| - | (=2, —4,4)]

_ 2(=2)+(5)(—=4)+(6)(4) __0 _,
VEIE 16, (-2 (a4t V536

Now, cos@ =0 and 0 < <m,s00=90" or m/2radians.

Find the measure of the angle, in radians, formed by vectors @ = (1,2, 0) and b = (2, 4, 1). Round to the nearest hundredth.

cosf =

Hint
Use the Equation 777,
Answer

0~12.61°orf~0.22rad

Try It4.1.3b
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b. v andj
c. vandk
Hint
i=(1,0,0),j =(0,1,0),and k = (0,0,1)
Answer

a.a ~1.04rad; b. 8~ 2.58rad; c. v~ 1.40rad

Figure 4.1.3Possible angles between vectors.
Possible angles between two vectors is illustrated in Figure 4.1.3. The angle % N

between two vectors can be (a) acute (0 <cosf<1), (b) obtuse (:J . ’
(=1 <cosf<0), or (c) straight (cos@=—1). If cos@#=1, then (d) both ,

vectors have the same direction. If cos@ =0, then the vectors, when placed in . ) . . .
standard position, form (e) a right angle. We can formalize this result into a © )

theorem regarding orthogonal (perpendicular) vectors.

Orthogonal Vectors u

The nonzero vectors u and v are orthogonal vectors if and only if u- v = 0. .

The terms orthogonal, perpendicular, and normal each indicate that ©

mathematical objects are intersecting at right angles. The use of each term is determined mainly by its context. We say that
vectors are orthogonal and lines are perpendicular. The term normal is used most often when measuring the angle made
with a plane or other surface.

Example 4.1.4: |dentifying Orthogonal Vectors

Determine whether p = (1,0, 5) and g = (10, 3, —2) are orthogonal vectors.
Solution

Using the definition, we need only check the dot product of the vectors:
p-q=1(10)+(0)(3) +(5)(-2) =10+0—10 =0.

Because p - q = 0, the vectors are orthogonal (Figure 4.1.4).

z

/ ’ Figure 4.1.4 Vectors p and q form a right angle when their initial points are aligned.

Try t4.1.4

For which value of z is p = (2, 8, —1) orthogonal to q = (z, —1,2)?
Hint
Vectors p and q are orthogonal if and only if p-q =0 .

Answer

=5
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Projections

As we have seen, addition combines two vectors to create a resultant vector. But what if we are given a vector and we need to find
its component parts? We use vector projections to perform the opposite process; they can break down a vector into its components.
The magnitude of a vector projection is a scalar projection. For example, if a child is pulling the handle of a wagon at a 55° angle,
we can use projections to determine how much of the force on the handle is actually moving the wagon forward (4.1.6). We return
to this example and learn how to solve it after we see how to calculate projections.

F

Force in the
direction of

motion  Figure 4.1.6 When a child pulls a wagon, only the horizontal component of the force propels the wagon

forward.

Definition: Vector Projection

Figure 4.1.7% Vector Projection.

The vector projection of v onto U is the portion ofv that is in the direction of . This is the
vector labeled projT;V in Figure 4.1.7. It has the same initial point as 1 and Vv and the same
direction as U, and represents the component of ¥ that acts in the direction of u.

If 6 represents the angle between u and v, then, by properties of triangles, we know the length
of proj;V is ||proj; V|| = | V| cosf, which can also be expressed in terms of the dot
product.

The magnitude of the projection of ¥ onto u:

N N N u-v u-v
Joroi 1 = 91 cos = 9 (5 ) = 1 (412)
vl .
We now multiply by a unit vector in the direction of U to get proj; V, the vector that is the projection of ¥ onto u:
iv/ 1 N
proj-v = uév ( — ﬁ) = U;‘;ﬁ. (4.1.3)
all \ |al|

Example 4.1.5: Finding Projections

Find the projection of ¥ onto .
a v=(3,5,1)andu =(—1,4,3)
b.v=3i—-2j andu=1+6]j

Solution

a. Substitute the components of ¥ and u into the formula for the projection:
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u-v o

proj=v = u
S a?

~1,4,3)-(3,5,1
_ )+ : ><_1,4,3>
1{-1,4,3)]
_ 342043

(1) +4% +3

—-1,4,3)

20
_2—6<—1,4,3>

_/ 10 40 30
a 137 13’13 /"

b. To find the two-dimensional projection, simply adapt the formula to the two-dimensional case:

o

u-v .
u
2

[[all

proj;v =

(1+63)-(3i—2j) + 2.
= —— (1+63)j)
i+6j
_ 1(3)+6(-2)

1% + 62

9

= -3, (1+6))

(i+63)

Sometimes it is useful to decompose vectors—that is, to break a vector apart into a sum. This process is called the resolution of a
vector into components. Projections allow us to identify two orthogonal vectors having a desired sum. For example, let
v =(6,—4) and let u = (3, 1). We want to decompose the vector ¥ into orthogonal components such that one of the component

vectors has the same direction as u.
We first find the component that has the same direction as u by projecting v onto u. Let p = proj v . Then, we have

. u-v. 18-4_. 7.
= u= u=-—u
p ||ﬁ||2 941 5

:%<3,1>:<%,g>.

Now consider the vector @ = Vv — p. We have

Clearly, by the way we defined q, we have v = q +p, and
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25 25
189 189

25 25

Therefore, @ and P are orthogonal.

Example 4.1.6: Resolving Vectors into Components

Express v = (8, —3, —3) as a sum of orthogonal vectors such that one of the vectors has the same direction as u = (2, 3, 2).
Solution
Let P represent the projection of ¥ onto u:

u-v _.
= u

|
o <2a 3’ 2> ) <87 _3, _3>
142,3,2))”

16—9—-6 1 2 2
=0 1932y =-—(2,3,2)=( =, —, = ).
3= 32— (F )

2 3 2
- <87 _37 _3> - <1_77 ﬁa ﬁ>
/134 54 53
BTN VAT
To check our work, we can use the dot product to verify that p and q are orthogonal vectors:

o /2 3 2 <£4_ﬁ_§
PA=\1r1717 17° 17" 17

(2,3,2)

Then,

L2l
Il
<l

Then,

soBigo(2 3 2\ /134 54 53
SPTA=\Tr I 17 17 17 17/

Try t4.1.6

Express v =51 — j as a sum of orthogonal vectors such that one of the vectors has the same direction as @ =41 +2j .

Hint
Start by finding the projection of v onto u.

Answer

V=p-+q, where —18 +9 and —7A 14z
vV=p-+q, p 51 5.] q 51 5.]
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Example 4.1.7: Scalar Projection of Velocity

A container ship leaves port traveling 15 ° north of east. Its engine generates a spggg of 20 knots along that path (see the
following figure). In addition, the ocean current moves the ship northeast at a
speed of 2 knots. Considering both the engine and the current, how fast is the
ship moving in the direction 15° north of east? Round the answer to two
decimal places.

Solution

Let v be the velocity vector generated by the engine, and let w be the
velocity vector of the current. We already know || V|| = 20 along the desired -
route. We just need to add in the scalar projection of W onto v. We get

East

o
V-W
¥
[V I[][w]] cos(30")

3
= El [4pt] = ||w| cos(30") 227 = 4/3 ~ 1.73 knots.
v

magnitude of projection =

The ship is moving at 21.73 knots in the direction 15° north of east.

Repeat the previous example, but assume the ocean current is moving North
southeast instead of northeast, as shown in the following figure.

Hint

Compute the scalar projection of w onto V. -
—_— East
Answer
457
21 knots V
Work

Now that we understand dot products, we can see how to apply them to real-life situations. The most common application of the
dot product of two vectors is in the calculation of work.

From physics, we know that work is done when an object is moved by a force. When the force is constant and applied in the same
direction the object moves, then we define the work done as the product of the force and the distance the object travels: W = Fd.
Now imagine the direction of the force is different from the direction of motion, as with the example of a child pulling a wagon. To
find the work done, we need to multiply the component of the force that acts in the direction of the motion by the magnitude of the
displacement. The dot product allows us to do just that. If we represent an applied force by a vector F and the displacement of an
object by a vector s, then the work done by the force is the dot product of F and 5.

Definition: Constant Force

When a constant force is applied to an object so the object moves in a straight line from point P to point @, the work W done
by the force F', acting at an angle 6 from the line of motion, is given by

W =F-PQ=| F || PQ|| cosb.

https://phys.libretexts.org/@go/page/112610
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Let’s revisit the problem of the child’s wagon introduced earlier. Suppose a child is pulling a wagon with a force having a
magnitude of 8 Ib on the handle at an angle of 55°. If the child pulls the wagon 50 ft, find the work done by the force (Figure
4.1.8).

8lb

55°
*" " Figure 4.1.8 The horizontal component of the force is the projection of F onto the positive x-axis.

We have
W =| F |||| PQ || cos8 = 8(50)(cos(55°)) ~ 229 ft-Ib.

In U.S. standard units, we measure the magnitude of force ”f“ in pounds. The magnitude of the displacement vector H]@H tells

us how far the object moved, and it is measured in feet. The customary unit of measure for work, then, is the foot-pound. One foot-
pound is the amount of work required to move an object weighing 1 1b a distance of 1 ft straight up. In the metric system, the unit
of measure for force is the newton (N), and the unit of measure of magnitude for work is a newton-meter (N-m), or a joule (J).

Example 4.1.8: Calculating Work

A conveyor belt generates a force F=5i— 3j +k that moves a suitcase from point (1,1,1) to point (9,4,7) along a
straight line. Find the work done by the conveyor belt. The distance is measured in meters and the force is measured in
newtons.

Solution
The displacement vector ITQ\ has initial point (1,1, 1) and terminal point (9, 4, 7):
PQ=(9-1,4—-1,7-1)=(8,3,6) =81 +3j +6k.
Work is the dot product of force and displacement:
W =F.PQ

= (51 —3j +k)- (81 +3j +6k)
(8)+(-3)(3) +1(6)
TN-m=37J

5
3

Try 1t4.1.8

A constant force of 30 1b is applied at an angle of 60° to pull a handcart 10 ft across the ground. What is the work done by this
force?

Hint
Use the definition of work as the dot product of force and distance.
Answer

150 ft-1b
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Key Concepts

o The dot product, or scalar product, of two vectors U = (uy, up, u3) and v = (vq,va,v3) is U+ V = ujv; + ugvs + uzvs
o The dot product of two vectors can be expressed, alternatively, as U
useful for finding the measure of the angle formed by two vectors.

-v = ||u|||v|| cos6. This form of the dot product is

. L u-v
o The cosine of the angle formed by u and v is cos8 = W
ull||v
o The dot product satisfies the following properties:
o W-v=v-u
o u-(Vv+w)=u-v4+u-w
o c(u-v)=(cu)-v=1u-(cv)
G 12
o v-v=|V|
 Vectors u and Vv are orthogonal if u-v =0.
I N Lo u-v._.
« The vector projection of v onto u is the vector proj; v = T S u
u
¢ The magnitude of the vector projection is known as the scalar projection of v onto U, given by
. u-v
compy Vv =———=|V] cosf.
[[all

o Work is done when a force is applied to an object, causing displacement. When the force is represented by the vector F and the
displacement is represented by the vector s, then the work done W is given by the formula W =F - s =| F || || S| cos®.
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