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4.6: Exponential Relationships (4 of 6)

Learning Objectives

o Use an exponential model (when appropriate) to describe the relationship between two quantitative variables. Interpret the
model in context.

We now investigate an exponential model for decline in a population over time.
Example

Winter-run Chinook Salmon on the Sacramento River

The U.S. Endangered Species Act lists nine populations of Chinook salmon as either threatened or endangered. One such
population is the winter-run Chinook salmon of the Sacramento River in northern California. The Chinook was first listed as
endangered in 1994.

A number of factors contributed to the decline of the Chinook on the Sacramento River. Chief among these was the construction of
the Red Bluff Diversion Dam in 1967. The dam deprived a large number of adult salmon access to necessary coldwater spawning
grounds.

Researchers collected data on the Chinook population at the Red Bluff Dam. This data suggests that the population declined from
about 40,000 in 1970 to below 200 in 1994:

Table 1. Grilse Adults Total Year Grilse Adults Total
Year
1967 24985 32321 57,306 1986 496 2,101 2,596
1968 10,299 74,115 84414 1987 277 1,909 2,186
1969 8051 108855 117,808 1088 1,008 1,878 2,886
1970 8324 32,085 40,400 1989 125 571 696
1971 20,864 32,225 53,089 1990 43 387 430
1972 8541 28,592 37,133 1991 19 192 211
1973 4,621 19,456 24,079 1092 80 1,160 1,240
1974 3788 18,109 21,897 1993 137 250 387
1975 7498 15,932 23,430 1994 124 62 186
1976 8,634 26,462 35,096 1995 29 1,268 1,207
1937 2,186 15,028 17,214 1096 620 708 1,337
1978 1,193 23,669 24,862 1997 352 528 880
1979 13 2,251 2,364 1998 924 2,079 3,002
1980 1,072 84 1,156 1999 2,466 822 3,288
1981 1,744 18,207 20,041 2000 789 563 1,352
1982 70 972 1,242 2001 3,827 1,696 5,523
1983 392 1,439 1,831 2002 1,555 7,614 9,169
1984 1,869 704 2,663 2003 3,585 6,172 9,757
1985 329 3,633 3,962

Annual Estimated Winter-run Chinook Salmon Run Size at Red Bluff Diversion Dam, 1967 through 2003,

Note: Grilse are the first salmon of ageneration to return as adults to spawn. Grilse have spent one
winter at sea and are generally small young adults.

Here is a scatterplot of the data for the years 1970 through 1994. The scatterplot has a nonlinear form with a negative association
between the variables. In other words, we see that the population is declining.

https://stats.libretexts.org/@go/page/14068



https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://stats.libretexts.org/@go/page/14068?pdf
https://stats.libretexts.org/Courses/Lumen_Learning/Concepts_in_Statistics_(Lumen)/04%3A_Nonlinear_Models/4.06%3A_Exponential_Relationships_(4_of_6)

LibreTextsw

50000

400004

.
L]
30000}
- . .
20000 ¢ .
.

10000}
L L .? '..-.'.v-.'-.u
-3 0 5 10 15 20 25

Note: We defined t, our explanatory variable, to be Number of years after 1970. The response variable is the Number of Chinook
salmon present in the Sacramento River.

Our goal is to model the decline of the Sacramento River Chinook population.

In the scatterplot below, we fit an exponential model to the data for the years 1970 through 1994. Notice that this model
summarizes the pattern in the data, but the relationship is not as strong as we saw in the eagle data. There is more scatter about the
exponential curve.
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The equation of the exponential model is Predicted Chinook population = 49,304 (0.854)".

Now we use the exponential model to make predictions about the Chinook population. We expect fairly large prediction errors
because the association is not strong.

In 1994 (t = 24), there were 186 Chinook salmon in the Sacramento River, according to the data.
According to the model: Predicted Chinook population = 49,304 (0.854)%* = 1,117.

The exponential model overestimates the number of Chinook salmon by 1,117 — 186 = 931 for that year. We can tell from the graph
that this prediction error is small relative to the prediction error for most of the other years. (The data point for 1994, when ¢t = 24,
is much closer to the curve than are other data points.)

In 2003 (t = 33), there were 9,757 Chinook, according to the data.
According to the model: Predicted Chinook population = 49,304 (0.854)3 = 270.

The exponential model underestimates the number of Chinook by 9,757 — 270 = 9,487. This is a huge prediction error. But wait —
this is an example of extrapolation: 2003 falls outside of the range of the data used to find the model. The model gives unreliable
estimates for years outside the range of 1975 through 1994. If you look at the data table, you will see that the Chinook population
started to increase again after 1994, with large increases in 2002 and 2003. Because the pattern changes after 1994, this exponential
model gives unreliable predictions for years after 1994. (This turnaround was the result of the removal of two dams on the
Sacramento River and opening the dam gates for 8 months a year at the Red Bluff Diversion Dam to allow for fish migration to
winter spawning areas.)

Note: In Examining Relationships: Quantitative Data, we investigated techniques for assessing the fit of a linear model, such as
residual plots, r> and s,. We do not formally investigate residuals for exponential functions in this course. We also do not develop
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formal techniques for assessing the fit of an exponential model.
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