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8.2: The Central Limit Theorem for Sample Proportions

The Central Limit Theorem will also work for sample proportions if certain conditions are met.

The Binomial Distribution

In Chapter 6, we explored the Binomial Random Variable, in which X measures the number of successes in a fixed number of
independent trials. The Binomial distribution had two parameters: the sample size n, and the probability of success on a single trial
p.

Example: Free throw shooting

Recall the example of Draymond Green, an NBA basketball player for the Golden State Warriors who is a 70% free throw
shooter.

The random variable X = the number of successes when Draymond Green takes n free throw follows a Bernoulli Distribution

with p = 0.7 (success) and ¢ = 0.3 (failure). Let's graph the probability distribution function for n=1, 5, 25 and 100:
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Notice that as the sample size gets larger, the shape of the random variable becomes Normal.

A good rule to use is that if np > 10 and n(1-p) > 10, the shape of the Binomial Distribution is approximately Normal.

The Sample Proportion random variable
Instead of looking at the number of successes in a fixed number, consider the proportion of successes in these trials. We will use the

R . X
symbol p (read as p-hat) to represent the proportion of successes in n trials. If X is the number of successes in n trials, p = p is

the sample proportion of successes in n trials.

Here is a comparison of these two random variables:

Random Variable X p
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Random Variable X D
Expected value w=np Hp =D
1
Variance a? =np(l—p) o2 = u
p n

Standard Deviation o= +/np(1—Dp) o, = \/ p(1—p)
Example: Free throw shooting

Draymond Green, a 70% free-throw shooter, takes 4 free throws.

X = The number of successes in 4 free throws.

. . .

p = — = The proportion of successes in 4 free throws.
n

Determine the probability distribution function, the expected value and the standard deviation for the random variable p.

Solution
T P P(p)
0 0.00 0.0081
1 0.25 0.0756
2 0.50 0.2646
3 0.75 0.3087
4 1.00 0.2401
up =p=0.7
1-— 0.7(1-0.7
aﬁ:\/i”( p) :\/ ( - ) _0.2201
n

The Central Limit Theorem for Sample Proportions

If X is a Random Variable from a Binomial Distribution with parameters n and p, and np > 10 and n(1-p) > 10
.~ X
Then the following is true for the Sample Proportion p = —
n

Lp;=p
p(1—p)
n
3. The Distribution of p is approximately Normal.

2.0’132

Combining all of the above into a single formula: Z = where Z represents the Standard Normal Distribution.

Example: California Community College Fee Waivers

The graph below shows enrollment at California Community Colleges and the percentage of students who are receiving Board
of Governors Fee Waivers (BOGFW) to help financially.”®
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n = 1000 ( the sample size)
np = (1000)(0.45) = 450n(1-p) = (1000)(1-0.45) = 550
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483 of the sampled students are receiving fee waivers.

Determine p. Is the result unusual?

Solution
. 483
0.483—-0.45
Z = o0l — 2.10

P(Z >2.10) =0.0179

p = 0.45 (the proportion of all community college students with fee waivers)

Since both these values are over 10, the conditions for normality are met.

This graph shows that 45% of all community college students in California receive fee waivers. Suppose you randomly sample
1000 community college students to determine the proportion of students with fee waivers in the sample.

p = the proportion of sampled community college students with fee waivers, a random variable
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D

Z=2.10

The sample proportion of 0.483 is unusually high, since the Z value is more than 2. The probability of getting a sample
proportion of 0.483 or larger is only 0.0179.

This page titled 8.2: The Central Limit Theorem for Sample Proportions is shared under a CC BY-SA 4.0 license and was authored, remixed,
and/or curated by Maurice A. Geraghty via source content that was edited to the style and standards of the LibreTexts platform.
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