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9.2: The Standard Normal Distribution

& @ Leamning Objectives

o Identify the characteristics of a standard normal distribution.
o Compute probabilities using a standard normal distribution.

While it is convenient to estimate areas under a normal curve using the Empirical Rule, we often need more precise methods to
calculate these areas. Luckily, we can use formulas or technology to help us with the calculations. All normal distributions have the
same basic shape, and therefore, rescaling and re-centering can be implemented to change any normal distribution to one with a
mean of 0 and a standard deviation of 1. This configuration is referred to as a standard normal distribution. In a standard normal
distribution, the variable along the horizontal axis is the z-score.

X X Standard Normal Distribution

A standard normal distribution is a normal distribution with mean ;2 = 0 and standard deviation o = 1. It is denoted by the
letter Z.

The curve for a standard normal distribution is shown below. Note the mean is 0 and the standard deviation is 1.

-1 0 1

Since areas under normal curves correspond to the probability of an event occurring, a special normal distribution table is used to
calculate the probabilities. To find probabilities for Z, we will read probabilities out of the tables below. The tables contain
cumulative probabilities; their entries are probabilities of the form P(Z < z). This means the probability in the table is the
probability or area to the left of the value of z. Probabilities for negative values of z are found in the first page of the table while
probabilities for positive values of z are found on the second page. The table is also available online here in section 6. The use of
the tables will be explained by the following series of examples.
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Cumulative Probability P(Z < 2)

z| 0.00 0.01 0.02 0.3 0.04 005 006 0.07 0.08 0.09
0.0 | 0.5000 0.5040 0.5080 05120 05160 05199 05239 05279 0.5319 0.5359
0.1 10.5398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753
0.2 [ 05793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026 0.6064 0.6103 0.6141
0306179 06217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.6480 0.6517
0.4 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6879
0.5 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157 0.7190 0.7224
0.6 | 0.7257 07291 0.7324 0.7357 0.7389 0.7422 0.7454 0.7486 0.7517 0.7549
0.7 | 0.7580 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 0.7794 0.7823 0.7852
0.8 [ 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133
0.9 08159 08186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8304 0.8365 0.8389
1.0 | 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8621
1.1 |0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790 0.8810 0.8830
1.2 (08849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015
1309032 0.9049 0.9066 0.9082 0.9099 0.9115 09131 09147 09162 09177
1409192 0.9207 0.9222 0.9236 0.9251 0.9265 0.9279 0.9292 0.9306 0.9319
1.5 (09332 09345 0.9357 0.9370 0.9382 0.9394 0.9406 0.9418 0.9429 0.9441
1.6 | 0.9452 0.9463 0.9474 0.9484 0.9495 0.9505 0.9515 0.9525 0.9535 0.9545
1.7 | 09554 0.9564 0.9573 0.9582 0.9591 0.9599 0.9608 0.9616 0.9625 0.9633
1.8 | 0.9641 0.9649 0.9656 0.9664 0.9671 0.9678 0.9686 0.9693 0.9699 0.9706
19109713 09719 09726 09732 0.9738 0.9744 0.9750 0.9756 0.9761 0.9767
2.0 09772 09778 09783 09788 0.9793 0.9798 0.9803 0.9808 0.9812 0.9817
2.1]0.9821 009826 09830 09834 0.9838 0.9842 0.9846 0.9850 0.9854 0.9857
2.2|0.9861 009864 0.9868 0.9871 0.9875 0.9878 0.9881 0.9884 0.9887 0.9890
2.30.9893 09896 0.9898 0.9901 0.9904 0.9906 0.9909 0.9911 0.9913 0.9916
24109918 09920 0.9922 0.9925 0.9927 0.9929 0.9931 0.9932 0.9934 0.9936
2.5]0.9938 09940 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949 0.9951 0.9952
2609953 09955 0.9956 0.9957 0.9959 0.9960 0.9961 0.9962 0.9963 0.9964
2.710.9965 0.9966 0.9967 0.9968 0.9969 0.9970 0.9971 0.9972 0.9973 0.9974
2.8 09974 09975 09976 0.9977 0.9977 0.9978 0.9979 0.9979 0.9980 0.9981
2.9 09981 009982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986

3.0 | 0.9987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989 0.9990 0.9990

V V Example 921 3.1 [0.9990 0.9991 0.9991 0.9991 0.9992 0.9992 0.9992 0.9992 0.9993 0.9993
3.2 [0.9993 0.9993 0.9994 0.9994 0.9994 0.9994 0.9994 0.9995 0.9995 0.9995

. 9an . . .31 0.9995 ,0.9995 0.9995 0.9996 ,0.9996 0.99 .9996 . 0.9996 0.9996 0.9997
Find the probabilities indicated, whier§sd,dgngtes sstangardoaormelodistaputiBa; ooy oosos
3.510.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998

a. The probability of selecting a véll3ess0tigh B8y WaPID 299291 0489 (oY Z949] UBY. 09999
. . 37./09999 09999 0.9999" 09999 0.9999 0,9999 0.9999° 0,9999 0.9998 0.9999
b. The probability of selecting a valiredessothan owequabi® zosso—d3s@5 oo 09492 28ph9o
3.9 | 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

Solution:

a. It is first helpful to draw the standard normal curve, label the mean, label the given z-value, and shade the area of the
probability desired. For this problem, we would draw the standard normal curve and label 0 on the x-axis at the peak. Then
we would estimate where z = 1.48 would be to the right of the mean at 0. Since we are finding the probability of selecting
a value less than or equal to z, we would shade the area to the left.

The figure below shows how this probability is read directly from the table without any computation required. We need to
look at the second page of the table since the z-value is positive. The digits in the ones and tenths places of 1.48, namely
1.4, are used to select the appropriate row of the table; the hundredths part of 1.48, namely 0.08, is used to select the
appropriate column of the table. The 4-decimal place number in the interior of the table that lies in the intersection of the
row and column selected, 0.93086 is the probability sought since we are looking for the probability to the left of z =1.48:

P(Z <1.48) =0.9306
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0.08

area of the shaded region = 0.9306

1.4 s | 0.9306

N

0 1.48
b. The minus sign in z = —0.25 makes no difference in the procedure; the table is used in exactly the same way as in part (a):
the probability sought is the number that is in the intersection of the row with heading —0.2 and the column with heading
0.05, the number 0.4013 Thus P(Z < —0.25) = 0.4013.

v ' Example 9.2.2

Find the probabilities indicated.

a. The probability of selecting a value greater than z = 1.60, or P(Z > 1.60).
b. The probability of selecting a value greater than z= —1.02, or P(Z > —1.02).

Solution:

a. Because the events Z > 1.60 and Z < 1.60 are complements, the probability rule for the complement of an event implies
that

P(Z >1.60)=1—P(Z <1.60) (9.2.1)

Since inclusion of the endpoint makes no difference for the standard normal curve Z, P(Z < 1.60) = P(Z < 1.60),
which we know how to find from the table. The number in the row with heading 1.6 and in the column with heading 0.00 is
0.9452 Thus P(Z < 1.60) = 0.9452 so

P(Z>1.60)=1—P(Z <1.60) =1—0.9452 = 0.0548 (9.2.2)

The figure below illustrates the sketch of the probability desired. Since the total area under the curve is 1 and the area of the
region to the left of 1.60is (from the table) 0.9452 the area of the region to the right of 1.60 must be
1—-0.9452 = 0.0548 Thus, (P(Z> 1.60)= 0.0548\).

Normal Table: area = (0 .9452

0 1.60

b. The minus sign in —1.02 makes no difference in the procedure; the table is used in exactly the same way as in part (a). The
number in the intersection of the row with heading —1.0 and the column with heading 0.02 is 0.1539. This means that
P(Z < —-1.02) =P(Z <-1.02) =0.1539. Hence P(Z > —1.02) =1—-P(Z <-1.02) =1-0.1539 = 0.8461 .
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Find the probabilities indicated.

a. The probability of selecting a value between z = 0.5 and z=1.57 or P(0.5 < Z < 1.57).
b. The probability of selecting a value between z = —2.55 and z = 0.09 or P(—2.55 < Z < 0.09).

Solution:

a. The figure below illustrates the ideas involved for intervals of this type. First look up the areas in the table that correspond
to the numbers z = 0.5 (which we think of as z = 0.50 to use the table) and z = 1.57. We obtain 0.6915and 0.941§
respectively. From the figure it is apparent that we must take the difference of these two numbers to obtain the probability
desired. In symbols,

P(0.5<Z<1.57)=P(Z<1.57)—P(Z<0.50)=0.9418 —0.6915 = 0.2503
Normal Table: area = 0.9418

Normal Table: area = (.6915

I
0 05 1.57
b. The procedure for finding the probability that Z takes a value in an interval whose endpoints have opposite signs is exactly
the same procedure used in part (a), and is illustrated in the figure below. In symbols, the computation is

P(—2.55 < Z < 0.09) = P(Z < 0.09) — P(Z < —2.55) = 0.5359 — 0.0054 = 0.5305

Normal Table: area = 0.5359

Normal Table:
area = 0.0054

-2.55 0.09

The next example shows what to do if the value of Z that we want to look up in the table is not present there.

v ' Example 9.2.4

Find the probabilities indicated.

1. The probability of selecting a value between z=1.13 and z=4.16 or P(1.13 < Z < 4.16).
2. The probability of selecting a value between z = —5.22 and z = 2.15 or P(—5.22 < Z < 2.15).

Solution:
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1. We attempt to compute the probability exactly as in Example 9.2.3 by looking up the numbers z=1.13 and 2 =4.16 in
the table. We obtain the value 0.8708for the area of the region under the density curve to left of z = 1.13 without any
problem, but when we go to look up the number z = 4.16 in the table, it is not there. We can see from the last row of
numbers in the table that the area to the left of z = 4.16 must be so close to 1 that to 4 decimal places, it rounds to 1.000Q
Therefore

P(1.13 < Z <4.16) =1.0000 —0.8708 = 0.1292

2. Similarly, here we can read directly from the table that the area under the curve and to the left of 2 =2.15 is 0.9842 but
z = —5.22 is too far to the left on the number line to be in the table. We can see from the first line of the table that the area
to the left of z = —5.22 must be so close to 0 that to 4 decimal places, it rounds to 0.000Q Therefore

P(—5.22 < Z < 2.15) = 0.9842 — 0.0000 = 0.9842

The Try It below shows the origin of the percents given in the Empirical Rule.

& Trylt9.2.1

Find the probabilities indicated.

aP(-1<Z<1).
b.P(-2<Z2<2).
c P(-3<Z<3).

Answer
1. Using the table as was done in Example 9.2.3we obtain
P(-1<Z<1)=0.8413—0.1587 = 0.6826

Since Z has mean 0 and standard deviation 1, for Z to take a value between —1 and 1 means that Z takes a value that
is within one standard deviation of the mean. Our computation shows that the probability that this happens is about 0.68
or 68%, the percent given by the Empirical Rule for distributions that are bell-shaped and symmetrical.

2. Using the table in the same way,

P(-2<Z<2)=0.9772-0.0228 = 0.9544

This corresponds to about 0.95 or 95%, which is the percent of data within two standard deviations of the mean.
3. Similarly,

P(-3<Z<3)=0.9987—-0.0013 =0.9974

which corresponds to about 0.997 or 99.7%, the percent of data within three standard deviations of the mean.
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