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9.3: Probability Computations for General Normal Distributions

€ &) Learning Objectives

o Compute probabilities for any normal distribution using the Z table

In most practical problems involving normal distributions, the curve will not be as we have seen so far, with 4 =0 and o = 1.
When using a Z table, you will first have to standardize the distribution by calculating the z-score(s).

X Standardizing

.. . L . T—H
Standardizing a data value, z, is the process of converting it to a z-score using the formula z = .

To compute a probability of the form P(a < X < b) we use the following process.

X X probability for General Normal Distributions

If X is normally distributed with mean p and standard deviation o, then

P(a<X<b)=P<ﬂ<Z<b_—’“‘)
o (o2

where Z denotes a standard normal distribution. @ can be any decimal number or —oco; b can be any decimal number or cc.
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29 | UYYS] UYYSZ UYYSZ UYYSS UYYS4 UYYs4 UYYSD UYYSEdD UYYS0 U.YY50
3.0 | 0.9987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989 0.9990 0.9990
3.110.9990 0.9991 0.9991 0.9991 0.9992 0.9992 0.9992 0.9992 0.9993 0.9993
3.20.9993 09993 0.9994 0.9994 0.9994 0.9994 0.9994 0.9995 0.9995 0.9995
33109995 09995 0.9995 0.9996 0.9996 0.9996 0.9996 0.9996 0.9996 0.9997
34109997 09997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9998
3.5 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998
3.6 0.9998 09998 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999
3.710.9999 09999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999
3.810.9999 09999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999
3.9 | 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

The table can also be found online here in section 6.

a— b—
The new endpoints (a-p and ClD) are the z-scores of a and b.
o o

The figure below illustrates the meaning of the process geometrically: the two shaded regions, one under the curve for X and the
other under the curve for Z, have the same area. Instead of drawing both bell curves, though, we will draw a single generic bell-
shaped curve with both an z-axis and a z-axis below it.

Same shaded area

O = — = = — — = — =
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v/ v Example 9.3.1

Let X be normally distributed with mean p = 10 and standard deviation o = 2.5. Compute the following probabilities.

a. P(X <14).
b.P(8 < X < 14).

Solution:

a. See the figure below.

P(X < 14) =P(Z< 14—_“)
g

_p (Z 4o 10)
2.5

= P(Z < 1.60)

=0.9452
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Normal Table: area = 0.9452

.
10 14
: : z
0 1.60
b. See the figure below.
8—10 14-10
P(8<X<14)_P( 5 E <Z< o )
=P (—0.80 < Z <1.60)

=0.9452 —0.2119
=0.7333

Normal Table: area = 0.9452

Normal Table: area = 0.2119

31

& Trylt9.3.1

Let X be normally distributed with mean 37.5 and standard deviation 4.5. Find the probability that X will be between 30 and
40.
Answer

For X, =37.5 and o = 4.5. The problem is to compute P(30 < X < 40). The figure below illustrates the following
computation:

30 - 40 -
P(30 < X < 40) :P< P oz< “)

g g
30—-37.5 40 —-37.5
=P ( Y )
=P (—-1.67 < Z <0.56)

=0.7123 —0.0475

=0.6648
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Normal Table: area = 0.7123

Normal Table:
area — 0.0475

30 37.540

2

-1.67 0 0.56
Note that the two z-scores were rounded to two decimal places in order to use the table.

v ' Example 9.3.2

Let X be normally distributed with mean 510 and standard deviation 60. Find the percentage of data values that exceed 650.
Solution:

X is normally distributed with mean g =510 and standard deviation ¢ = 60. The probability that X lies in a particular
interval is the same as the proportion or percent of all data values that lie in that interval. Thus the solution to the problem is
P(X > 650), expressed as a percentage. The figure below illustrates the following computation:

650 — 11
g

650 — 510)

P(X >650) =P (Z >

_p (z >
60
=P(Z>2.33)
=1-0.9901
=0.0099

Normal Table: area = 0.9901

a10 650

]

0 233
The percent of all data values that exceed 650 is 0.0099 hence 0.99% or about 1%.
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