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16.2: Potentials and Generators for General Markov Processes

Our goal in this section is to continue the broad sketch of the general theory of Markov processes. As with the last section, some of the statements are not
completely precise and rigorous, because we want to focus on the main ideas without being overly burdened by technicalities. If you are a new student of
probability, or are primarily interested in applications, you may want to skip ahead to the study of discrete-time Markov chains.

Preliminaries

Basic Definitions

As usual, our starting point is a probability space (2, &, P), so that  is the set of outcomes, & the c-algebra of events, and P the probability measure on
the sample space (€2, .#). The set of times T is either N, discrete time with the discrete topology, or [0, 00), continuous time with the usual Euclidean
topology. The time set T is given the Borel o-algebra .7, which is just the power set if T'= N, and then the time space (T', ) is given the usual measure,
counting measure in the discrete case and Lebesgue measure in the continuous case. The set of states .S has an LCCB topology (locally compact, Hausdorff,
with a countable base), and is also given the Borel o-algebra .. Recall that to say that the state space is discrete means that .S is countable with the discrete
topology, so that . is the power set of .S. The topological assumptions mean that the state space (S, %) is nice enough for a rich mathematical theory and
general enough to encompass the most important applications. There is often a natural Borel measure A on (.S, ), counting measure # if S is discrete, and
for example, Lebesgue measure if S = R* for some k € N .

Recall also that there are several spaces of functions on S that are important. Let % denote the set of bounded, measurable functions f: S — R. Let €
denote the set of bounded, continuous functions f : S — R, and let %) denote the set of continuous functions f : S — R that vanish at oo in the sense that
for every € > 0, there exists a compact set K C S such |f(z)| < e for z € K°. These are all vector spaces under the usual (pointwise) addition and scalar
multiplication, and 6y C € C % . The supremum norm, defined by || f|| = sup{| f(z)| : « € S} for f € £ is the norm that is used on these spaces.

Suppose now that X ={X;:t €T} is a time-homogeneous Markov process with state space (S,.7) defined on the probability space (2, %, P). As
before, we also assume that we have a filtration § = {%; : t € T} , that is, an increasing family of sub o-algebras of ., indexed by the time space, with the
properties that X; is measurable with repsect to %; for ¢t € T'. Intuitively, %#; is the collection of events up to time ¢t € T'.

As usual, we let P; denote the transition probability kernel for an increase in time of size ¢ € T'. Thus
P(z,A)=P(X:€A|Xo=2), z€8,AcS (16.2.1)
Recall that for ¢ € T', the transition kernel P, defines two operators, on the left with measures and on the right with functions. So, if p is a measure on
(S, ) then pP; is the measure on (S, %) given by
uP(A) = / w(dz)Py(z, A), A (16.2.2)
S
If p is the distribution of X then pP; is the distribution of X; fort € T'. If f € % then P, f € £ is defined by

Pf(x) = /S Py(z,dy)f(4) =E[f(X,) | Xo =] (16.2.3)

Recall that the collection of transition operators P = {P; : t € T'} is a semigroup because P; P, = Ps,; for s, t € T'. Just about everything in this section
is defined in terms of the semigroup P, which is one of the main analytic tools in the study of Markov processes.

Feller Markov Processes
We make the same assumptions as in the Introduction. Here is a brief review:
We assume that the Markov process X = {X; : t € T'} satisfies the following properties (and hence is a Feller Markov process):

1.Fort € T and y € S, the distribution of X; given X, = x converges to the distribution of X; given X =y asz — y.
2. Given Xy =z € S, X; converges in probability to z as¢ | 0.

Part (a) is an assumption on continuity in space, while part (b) is an assumption on continuity in time. If S is discrete then (a) automatically holds, and if T’
is discrete then (b) automatically holds. As we will see, the Feller assumptions are sufficient for a very nice mathematical theory, and yet are general enough
to encompass the most important continuous-time Markov processes.

The process X = {X; : t € T'} has the following properties:

1. There is a version of X such that ¢ — X; is continuous from the right and has left limits.
2. X is a strong Markov process relative to the Sﬂ, the right-continuous refinement of the natural filtration.
The Feller assumptions on the Markov process have equivalent formulations in terms of the transition semigroup.

The transition semigroup P = {P; : t € T'} has the following properties:

1.If fe%yandt € T then P, f € %
2.If f€% andz € S then P, f(z) — f(z)ast | 0.
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As before, part (a) is a condition on continuity in space, while part (b) is a condition on continuity in time. Once again, (a) is trivial if .S is discrete, and (b)
trivial if 7" is discrete. The first condition means that P; is a linear operator on % (as well as being a linear operator on 98). The second condition leads to a
stronger continuity result.

For f € €, the mapping ¢t — P, f is continuous on 7. That is, fort € T,
|P,f — Pl = sup{|P. () — Pif(a)| : o € S} — Qs s — (16.2.4)

Our interest in this section is primarily the continuous time case. However, we start with the discrete time case since the concepts are clearer and simpler,
and we can avoid some of the technicalities that inevitably occur in continuous time.

Discrete Time

Suppose that T' =N, so that time is discrete. Recall that the transition kernels are just powers of the one-step kernel. That is, we let P = P; and then
P, =P" forn € N.

Potential Operators

For o € (0, 1], the a-potential kernel R,, of X is defined as follows:
Ro(z,A)=) o"P"(z,A), z€S, AcS (16.2.5)
n

1. The special case R = R; is simply the potential kernel of X.
2.Forz € Sand A € ., R(z, A) is the expected number of visits of X to A, starting at .

Proof

The function z +— Ry (z,A) from S to [0,00) is measurable for A € ¥ since z — P"(z, A) is measurable for each n € N. The mapping
A+ Ry (z, A) is a positive measure on . for € S since A — P™(z, A) is a probability measure for each n € N. Finally, the interpretation of
R(z, A) forz € S and A € ¥ comes from interchanging sum and expected value, which is allowed since the terms are nonnegative:

ZP"(w A)= Z]E[I(X cA)| Xg=z]= (Zux € 4) ’Xg_z) =E[#{neN:X,cA}|Xo==] (16.2.6)

Note that it's quite possible that R(z, A) = oo for some = € S and A € .. In fact, knowing when this is the case is of considerable importance in the study
of Markov processes. As with all kernels, the potential kernel R, defines two operators, operating on the right on functions, and operating on the left on
positive measures. For the right potential operator, if f : § — R is measurable then

Z(X"P" ; "/ (@, dy)f(y) = Za”E[fX )| Xo=2], z€S8 (16.2.7)

assuming as usual that the expected values and the infinite series make sense. This will be the case, in particular, if f is nonnegative or if p € (0,1) and

feaB.

If a € (0,1), then Ry(z,S) = 7 forallz € S.
Proof

Using geometric series,

o0 00
1
Ro(z,8) =Y o"P"(z,5) =Y o" = 16.2.8
R ST (16:28)
It follows that for a € (0, 1), the right operator R,, is a bounded, linear operator on & with || R, || = . It also follows that (1 — )R, is a probability

kernel. There is a nice interpretation of this kernel.

If a € (0,1) then (1 — )Ry (z,-) is the conditional distribution of Xy given Xo =z € S, where N is independent of X and has the geometric
distribution on N with parameter 1 — c.

Proof
Suppose that z € S and A € .. Conditioning on N gives

P(Xy€A|Xy=z)=) P(N=n)P(Xy € A|N=n,X,=x) (16.2.9)
n=0

But by the substitution rule and the assumption of independence,
P(Xy€A|N=n,Xo=z)=P(X, € A|N=n,Xo=2)=P(X,, € A| Xg=2) =P"(z, A) (16.2.10)

Since NV has the geometric distribution on N with parameter 1 — @ we have P(N =n) = (1 —a)a™ forn € N. Substituting gives
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P(Xy € A| Xo=z) = i(l —a)a"P"(z, A) = (1 —a)Ra(, A) (16.2.11)

n=0

So (1 —a)R, is a transition probability kernel, just as P, is a transition probability kernel, but corresponding to the random time N (with a € (0,1) as a
parameter), rather than the deterministic time n € N. An interpretation of the potential kernel R, for « € (0,1) can be also given in economic terms.
Suppose that A € . and that we receive one monetary unit each time the process X visits A. Then as above, R(z, A) is the expected total amount of
money we receive, starting at x € S. However, typically money that we will receive at times distant in the future has less value to us now than money that
we will receive soon. Specifically suppose that a monetary unit received at time n € N has a present value of a”, where a € (0, 1) is an inflation factor
(sometimes also called a discount factor). Then R, (z, A) gives the expected, total, discounted amount we will receive, starting at z € S. A bit more
generally, if f € & is a reward function, so that f(z) is the reward (or cost, depending on the sign) that we receive when we visit state z € .S, then for
a € (0,1), R, f(z) is the expected, total, discounted reward, starting at z € S.

For the left potential operator, if 4 is a positive measure on . then

o0 o0

R, (4) =Y auPr(4) =Y an / w(dz)P(z, A), Ac .S (16.2.12)
n=0 n=0 5

In particular, if p is a probability measure and X has distribution g then pP™ is the distribution of X, for n € N, so from the last result, (1 —a)uR, is

the distribution of X where again, N is independent of X and has the geometric distribution on N with parameter 1 — . The family of potential kernels

gives the same information as the family of transition kernels.

The potential kernels R = {R, : o € (0,1)} completely determine the transition kernels P = {P, : n € N}.
Proof

Note that for z € S and A € .7, the function o — R,(z,A) is a power series in a with coefficients n+— P™(z,A). In the language of
combinatorics, & — R (z, A) is the ordinary generating function of the sequence n — P™(z, A). As noted above, this power series has radius of
convergence at least 1, so we can extend the domain to & € (—1,1). Thus, given the potential kernels, we can recover the transition kernels by taking
derivatives and evaluating at 0:

dTL
da™

Pz, 4) = % { Ra(x,A)} (16.2.13)

a=0

Of course, it's really only necessary to determine P, the one step transition kernel, since the other transition kernels are powers of P. In any event, it follows
that the kernels R = {R,, : @ € (0, 1)}, along with the initial distribution, completely determine the finite dimensional distributions of the Markov process
X. The potential kernels commute with each other and with the transition kernels.

Suppose that o, 8 € (0, 1] and k € N. Then (as kernels)
1. P*R, = R,P* =32 ja" P"tF
2. RoRs=RgRo =310 Yo @B "P™"

Proof

Suppose that f € Z is nonnegative. The interchange of the sums with the kernel operation is allowed since the kernels are nonnegative. The other tool
used is the semigroup property.

1. Directly
00 o0
R,P¥f=Y a"P"Prf=>"arpPmthf (16.2.14)
~0 =0
The other direction requires an interchange.
PER,f=P*Y amP"f= o"P*Pif =" a"Pritf (16.2.15)
n=0 n=0 =0

2. First,

ZiamﬂanP"f:iiamﬁ"PW’"f (16.2.16)

m=0 n=0 m=0 n=0

RoRsf =) o™P™Rgf=)» o"P" (Z ﬁ"P"f)
m=0 m=0

n=0

The other direction is similar.

The same identities hold for the right operators on the entire space 4, with the additional restrictions that @ < 1 and 8 < 1. The fundamental equation that
relates the potential kernels is given next.

If a, B € (0, 1] with o < 3 then (as kernels),
BRs =R, +(8—a)R.Rs (16.2.17)

16.2.3 https://stats.libretexts.org/@go/page/10289



https://libretexts.org/
https://creativecommons.org/licenses/by/2.0/
https://stats.libretexts.org/@go/page/10289?pdf

LibreTextsw

Proof

If o = 8 the equation is trivial, so assume a < . Suppose that f € £ is nonnegative. From the previous result,

00 00
RoRsf =YY olptpithf (16.2.18)
J=0 k=0
Changing variables to sum over n = j+k and j gives
n+l
oon'n_'n oonajnn oo].—(g) .
RoRgf =) ) oiriPrf=3 "% () BgrPrf=) ————B"P"f (16.2.19)
n=0 j=0 n=0 j=0 IB o 1 E
Simplifying gives
1
RoRsf = ﬂ_—a(ﬁRﬁf—aRaf) (16.2.20)

Note that since a < 1, R,, f is a finite, so we don't have to worry about the dreaded indeterminate form co — oo .

The same identity holds holds for the right operators on the entire space %, with the additional restriction that 5 < 1.
If a € (0, 1], then (as kernels), I + R, P =I+aPR, =R, .
Proof

Suppose that f € £ is nonnegative. From the result above,

(I+aRQP)f = (I-}—aPRa)f = f+i an+1Pn+1f = ianpnf =R.f (16.2.21)
n=0 n=0

The same identity holds for the right operators on the entire space 4, with the additional restriction that & < 1. This leads to the following important result:

If a € (0, 1), then as operators on the space %,

1.Ry=(I—-aP)™
2.P=L1(I-R;")

Proof

The operators are bounded, so we can subtract. The identity I + «R,P = R, leads to R,(I —aP) =1 and the identity I + a PR, = R, leads to
(I —aP)R, =1I .Hence (a) holds. Part (b) follows from (a).

This result shows again that the potential operator R,, determines the transition operator P.
Examples and Applications

Our first example considers the binomial process as a Markov process.

Let I ={I,:n€N,} be a sequence of Bernoulli trials with success parameter p € (0,1). Define the Markov process X ={X,, : n € N} by
X, =Xo+ ZZZI I, where X takes values in N and is independent of I.

1. For n € N, show that the transition probability matrix P™ of X is given by

P'(z,y) = (yﬁm>py*””(1 —p)" v zeN,ye{z,z+1,...,z+n} (16.2.22)

2. For a € (0, 1], show that the potential matrix R, of X is given by

1 ap =
Ry(z,y) = 5 N, 5 Lgooo 16.2.23
(@) 1fa+ap<1fa+ap> seN, ye{z,o+ } ( )

3.Fora € (0,1) and z € N, identify the probability distribution defined by (1 — )Ry (z, -).
4. For z, y € Nwith z <y, interpret R(z, y), the expected time in y starting in z, in the context of the process X.

Solutions
Recall that X is a Markov process since it has stationary, independent increments.

1. Note that for n, z € N, P"(z, -) is the (discrete) PDF of @ + Y _}_; Ij, . The result follows since the sum of the indicator variables has the binomial
distribution with parameters n and p.
2. Leta € (0,1] and let z, y € N with z <y. Then
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Ra(ay) = 0P = 3 o (" )o gy
n=0 n=y—zx

[o o)

@y 3 (7, ) -

n—y—z [1 —a(l _p)]n—x+1

Simplifying gives the result.
3.Fora € (0,1),

1-a ap v
1—-a)R = 16.2.24
(- R (o) = T (i) (16.2.24
As a function of y for fixed z, this is the PDF of  + Y, where Y,, has the geometric distribution on N with parameter lf;fap .

4. Note that R(z,y) = 1/p for z, y € N with z < y. Starting in state z, the process eventually reaches y with probability 1. The process remains in
state y for a geometrically distributed time, with parameter p. The mean of this distribution is 1/p.

Continuous Time

With the discrete-time setting as motivation, we now turn the more important continuous-time case where T' = [0, 00).

Potential Kernels

For a € [0, 00), the a-potential kernel U, of X is defined as follows:
oo}
Uy(z, A) =/ e “P(z,A)dt, z€S, AcS (16.2.25)
0

1. The special case U = Uy is simply the potential kerenl of X.

2.Forz € Sand A € #,U(z, A) is the expected amount of time that X spends in A, starting at z.

3. The family of kernels U = {U, : @ € (0,00)} is known as the reolvent of X.
Proof
Since P ={P; :t € T} is a Feller semigroup of transition operators, the mapping (¢, z) — P;(z, A) from [0, 00) x S to [0, 1] is jointly measurable
for A € 7. Thus, U,(z, A) makes sense for z € S and A € . and z > U, (z, A) from S to [0, 00) is measurable for A € #. That A — U, (z, A)
is a measure on . follows from the usual interchange of sum and integral, via Fubini's theorem: Suppose that {A; : j € J} is a countable collection of
disjoint sets in ., and let S = ;7 4;

Us(z, A) =/°°e-atpt(x,A)dt=/O°o [Ze_atPt(x,Aj):| dt

0 jeJ
- Z/ Py (2, Aj) dt = 3 Un(a, 4;)
jeJ Jo jeJ

Finally, the interpretation of U(z, A) for z € S and A € . is another interchange of integrals:
o0 (o) o8}
Ulz, A) :/ Pi(z, A) dt :/ E[1(X; € 4) | Xo =] dt —E (/ 1(X, € A) dt ‘ X, :z> (16.2.26)
0 0 0

The inside integral is the Lebesgue measure of {¢ € [0, 00) : X; € A}.

As with discrete time, it's quite possible that U(z, A) = co for some z € S and A € ., and knowing when this is the case is of considerable interest. As
with all kernels, the potential kernel U, defines two operators, operating on the right on functions, and operating on the left on positive measures. If
f S — R is measurable then, giving the right potential operator in its many forms,

Usf(z) =/SUa(w,dy)f(y)=/Oooe"’tPtf(av)dt
:/we“"t/Pt(w,dy)f(y)=/Ooe_o‘tE[f(Xt)\X()::L'} dt, zeS
0 S 0

assuming that the various integrals make sense. This will be the case in particular if f is nonnegative, or if f € % and a > 0.

If @ > 0, then Uy (z, S) = £ forallz € S.
Proof
Forz € S,

Ua(x,S):/ e“"tPt(ac,S)dt:/ eotdp— L (16.2.27)
0 0

a
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It follows that for a € (0, 00), the right potential operator Uy, is a bounded, linear operator on 28 with ||U, || = 1. It also follows that aU, is a probability
kernel. This kernel has a nice interpretation.

If & >0 then alU,(z,-) is the conditional distribution of X, where 7 is independent of X and has the exponential distribution on [0, c0) with
parameter .

Proof

Suppose that € S and A € .. The random time 7 has PDF f(t) = ae™® fort € [0, c0). Hence, conditioning on T gives

P(X, € A| Xo ) :/ aetP(X, € A| T =t, Xy —z) dt (16.2.28)
0

But by the substitution rule and the assumption of independence,

PX,eA|r=t,Xo=2)=P(X;€Ad|7=t,Xo=2)=P(X; € A| Xog =z) = P,(z, A) (16.2.29)
Substituting gives
o]
P(X, € A| Xo—a) = / ae=t Py (z, A) dt = aUa(z, A) (16.2.30)
0

So al, is a transition probability kernel, just as P; is a transition probability kernel, but corresponding to the random time 7 (with a € (0, 00) as a
parameter), rather than the deterministic time ¢ € [0, 00). As in the discrete case, the potential kernel can also be interpreted in economic terms. Suppose
that A € . and that we receive money at a rate of one unit per unit time whenever the process X is in A. Then U(z, A) is the expected total amount of
money that we receive, starting in state z € S. But again, money that we receive later is of less value to us now than money that we will receive sooner.
Specifically, suppose that one monetary unit at time ¢ € [0, 00) has a present value of e where « € (0, co) is the inflation factor or discount factor. The
U,(z, A) is the total, expected, discounted amount that we receive, starting in € S. A bit more generally, suppose that f € % and that f(z) is the reward
(or cost, depending on the sign) per unit time that we receive when the process is in state € S. Then U, f(z) is the expected, total, discounted reward,
starting in state € S.

For the left potential operator, if 4 is a positive measure on . then

wUa(A) = /

S

= /0 " gt [ /S p(dz)Pt(z,A)} dt = /0 " gt [ /S p(dz)P(X, eA)} dt, Aes

In particular, suppose that & > 0 and that g is a probability measure and X has distributiony. Then pP; is the distribution of X; for ¢ € [0, 00), and hence
from the last result, auU, is the distribution of X, where again, 7 is independent of X and has the exponential distribution on [0, c0) with parameter c.
The family of potential kernels gives the same information as the family of transition kernels.

p(dz)Ua(z, A) = /0 et up,(4) dt

The resolvent U = {U,, : a € (0, 00)} completely determines the family of transition kernels P = {P; : ¢t € (0,00)} .
Proof

Note that for z € S and A € ., the function @ — U, (z, A) on (0, co) is the Laplace transform of the function ¢ — P;(z, A) on [0, c0). The Laplace
transform of a function determines the function completely.

It follows that the resolvent {U, : & € [0, 00)}, along with the initial distribution, completely determine the finite dimensional distributions of the Markov
process X. This is much more important here in the continuous-time case than in the discrete-time case, since the transition kernels P; cannot be generated
from a single transition kernel. The potential kernels commute with each other and with the transition kernels.

Suppose that a, B, t € [0, 00). Then (as kernels),

1. PU, =U,P; = [;° e Pyy1ds

2UUs = [[° [ e e Pyydsdt
Proof
Suppose that f € & is nonnegative. The interchanges of operators and integrals below are interchanges of integrals, and are justified since the
integrands are nonnegative. The other tool used is the semigroup property of P ={P; : t € [0, 00)} .

1. Directly,

o0 o]
UiRif = [ ewPRfds= [ e Pusds (16.2.31)
0 0
The other direction involves an interchange.

o]

(o) o ¢]
PtUaszt/ e"“Psfds:/ e*‘“PtPsfds:/ e ¥ P, fds (16.2.32)
0 0 0

2. First
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o ¢]
UUﬂf/ asPUgfds—/ ’“3P/ e PP fdt

/ / e P, Ptfdsdt—/ / weBp . fdsdt

The other direction is similar.

The same identities hold for the right operators on the entire space 8 under the additional restriction that & > 0 and 8 > 0. The fundamental equation that
relates the potential kernels, known as the resolvent equation, is given in the next theorem:

If o, B € [0, 00) with & < 3 then (as kernels) Uy, = Ug + (8 — a)U,Up .
Proof

If o = 8 the equation is trivial, so assume « < §. Suppose that f € £ is nonnegative. From the previous result,
o0 [o¢]
UaUsf = / / e e P, fdtds (16.2.33)
o Jo

The transformation u = s+, v=s maps [0, c0)? one-to-one onto {(u,v) € [0,00)? : u > v} . The inverse transformation is s = v, t =u —v with

Jacobian —1. Hence we have
o) u o) u
UnUsf = / / e e P P, f dydu = / ( / e(ﬁ"’)”dv> ¢ P, f du
o Jo 0 0

= L . / > [e(a—am _ 1] e PP, fdu
- 0

1 & & 1
:ﬁ—a(/o e’““Pufdu—/O e’ﬁ“Pufdu): — (Uaf ~Up )

Simplifying gives the result. Note that Ug f is finite since 3 > 0.

The same identity holds for the right potential operators on the entire space 48, under the additional restriction that & > 0. For a € (0, 00), U, is also an
operator on the space %p.

If a € (0,00) and f € % then U, f € %.
Proof

Suppose that f € %, and that (z1,a2,...) is a sequence in S. Then P.f € %, for t € [0,00). Hence if ¢, >z €S as n— oo then
e P, f(x,) — e P, f(z) asn — oo for each ¢ € [0, 00). By the dominated convergence theorem,

Uaf(wn)2/000e"”Ptf(a:n)dt%/Oooe’“tptf(a:)dtzUaf(z)asn%oo (16.2.34)

Hence U, f is continuous. Next suppose that ,, — 00 as n — oo . This means that for every compact C C S, there exist m € N, such that z,, ¢ C' for
n>m.Them e * P, f(z,) — 0 as n — oo for each ¢ € [0, 00). Again by the dominated convergence theorem,

U f(zn) =/ e P, f(x,)dt - 0asn — oo (16.2.35)
0
SoUyf € .-

If f € % then aU, f — f asa — co.

Proof

Convergence is with respect to the supremum norm on %, of course. Suppose that f € %} . Note first that with a change of variables s = at,

aUaf:/ ae"“Ptfdt:/ e P, fds (16.2.36)
0 0

and hence

aUaf ~f1=| [ ¢ (Pt~ f) ds

e 9] o0
g/ e |Pyaf — f| ds g/ e |Pyaf — f| ds (16.2.37)
0 0

So it follows that

IIaUafffHS/ e ||Pyof —f| ds (16.2.38)

But ||Ps/af = f” — 0 as @ — oo and hence by the dominated convergence theorem, fooo e* ”Ps/af = fH ds—0 asa — 0.
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Infinitesimal Generator

In continuous time, it's not at all clear how we could construct a Markov process with desired properties, say to model a real system of some sort. Stated
mathematically, the existential problem is how to construct the family of transition kernels {P; : ¢ € [0, 00)} so that the semigroup property P, P, = Py is
satisfied for all s, ¢ € [0, 00). The answer, as for similar problems in the deterministic world, comes essentially from calculus, from a type of derivative.

The infinitesimal generator of the Markov process X is the operator G : 2 — % defined by

.. Bf-f
Gf _ltlf(?T (16.2.39)

on the domain 2 C %, for which the limit exists.

As usual, the limit is with respect to the supremum norm on %y, so f € 2 and Gf = g means that f, g € 6, and

H@—g”zsup{lw—g(m) :zeS}—>Oast¢0 (16.2.40)
So in particular,
Gi(z) —tim 2@ =f@) oy, EFX) [ Xo=0] = f(=) g (16.2.41)
L0 t tl0 t

The domain 2 is a subspace of % and the generator G is a linear operator on 2

1L.IffePandceR thencf € 2 and G(cf) = cGf.
2Iff,ge D then f+g€ 2 and G(f+g9) =Gf+Gg .

Proof

These are simple results that depend on the linearity of P; for ¢ € [0, 00) and basic results on convergence.

1.If f € 2 then

P(cf)=(ef) _ Pf-f
t

- —cGfast]0 (16.2.42)

2.1f f, g€ D then

P(f+9) —(f+9) :Ptf—erPtg—g

t - : —Gf+Ggast]0 (16.2.43)

Note G is the (right) derivative at 0 of the function ¢ — P, f. Because of the semigroup property, this differentiability property at 0 implies differentiability
at arbitrary ¢ € [0, 00). Moreover, the infinitesimal operator and the transition operators commute:

If fe Pandt € |0,00), then P, f € 2 and the following derivative rules hold with respect to the supremum norm.

1. P/ f = PG, the Kolmogorov forward equation
2. P/ f = GP, f, the Kolmogorov backward equation

Proof

Let f € 2. All limits and statements about derivatives and continuity are with respect to the supremum norm.
1. By assumption,
1
Z(th_f)—)Gf ash 0 (16.2.44)
Since P; is a bounded, linear operator on the space %y, it preserves limits, so

S(BPAf ~ Pif) =% (Puin ~ Pif) = PiGf ash | 0 (16.2.45)

This proves the result for the derivative from the right. But since ¢ — P, f is continuous, the the result is also true for the two-sided derivative.
2. From part (a), we now know that

F(PuB.f ~ Bif) = = (Punf ~ i) — PGf ash =0 (16.2.46)

By definition, this means that P; f € 9 and GR, f = P,Gf =P/ f .

The last result gives a possible solution to the dilema that motivated this discussion in the first place. If we want to construct a Markov process with desired
properties, to model a a real system for example, we can start by constructing an appropriate generator G and then solve the initial value problem

P/ =GP, B =1I (16.2.47)
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to obtain the transition operators P = {P; : t € [0, 00)} . The next theorem gives the relationship between the potential operators and the infinitesimal
operator, which in some ways is better. This relationship is analogous to the relationship between the potential operators and the one-step operator given
above in discrete time

Suppose o € (0, 00).

1LIffePDthe Gf € 6 and f+U,Gf = aU,f
2If feG thenUyf € 2 and f+GU,f =aU,f .

Proof
1. By definition, if f € 2 then Gf € %, . Hence using the previous result,
F+UGf=f +/Doo e 'GP fdt=f +/Doo e P/fdt (16.2.48)
Integrating by parts (with u = e~ and dv = P/ f dt) gives
f+GULf=f—e “Pf }:o +a/oooe“’tPtfdt (16.2.49)

Bute P, f — 0 ast — oo while Py f = f. The last term is alU, f.
2. Suppose that f € % . From the result above and the substitution u = s+¢ ,

PtUaf:/ e sﬂfds:/ e"’(“’t)Pufdu:e"t/ e P, fdu (16.2.50)
0 t t

Hence

PUf —Uaf

t :%[eaf/ e’”‘"Pufdu—Uaf] (16.2.51)
t

Adding and subtracting e®*U,, f and combining integrals gives

-PtUaf_ Uaf _ l

oo oo eat —1
et / e~ P, f du — et / e P, fdu| + ——U,f
t t g b t

1 t at 1
=—e*= / e P f ds+_e Uonf
t Jo t
Since s — P; f is continuous, the first term converges to — f as ¢ | 0. The second term converges to aU, f as t | 0.

For a > 0, the operators U, and G have an inverse relationship.

Suppose again that o € (0, 00).
LUs=(l-G)':%—2
2.G=al-U;': 92 5%,

Proof

Recallthat U, : 6y -+ 2 and G: 2 — 6,

1. By part(a) the previous result we have aU, —U,G =1 so U,(al —G) =1 . By part (b) we have aU, —GU, =1I so (al —G)U, =1 .
2. This follows from (a).

So, from the generator G we can determine the potential operators U ={U, : & € (0,00)}, which in turn determine the transition operators
P ={P,:te(0,00)}.In continuous time, transition operators P = {P; : ¢ € [0,00)} can be obtained from the single, infinitesimal operator G in a way
that is reminiscent of the fact that in discrete time, the transition operators P = { P* : n € N} can be obtained from the single, one-step operator P.
Examples and Applications

Our first example is essentially deterministic.

Consider the Markov process X = {X; : ¢ € [0,00)} on R satisfying the ordinary differential equation
d
%Xt =g(Xt), te€][0,00) (16.2.52)

where g: R — R is Lipschitz continuous. The infinitesimal operator G is given by Gf(z) = f'(z)g(z) for z € R on the domain 2 of functions
f:R — R where f € %) and f' € 6.

Proof

Recall that the only source of randomness in this process is the initial sate X,. By the continuity assumptions on g, there exists a unique solution X;(z)

to the differential equation with initial value Xy =z, defined for all ¢ € [0, 00). The transition operator P; for ¢ € [0,00) is defined on % by
P, f(z) = f[X;(x)] for z € R. By the ordinary chain rule, if f is differentiable,
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Pf(@) - f(@)  f[Xi(z)] - f(=)
t

n — f'(z)g(z) ast | 0 (16.2.53)

Our next example considers the Poisson process as a Markov process. Compare this with the binomial process above.

Let N={N;:t€[0,00)} denote the Poisson process on N with rate 8 € (0,00). Define the Markov process X ={X;:¢ € [0,00)} by
X = Xo+ N; where X, takes values in N and is independent of IN.

1. For t € [0, 00), show that the probability transition matrix P; of X is given by

B(w,y):efﬁtw, z,yeN,y>z (16.2.54)
(y—=)!
2. For a € [0, 00), show that the potential matrix U, of X is given by
Uaory) = —— (L) €N, y> (16.2.55)
Z, = ) T, 9 2T /N
a\T Y atB\atp Y Yy

3. For a > 0 and z € N, identify the probability distribution defined by aU, (z, -).
4. Show that the infinitesimal matrix G of X is given by G(z,z) = —8, G(z,z +1) = B forz € N.

Solutions

1. Note that for t € [0, 00) and z € N, P;(z, -) is the (discrete) PDF of z + N; since N has the Poisson distribution with parameter 3t.
2. Leta € [0,00) and let z, y € N with  <y. Then

0 —ate—ﬂt (ﬁt)yim

o]
Vo) = [ e Pl [T d
0 0 (y—z)!
= B /oo e~ (atBty—z gy
y—=)! Jo
The change of variables s = (o + )t gives
By—z 00 —s y—
Uy(z,y) = o) @B /0 e s ds (16.2.56)
But the last integral is 'y —z +1) = (y —z)! . Simplifying gives the result.
3.Fora >0,
o B =
aU,(z,y) = o \ais , T, yeEN,y>z (16.2.57)

As a function of y for fixed z, this is the PDF of  + Y, where Y,, has the geometric distribution with parameter a;:ﬂ

4. Note that for z, y € N, G(z,y) = 4p, z,Yy) |,_, - By simple calculus, thisis =G if y =z, Bif y =z + 1, and 0 otherwise.
dt =0

This page titled 16.2: Potentials and Generators for General Markov Processes is shared under a CC BY 2.0 license and was authored, remixed, and/or curated by Kyle
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