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4.3: The Binomial Distribution

The vast majority of the content in this book relies on one of five distributions: the binomial distribution, the normal distribution,
the t distribution, the F distribution, and the x* (“chi-square”) distribution. Let's start with the binomial distribution, since it’s the
simplest of the five. The normal distribution will be discussed later this chapter, and the others will be mentioned in other chapters.
Our discussion of the binomial distribution will start with figuring out some probabilities of events happening.

Let’s imagine a simple “experiment”: in my hot little hand I’m holding 20 identical six-sided dice. On one face of each die there’s a
picture of a skull; the other five faces are all blank. If T proceed to roll all 20 dice, what’s the probability that I’ll get exactly 4
skulls?

Let's unpack that last sentence. First, in case you missed it, rolling of the 20 dice is your sample. N = 20 (20 scores in this
distribution). Second, it's asking about a probability, so we'll be looking back at the last section and realizing that we should do
some division. Finally, this is a question, some might even call it a Research Question.

Okay, back to the "experiment.” Assuming that the dice are fair, we know that the chance of any one die coming up skulls is 1 in 6;
to say this another way, the skull probability for a single die is approximately .1667, or 16.67%.

1 —
i 0.1667% 100 =16.67
The probability of rolling a skull with one die is 16.67%, but I'm doing this 20 times so that's

0.1667 % 20 = 3.33 skulls

So, if T rolled 20 dice, I could expect about 3 of them to come up skulls. But that's not quite the Research Question is it? Let’s have
a look at how this is related to a binomial distribution.

Figure 4.3.1 plots the binomial probabilities for all possible values for our dice rolling experiment, from X=0 (no skulls) all the
way up to X=20 (all skulls). On the horizontal axis we have all the possible events (the number of skulls coming up when all 20
dice are rolled), and on the vertical axis we can read off the probability of each of those events. If you multiple these by 100, you'd
get the probability in a percentage form. Each bar depicts the probability of one specific outcome (i.e., one possible value of X).
Because this is a probability distribution, each of the probabilities must be a number between 0 and 1 (or 0% to 100%), and the
heights of the all of the bars together must sum to 1 as well. Looking at Figure 4.3.1, the probability of rolling 4 skulls out of 20
times is about 0.20 (the actual answer is 0.2022036), or 20.22%. In other words, you’d expect to roll exactly 4 skulls about 20% of
the times you repeated this experiment. This means that, if you rolled these 20 dice for 100 different repetitions, you'd get exactly 4
skulls in about 20 of your attempts.
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Figure 4.3.1- Probability of Rolling 4 Skulls out of 20 Dice with One Skull (CC-BY-SA Danielle Navarro from Learning Statistics
with R)
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Sample Size Matters

We'll be talking a lot about how sample size (N) affects distributions in this chapter, starting now!

To give you a feel for how the binomial distribution changes when we alter the probability and N, let’s suppose that instead of
rolling dice, I’m actually flipping coins. This time around, my experiment involves flipping a fair coin repeatedly, and the outcome
that I’m interested in is the number of heads that I observe. In this scenario, the success probability is now 1/2 (one out of two
options). Suppose I were to flip the coin N=20 times. In this example, I’ve changed the success probability (1 out of 2, instead of 1
out of 6 in the dice example), but kept the size of the experiment the same (N=20). What does this do to our binomial distribution?
Well, as Figure 4.3.2 shows, the main effect of this is to shift the whole distribution higher (since there's more chance of getting a
heads (one out of two options) than a 4 (one out of six options). Okay, what if we flipped a coin N=100 times? Well, in that case,
we get Figure 4.3.3. The distribution stays roughly in the middle, but there’s a bit more variability in the possible outcomes
(meaning that there are more extreme scores); with more tosses, you are more likely to get no heads but also more likely to get all
heads than if you only flipped the coin 20 times.
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Figure 4.3.2- Probability of Heads from Flipping a Fair Coin 20 Times (CC-BY-SA Danielle Navarro from Learning Statistics with
R)
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Figure 4.3.3- Probability of Heads from Flipping a Fair Coin 100 Times (CC-BY-SA Danielle Navarro from Learning Statistics
with R)

And that's it on binomial distributions! We are building understanding about distributions and sample size, so nothing too earth-
shattering here. One thing to note is that both the coin flip and the dice toss were measured as discrete variables. Our next
distributions will cover continuous variables. The difference is that discrete variables can be one or the other (a heads or a tails, a
four or not-four), while continuous variables can have gradations shown as decimal points. Although the math works out to 3.33
skulls when you throw 30 dice, you can't actually get 3.33 skulls, you can only get 3 or 4 skulls.

We're building our knowledge, so keep going!
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