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7.3: Confidence Interval for a Mean

You have determined to turn your dusty backyard into a flower paradise. Before you start any work, you want to know if this idea
is worth it. You visit the local park and have noticed that certain flowers do not last for very long after blooming. Seeking scientific
proof to make your decision, you have collected data on the number of days you notice the flowers are in full bloom. What should
you do with this data?

You can quickly calculate the mean number of days of full bloom. But you have decided that this single number does not determine
the range of possible days that a full bloom occurs. To do so, you will need to build a confidence interval for mean.

The following is the confidence interval for a population mean:
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Requirement: X is normally distributed or n > 30

Notice, the new notation of ¢, 5. This critical value refers to the Student's t-distribution which is described in more detail below.

Student’s ¢-distribution with n —1 degrees of freedom. Student’s ¢-distribution is very much like the standard normal distribution
in that it is centered at 0 and has the same qualitative bell shape, but it has heavier tails than the standard normal distribution does,
as indicated by Figure 7.3.1 , in which the curve (in brown) that meets the dashed vertical line at the lowest point is the ¢-
distribution with two degrees of freedom, the next curve (in blue) is the ¢-distribution with five degrees of freedom, and the thin
curve (in red) is the standard normal distribution. As also indicated by the figure, as the sample size n increases, Student’s ¢-
distribution ever more closely resembles the standard normal distribution. Although there is a different ¢-distribution for every
value of n, once the sample size is 30 or more it is typically acceptable to use the standard normal distribution instead, as we will
always do in this text.

Standard normal
t-distribution with df = 5
t-distribution with fo: 2

0
Figure 7.3.1 : Student’s ¢-Distribution]

Student's ¢-distribution table relies on the degree of freedom ( df =n—1 ) and the area in the right tail. In the table, the first
column gives to the degree of freedom. The first row indicates the subscript value for the Student's ¢ critical values. This subscript
represents the area in the right tail.

v/ Example 7.3.1

Use Figure 7.3.1 below to find the number ¢,,/2 needed in construction of a confidence interval:

1. when the level of confidence is 90% with n =15
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2. when the level of confidence is 99% with n = 23
Area in the Right Tail of a t-Distribution
df 0.1 0.05 0.025 0.01 0.005 0.0025 0.0005
1 3.078 6314 12.706 31.821 63.657 127.321 636.619
2 188 2920 4.303 6.965 9.925 14.089 31.599
3 1638 2353 3.182 4,541 5.841 7.453 12.924
4 1.533 2132 2.776 3.747 4.604 5.598 8.610
5 1476 2015 2.571 3.365 4,032 4.773 6.869
6 1440 1.943 2.447 3.143 3.707 4317 5.959
7 1415 1.895 2.365 2.998 3.499 4.029 5.408
8 1397 1.860 2.306 2.896 3.355 3.833 5.041
9 1.383 1.833 2.262 2.821 3.250 3.690 4,781
10 1372 1.812 2.228 2.764 3.169 3.581 4,587
11 1363 1.7% 2.201 2.718 3.106 3.497 4.437
12 1356 1.782 2.179 2.681 3.055 3.428 4318
13 1350 1771 2.160 2.650 3.012 3.372 4221
14 1345 1.761 2.145 2.624 2977 3.326 4,140
15 1341 1.753 2.131 2.602 2947 3.286 4,073
16 1.337 1746 2120 2583 2921 3.252 4.015
17 1333 1740 2.110 2.567 2.898 3.222 3.965
18 1330 1.734 2.101 2.552 2.878 3.197 3.922
19 1328 1.729 2.093 2.539 2.861 3.174 3.883
20 1325 1725 2086 2528  2.845 3.153 3.850
21 1323 1721 2080 2518 2831 3.135 3.819
22 1321 1.717 2.074 2.508 2.819 3.119 3.792
23 1319 1.714 2.069 2.500 2.807 3.104 3.768
24 1318 1711 2064 2492 2797 3.091 3.745
25 1316 1708  2.060 2485 2787 3.078 3.725
26 1315 1706  2.056 2479 2779 3.067 3.707
27 1314 1.703 2.052 2.473 2771 3.057 3.690
28 1313 1.701 2.048 2.467 2.763 3.047 3.674
29 1311 1699  2.045 2462 2756 3.038 3.659
30 1310 1697  2.042 2457 2750 3.030 3.646
31 1.309 1.696 2.040 2.453 2.744 3.022 3.633
32 1309 1.694 2.037 2.449 2.738 3.015 3.622
33 1.308 1.692 2.035 2.445 2.733 3.008 3.611
34 1307 1691  2.032 2441 2728 3.002 3.601
35 1.306 1.690 2.030 2.438 2.724 2.996 3.591
36 1.306 1.688 2.028 2434 2,719 2.990 3.582
37 1305 1.687 2.026 2431 2.715 2.985 3.574
38 1304 1686  2.024 2429 2712 2.980 3.566
39 1.304 1.685 2.023 2426 2.708 2.976 3.558
40 1.303 1.684 2.021 2,423 2.704 2.971 3.551
50 1.299 1.676 2.009 2.403 2,678 2.937 3.496
60 1.296 1.671 2.000 2.390 2.660 2,915 3.460
70 1.294 1.667 1.994 2.381 2.648 2.899 3.435
80 1.292 1.664 1.990 2.374 2.639 2.887 3.416
90 1.291 1.662 1.987 2.368 2,632 2.878 3.402
100 1.290 1.660 1.984 2.364 2,626 2.871 3.390
z 1282 1645 1.960 2.326 2.576 2.807 3.291 Figure 7.3.1 : Critical Values of t
Solution:

1. Figure 7.3.1 gives the critical values which is the cut-off value for which area in the right tail. The area in the right tail is
defined by a/2. We will start with finding o, which is 1 — confidence level =1 —0.90 =0.10 . Now to get a/2, we
divide 0.10 by 2. So, /2 = 0.05, which is the column we In other words, we need to find tg g5. The subscript 0.05 is the
column which we will look under. And, we will look at the degree of freedom=n — 1 row. In this example our degree of
freedom is 14 (because 15 —1). Thus, ¢y, 95 = 1.761.

2. In Figure 7.3.1 t.go5 is the number in the 22nd row and in the column headed 0.005, namely 2.819.
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A sample of size 15 drawn from a normally distributed population has sample mean 35 and sample standard deviation 14.
Construct a 95% confidence interval for the population mean, and interpret its meaning.

Solution:

Since the population is normally distributed, the sample is small, and the population standard deviation is unknown, the
formula that applies is Equation 777.

Confidence level 95% means that

a=1-0.95=0.05 (7.3.2)
so /2 =0.025. Since the sample size is n = 15, there are n —1 =14 degrees of freedom. By Figure 7.1.6 ¢ 925 = 2.145.
Thus
_ s
Tr = :I:ta/Z % (733)
—35:|:2145< 14> (7.3.4)
=35+7.8 (7.3.5)

One may be 95% confident that the true value of y is contained in the interval

v/ Example 7.3.3

A random sample of 12 students from a large university yields mean GPA 2.71 with sample standard deviation 0.51. Construct
a 90% confidence interval for the mean GPA of all students at the university. Assume that the numerical population of GPAs
from which the sample is taken has a normal distribution.

(35 —7.8,35 +7.8) = (27.2,42.8). (7.3.6)

Solution:

Since the population is normally distributed, the sample is small, and the population standard deviation is unknown, the
formula that applies is Equation 777

Confidence level 90% means that
a=1-0.90=0.10 (7.3.7)

so a/2 = 0.05. Since the sample size is n =12, there are n —1 =11 degrees of freedom. By Figure 7.1.6 ;g5 = 1.796.
Thus

T =+t (%) (7.3.8)

0.51
=2.714+1.796 | —— 7.3.9
( _12) (7.3.9)
=2.7140.26 (7.3.10)
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