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3.8: Derivatives of Inverse Functions

Learning Objectives

o Calculate the derivative of an inverse function.
o Recognize the derivatives of the standard inverse trigonometric functions.

In this section we explore the relationship between the derivative of a function and the derivative of its inverse. For functions
whose derivatives we already know, we can use this relationship to find derivatives of inverses without having to use the limit
definition of the derivative. In particular, we will apply the formula for derivatives of inverse functions to trigonometric functions.
This formula may also be used to extend the power rule to rational exponents.

The Derivative of an Inverse Function

We begin by considering a function and its inverse. If f(z) is both invertible and differentiable, it seems reasonable that the inverse
of f(z) is also differentiable. Figure 3.8.1 shows the relationship between a function f(z) and its inverse f~!(x). Look at the
point (a, f~'(a)) on the graph of f~!(x) having a tangent line with a slope of

p

(f1)'(@==. (3.8.1)
q
This point corresponds to a point ( f1(a), a) on the graph of f(z) having a tangent line with a slope of
7 - q
£ @) =2, (3.8.2)
p
Thus, if £ ! () is differentiable at a, then it must be the case that
1
(f )@ =—7F~-
f'(F(a))
yi  fx) Slope = (@) =

y=x

fa),
(fYa). a)| siope - (@) - -

1)

(a, F @)
0 X
Figure 3.8.1:The tangent lines of a function and its inverse are related; so, too, are the derivatives of these functions.

We may also derive the formula for the derivative of the inverse by first recalling that z = f ( f! (w)) Then by differentiating both
sides of this equation (using the chain rule on the right), we obtain

1=f'(f(2)(f) (@))

Solving for (f ') (), we obtain

We summarize this result in the following theorem.
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Inverse Function Theorem

Let f(z) be a function that is both invertible and differentiable. Let y = f~1(z) be the inverse of f(x). For all z satisfying
F(f () #0,
dy d -1 -1 1
&9 _ 2 z)) = (z) = ———Mm8—. 3.8.3
Alternatively, if y = g(z) is the inverse of f(x), then
1
!
g (@)= ——. (3.8.4)
£ '(9(=))
Example 3.8.1: Applying the Inverse Function Theorem
. . , - T +2 : - .
Use the inverse function theorem to find the derivative of g(z) = —— . Compare the resulting derivative to that obtained by
x
differentiating the function directly.
Solution
T+2 2
The i f = i = .
e inverse of g(z) —— s f(z) p—
We will use Equation 3.8.4 and begin by finding f '(z). Thus,
, -2
xTr) =
and
—2 —2 i
£(o@) = - --5
(8(=)) (9(x) —1) 22\’ 2
z
Finally,
1 2
gl@) =~ ==
fg(=) =
We can verify that this is the correct derivative by applying the quotient rule to g(z) to obtain
, 2
z)=——.
g'(z) =
Exercise 3.8.1
1
Use the inverse function theorem to find the derivative of g(z) = 712 Compare the result obtained by differentiating g(x)
z
directly.
Hint
Use the preceding example as a guide.
Answer
, 1
x)=—
9@ =Gz
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Example 3.8.2: Applying the Inverse Function Theorem

Use the inverse function theorem to find the derivative of g(z) = /= .

Solution
1
The function g(z) = /z is the inverse of the function f(z) = z*. Since g'(z) = m , begin by finding f (z). Thus,
g(z
f'(e) =32’
and
£'(9(2)) =3(y=)" =3/
Finally,
, 1

If we were to integrate g(z) directing, using the power rule, we would first rewrite g(z) = \/z as a power of z to get,

g(z) ==

Then we would differentiate using the power rule to obtain

Exercise 3.8.2

Find the derivative of g(z) = y/z by applying the inverse function theorem.

Hint

g(z) is the inverse of f(z) =5 .

Answer
g(z) = ga*°

From the previous example, we see that we can use the inverse function theorem to extend the power rule to exponents of the form

1
—, where n is a positive integer. This extension will ultimately allow us to differentiate ¢, where ¢ is any rational number.
n

Extending the Power Rule to Rational Exponents

The power rule may be extended to rational exponents. That is, if n is a positive integer, then

A amy_ L /m
m (= -z . (3.8.5)

Also, if n is a positive integer and m is an arbitrary integer, then

d
— (am/n) = Zglm/m-1, (3.8.6)
dz n
1
The function g(z) = /™ is the inverse of the function f () = 2". Since g'(z) = m , begin by finding f'(z). Thus,
g(z
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Finally,

1 1 1
i e L 1 a1 ama
9'(z) nz-D/m o n :

To differentiate /" we must rewrite it as (/)™ and apply the chain rule. Thus,

A amimy = L (my™y = o (/Y™ L pam— Tyt
(™) (@/m)™) =m(z'/")

dx dzx n n
O
Example 3.8.3: Applying the Power Rule to a Rational Power
Find the equation of the line tangent to the graph of y = 2?/ at z = 8.
Solution
e Ay . .
First find I and evaluate it at z = 8. Since
x
dy 2 _yp3
dz 3"
and
dy 1
de| _ 3
=8

the slope of the tangent line to the graph at x = 8 is %

Substituting =8 into the original function, we obtain y =4. Thus, the tangent line passes through the point (8,4).
Substituting into the point-slope formula for a line, we obtain the tangent line

y:%x—}-%.

Exercise 3.8.3

Find the derivative of s(t) = /2t +1 .
Hint
Use the chain rule.

Answer
s'(t) = (2t +1)71/2

Derivatives of Inverse Trigonometric Functions

We now turn our attention to finding derivatives of inverse trigonometric functions. These derivatives will prove invaluable in the
study of integration later in this text. The derivatives of inverse trigonometric functions are quite surprising in that their derivatives
are actually algebraic functions. Previously, derivatives of algebraic functions have proven to be algebraic functions and derivatives
of trigonometric functions have been shown to be trigonometric functions. Here, for the first time, we see that the derivative of a
function need not be of the same type as the original function.

Example 3.8.4 A: Derivative of the Inverse Sine Function

Use the inverse function theorem to find the derivative of g(z) =sin™! .

Solution

Since for  in the interval [—2,2] , f(«) = sinz is the inverse of g(z) = sin™! «, begin by finding f (z). Since
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f'(z)=cosz

and
f'(9(x)) = cos (sin_1 z) =/1— 22
we see that
1 1
g'(z)=— sin"!z) = - -
= )=7 (9()) V1-2?
Analysis

To see that cos(sin ™! z) =v/'1 — 22, consider the following argument. Set sin "'z =@. In this case, sinf ==z where
—% <0 S% . We begin by considering the case where 0 < 6 <§ . Since @ is an acute angle, we may construct a right triangle
having acute angle 6, a hypotenuse of length 1 and the side opposite angle 6 having length z. From the Pythagorean theorem,
the side adjacent to angle 6 has length v'1 — 2. This triangle is shown in Figure 3.8.2 Using the triangle, we see that

cos(sin ' z) =cosf =v1—x2 .

Figure 3.8.2: Using a right triangle having acute angle 8, a hypotenuse of length 1, and the side opposite angle  having length
, we can see that cos(sin "' z) = cos § = /1 — 2.

In the case where —% < 6 < 0, we make the observation that 0 < —0 <§ and hence
cos (sin™" ) = cosf = cos(—0) = Vi—a? .
Now if 6 :g orf = —g, £ =1 orz = —1, and since in either case cosd =0 and V1i-z2 = 0, we have
cos (sin’1 a:) =cosf=+v1—z2.
Consequently, in all cases,

cos (sin71 ar:) =4/1-2°.
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Example 3.8.4B: Applying the Chain Rule to the Inverse Sine Function

Apply the chain rule to the formula derived in Example 3.8.4A to find the derivative of h(z) =sin (9(z)) and use this
result to find the derivative of h(z) = sin~!(2z3).

Solution
Applying the chain rule to h(z) =sin™* (g(z)), we have
h(e) = ————1@).
1—(g(=))*
Now let g(z) = 2x3, so g’(x) = 622 . Substituting into the previous result, we obtain
__
Vi—azs
62

vV1—4x6

6>

hi'(z) =

Exercise 3.8.4

Use the inverse function theorem to find the derivative of g(z) =tan™' .
Hint

The inverse of g(z) is f(z) = tanz . Use Example 3.8.4 Aas a guide.
Answer

g'(z) :

C 14a?

The derivatives of the remaining inverse trigonometric functions may also be found by using the inverse function theorem. These
formulas are provided in the following theorem.

Derivatives of Inverse Trigonometric Functions

d 1
E(Sin71 93) ﬁ (3.8.7)
=1l
—w(cos’1 ) — ﬁ (3.8.8)
vi-z
d _ 1
E(tan L)) — a2 (3.8.9)
d 1 -1
%(cot ) — T2 (3.8.10)
d _ 1
%( 1;,;) = W (3.8.11)
_ -1
%(cs lz) = W (3.8.12)
Example 3.8.5A: Applying Differentiation Formulas to an Inverse Tangent Function
Find the derivative of f(z) = tan!(z?).
Solution
Let g(x) = z2, so g'(z) = 2z. Substituting into Equation 3.8.9, we obtain
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Simplifying, we have

Example 3.8.5B: Applying Differentiation Formulas to an Inverse Sine Function

2 1

Find the derivative of h(z) = z°sin™" z.
Solution

By applying the product rule, we have

Exercise 3.8.5

Find the derivative of h(z) = cos ! (3z —1).
Hint

Use Equation with g(z) =3z —1

Answer

Example 3.8.6: Applying the Inverse Tangent Function

The position of a particle at time ¢ is given by s(t) = tan™* () for t > . Find the velocity of the particle at time ¢ = 1.

Solution

Begin by differentiating s(¢) in order to find v(¢).Thus,
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1 -1
v(t) = s'(t) = o
1\2 t2

1+(¢)

Simplifying, we have
1
t) = —
=%

1
Thus, v(1) = -3

Exercise 3.8.6

Find the equation of the line tangent to the graph of f(z) =sin™! z at z = 0.
Hint

£7(0) is the slope of the tangent line.
Answer

y==

Key Concepts

e The inverse function theorem allows us to compute derivatives of inverse functions without using the limit definition of the
derivative.

e We can use the inverse function theorem to develop differentiation formulas for the inverse trigonometric functions.
Key Equations

« Inverse function theorem

(f—=1)(z) = m whenever f'(f~!(z)) # 0 and f(z) is differentiable.

o Power rule with rational exponents

%(xm/n) — %m(m/n)—l.

o Derivative of inverse sine function
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1
s -1
—(sin"" z) = ——
dz ( ) V1 _ 22
¢ Derivative of inverse cosine function
d -1
— (cos‘1 w) =—
dz V1_z2
Derivative of inverse tangent function
d 1
—(tan'z) =
dzx 1422
Derivative of inverse cotangent function
d -1
-1
—(cot™ ) =
dx ( ) 1+x2
Derivative of inverse secant function
d 1
( -1 ) _
—(sec ™ z) = —
dz lz|vz? —1
Derivative of inverse cosecant function
d -1
( -1 ) _
—(cscrz) =
dz |lz|vVz?—1

Contributors and Attributions

o Paul Seeburger (Monroe Community College) added the second half of Example 3.8.2.

This page titled 3.8: Derivatives of Inverse Functions is shared under a CC BY-NC-SA license and was authored, remixed, and/or curated by .
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