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CHAPTER OVERVIEW

1: Linear Equations

@b Learning Objectives

In this chapter, you will learn to:

1. Graph a linear equation.

2. Find the slope of a line.

3. Determine an equation of a line.

4. Solve linear systems.

5. Do application problems using linear equations.

1.1: Graphing a Linear Equation

1.1.1: Graphing a Linear Equation (Exercises)
1.2: Slope of a Line

1.2.1: Slope of a Line (Exercises)
1.3: Determining the Equation of a Line

1.3.1: Determining the Equation of a Line (Exercises)
1.4: Applications

1.4.1: Applications (Exercises)
1.5: More Applications

1.5.1: More Applications (Exercises)
1.6: Chapter Review

This page titled 1: Linear Equations is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Rupinder Sekhon and
Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.
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1.1: Graphing a Linear Equation

4b Learning Objectives

In this section, you will learn to:

1. Graph a line when you know its equation
2. Graph a line when you are given its equation in parametric form
3. Graph and find equations of vertical and horizontal lines

Graphing a Line from it Equation
Equations whose graphs are straight lines are called linear equations. The following are some examples of linear equations:
2¢ —3y=6, 3r=4y—-7, y=2x-5, 2y=3, and z—-2=0

A line is completely determined by two points. Therefore, to graph a linear equation we need to find the coordinates of two points.
This can be accomplished by choosing an arbitrary value for x or y and then solving for the other variable.

v/ Example 1.1.1

Graph the line: y = 3z + 2

Solution
We need to find the coordinates of at least two points. We arbitrarily choose x =-1, x =0, and x = 1.

o Ifx=-1,theny = 3(-1) + 2 or -1. Therefore, (-1, -1) is a point on this line.
e Ifx =0, then y = 3(0) + 2 or y = 2. Hence the point (0, 2).
e Ifx=1,theny=5, and we get the point (1, 5).

Below, the results are summarized, and the line is graphed.
X -1 0 1

y -1 2 5

v/ Example 1.1.2

Graph the line: 22 +y =4

Solution

Again, we need to find coordinates of at least two points.
We arbitrarily choose x = -1, x =0, and y = 2.

o Ifx =-1, then 2(-1) + y = 4 which results in y = 6. Therefore, (-1, 6) is a point on this line.
o If x =0, then 2(0) + y = 4, which results in y = 4. Hence the point (0, 4).
o Ify =2, then 2x + 2 = 4, which yields x = 1, and gives the point (1, 2).

The table below shows the points, and the line is graphed.
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Intercepts

The points at which a line crosses the coordinate axes are called the intercepts.
When graphing a line by plotting two points, using the intercepts is often preferred because they are easy to find.

o To find the value of the x-intercept, we let y = 0
o To find the value of the y-intercept, we let x = 0.

v/ Example 1.1.3

Find the intercepts of the line: 22 — 3y = 6, and graph.

Solution
To find the x-intercept, let y = 0 in the equation, and solve for x.
2z —3(0) =6
2¢—0 =6
2z =6
z=3

Therefore, the x-intercept is the point (3,0).

To find the y-intercept, let x = 0 in the equation, and solve for y.

2(0) -3y =6

0—-3y =6

—3y =6
y=-—2

Therefore, the y-intercept is the point (0, -2).

To graph the line, plot the points for the x-intercept (3,0) and the y-intercept (0, -2), and use them to draw the line.

¥

https://stats.libretexts.org/@go/page/35192


https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://stats.libretexts.org/@go/page/35192?pdf

LibreTexts"

Graphing a Line from its Equation in Parametric Form

In higher math, equations of lines are sometimes written in parametric form. For example, x =3 +2t,y =1+t. The letter ¢ is
called the parameter, or the dummy variable.

Parametric lines can be graphed by finding values for x and y by substituting numerical values for t. Plot the points using their (x,y)
coordinates and use the points to draw the line.

v Example 1.1.4

Graph the line given by the parametric equations: x =3 +2t,y =1-+t¢

Solution
Let t =0, 1 and 2; for each value of t find the corresponding values for x and y.

The results are given in the table below.

t X y Point on Line
0 3 1 3,1
1 5 2 (5,2)
2 7 3 (7, 3)
¥

Horizontal and Vertical Lines
When an equation of a line has only one variable, the resulting graph is a horizontal or a vertical line.

 The graph of the line = a, where a is a constant, is a vertical line that passes through the point (a, 0). Every point on this line
has the x-coordinate equal to a, regardless of the y-coordinate.

e The graph of the line y = b, where b is a constant, is a horizontal line that passes through the point (0, b). Every point on this
line has the y-coordinate equal to b, regardless of the x-coordinate.

v/ Example 1.1.5

Graph the lines: x =-2 ,and y = 3.

Solution
The graph of the line x = -2 is a vertical line that has the x-coordinate -2 no matter what the y-coordinate is. The graph is a
vertical line passing through point (-2, 0).

The graph of the line y = 3, is a horizontal line that has the y-coordinate 3 regardless of what the x-coordinate is. Therefore, the
graph is a horizontal line that passes through point (0, 3).
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Note: Most students feel that the coordinates of points must always be integers. This is not true, and in real life situations, not
always possible. Do not be intimidated if your points include numbers that are fractions or decimals.

This page titled 1.1: Graphing a Linear Equation is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Rupinder
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1.1.1: Graphing a Linear Equation (Exercises)
SECTION 1.1 PROBLEM SET: GRAPHING A LINEAR EQUATION

Work the following problems.
1) Is the point (2, 3) on the line 5x - 2y = 4?

3) For the line 3x - y = 12, complete the following ordered pairs.
2.)(6)
©0,)( 0

5) Graphy =2x + 3
7) Graphy =4x - 3

9) Graph 2x +y =4

2) Is the point (1, - 2) on the line 6x - y = 4?

4) For the line 4x + 3y = 24, complete the following ordered pairs.
G4
0,)( 0

6) Graphy =-3x+5
8) Graphx -2y =8

10) Graph 2x -3y =6

SECTION 1.1 PROBLEM SET: GRAPHING A LINEAR EQUATION

11) Graph 2x +4=0

13) Graph the following three equations on the same set of

coordinate axes.

y=z+1 y=2z+1 y=-z+1

15) Graph the line using the parametric equations
x=1+2t,y=3+t

12) Graph 2y -6 =0

14) Graph the following three equations on the same set of
coordinate axes.

y=2x+1 y=2x y=2zr—1

16) Graph the line using the parametric equations
Xx=2-3t,y=1+2t

This page titled 1.1.1: Graphing a Linear Equation (Exercises) is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by
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1.2: Slope of a Line

4b Learning Objectives

In this section, you will learn to:

1. Find the slope of a line.
2. Graph the line if a point and the slope are given.

In the last section, we learned to graph a line by choosing two points on the line. A graph of a line can also be determined if one
point and the "steepness" of the line is known. The number that refers to the steepness or inclination of a line is called the slope of
the line.

From previous math courses, many of you remember slope as the "rise over run," or "the vertical change over the horizontal
change" and have often seen it expressed as:

rise  vertical change Ay

—) s etc.
run’ horizontal change’ Az

We give a precise definition.

# Definition: Slope

If (z1, y1) and (z2, y2) are two different points on a line, the slope of the line is

slope =m = LASEL (1.2.1)
L9 — 1

v/ Example 1.2.1

Find the slope of the line passing through points (-2, 3) and (4, —1), and graph the line.

Solution
Let (1, y1) = (-2, 3) and (2, y2) = (4, —1), then the slope (via Equation 1.2.1) is

To give the reader a better understanding, both the vertical change, -4, and the horizontal change, 6, are shown in the above
figure.

When two points are given, it does not matter which point is denoted as (z1, y;) and which (z2, y2). The value for the slope will be
the same.

In Example 1.2.1, if we instead choose (z1, y1) = (4, —1) and (z2, y2) = (=2, 3), then we will get the same value for the slope as we
obtained earlier.

The steps involved are as follows.

The student should further observe that
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o if a line rises when going from left to right, then it has a positive slope. In this situation, as the value of « increases, the value of
y also increases
o if aline falls going from left to right, it has a negative slope; as the value of z increases, the value of y decreases.

v/ Example 1.2.2

Find the slope of the line that passes through the points (2, 3) and (2, —1), and graph.

Solution
Let (1, y1) = (2, 3) and (x2, y2) = (2, —1) then the slope is
-1-3 4
m = 55 — 0 = undefined.
r

v (2,3)

¥(2,-1)

Note: The slope of a vertical line is undefined.

v/ Example 1.2.3

Find the slope of the line that passes through the points (-1, —4) and (3, —4)
Solution
Let (1, y1) = (-1, —4) and (z2, y2) = (3, —4), then the slope is
e S N
3—(-1) 4
Ir

-1,-47 (3,-4)

Note: The slope of a horizontal line is 0
v/ Example 1.2.4

Graph the line that passes through the point (1, 2) and has slope —%.
Solution
Slope equals ﬁ The fact that the slope is _73, means that for every rise of -3 units (fall of 3 units) there is a run of 4. So if
from the given point (1, 2) we go down 3 units and go right 4 units, we reach the point (5, -1). The graph is obtained by
connecting these two points.
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(1.2)

X
(3,-1)

=

Alternatively, since %4 represents the same number, the line can be drawn by starting at the point (1,2) and choosing a rise of 3
units followed by a run of -4 units. So from the point (1, 2), we go up 3 units, and to the left 4, thus reaching the point (-3, 5)
which is also on the same line. See figure below.

(1,2)

1 5]

v/ Example 1.2.5

Find the slope of the line 2z +3y = 6.
Solution
In order to find the slope of this line, we will choose any two points on this line.

Again, the selection of  and y intercepts seems to be a good choice. The x-intercept is (3, 0), and the y-intercept is (0, 2).
Therefore, the slope is

v/ Example 1.2.6

Find the slope of the line y = 3z + 2.

Solution
We again find two points on the line, e.g., (0, 2) and (1, 5). Therefore, the slope is
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Look at the slopes and the y-intercepts of the following lines.

The line slope y-intercept
y=3x+2 3 2
y=—2x+5 -2 5
— 3, 3 -
Y=z 4 5 4

It is no coincidence that when an equation of the line is solved for y, the coefficient of the = term represents the slope, and the
constant term represents the y-intercept.

In other words, for the line y = ma + b, m is the slope, and b is the y-intercept.

v/ Example 1.2.7

Determine the slope and y-intercept of the line 2z + 3y = 6.

Solution
We solve for y:

2z +3y=6
Jy=—2z+6
y=(-2/3)z+2

The slope = the coefficient of the z term = — 2/3.

The y-intercept = the constant term = 2.

This page titled 1.2: Slope of a Line is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Rupinder Sekhon and
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1.2.1: Slope of a Line (Exercises)

SECTION 1.2 PROBLEM SET: SLOPE OF A LINE

Find the slope of the line passing through the following pair of points.

1) (2,3) and (5, 9) 2) (4, 1) and (2, 5)
3)(-1, 1) and (1, 3) 4)(4,3)and (- 1, 3)
5) (6, - 5) and (4, - 1) 6) (5,3) and (- 1, - 4)
7) (3, 4) and (3, 7) 8) (-2, 4) and (- 3, - 2)
9)(-3,-5)and (- 1,-7) 10) (0, 4) and (3, 0)

SECTION 1.2 PROBLEM SET: SLOPE OF A LINE

Determine the slope of the line from the given equation of the line.

My=-2x+1 12)y=3x-2
13)2x-y=6 14)x+3y=6

16) What is the slope of the x-axis?

15)3x -4y =12 . .
What is the slope of the y-axis?

Graph the line that passes through the given point and has the given slope.

17)(1,2) and m = - 3/4 18)(2,- 1) and m = 2/3

19) (0,2) and m = - 2 20)(2,3)andm =0

This page titled 1.2.1: Slope of a Line (Exercises) is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Rupinder
Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.
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1.3: Determining the Equation of a Line

4b Learning Objectives

In this section, you will learn to:

1. Find an equation of a line if a point and the slope are given.
2. Find an equation of a line if two points are given.

So far, we were given an equation of a line and were asked to give information about it. For example, we were asked to find points
on the line, find its slope and even find intercepts. Now we are going to reverse the process. That is, we will be given either two
points, or a point and the slope of a line, and we will be asked to find its equation.

An equation of a line can be written in three forms, the slope-intercept form, the point-slope form, or the standard form. We
will discuss each of them in this section.

A line is completely determined by two points, or by a point and slope. The information we are given about a particular line will
influence which form of the equation is most convenient to use. Once we know any form of the equation of a line, it is easy to re-
express the equation in the other forms if needed.

THE SLOPE-INTERCEPT FORM OF ALINE: y =mxz + b

In the last section we learned that the equation of a line whose slope = m and
y-intercept = b is

y =mx+b.

This is called the slope-intercept form of the line and is the most commonly used form.

v/ Example 1.3.1

Find an equation of a line whose slope is 5, and y-intercept is 3.

Solution
Since the slope is m = 5, and the y- intercept is b = 3, the equation is y =5z + 3.

v/ Example 1.3.2

Find the equation of the line that passes through the point (2, 7) and has slope 3.
Solution
Since m = 3, the partial equationis y =3z +b.
Now b can be determined by substituting the point (2, 7) in the equation y =3z +b.
7=3(2)+b
b=1

Therefore, the equationisy =3z +1.

v/ Example 1.3.3

Find an equation of the line that passes through the points (-1, 2), and (1, 8).

Solution
8—2
1-(-1)

m = = g =3 . So the partial equation is y = 3z +b.

We can use either of the two points (-1, 2) or (1, 8), to find b. Substituting (-1, 2) gives
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2=3(—1)+b

So the equationis y =3z +5.

v/ Example 1.3.4

Find an equation of the line that has z-intercept 3, and y-intercept 4.

Solution
z-intercept = 3, and y-intercept = 4 correspond to the points (3, 0), and (0, 4), respectively.
4-0 4
m-= ————
0-3 3

We are told the y-intercept is 4; thus b = 4

Therefore, the equation is y = —%CL‘ +4.

THE POINT-SLOPE FORM OF A LINE: y — y1 = m(x — x1)
The point-slope form is useful when we know two points on the line and want to find the equation of the line.

Let L be a line with slope m, and known to contain a specific point (21, y1). If (z, y) is any other point on the line L, then the
definition of a slope leads us to the point-slope form or point-slope formula.

YU
r—I

The slope is =m

Multiplying both sides by (x — ;) gives the point-slope form:

v Example 1.3.5

Find the point-slope form of the equation of a line that has slope 1.5 and passes through the point (12,4).

y—y1=m(x—x)

Solution
Substituting the point (z1,y;) = (12,4) and m = 1.5 in the point-slope formula, we get

y—y1=m(x—xq)
y—4=1.5(z—-12)

The student may be tempted to simplify this into the slope intercept form y =max +b. But since the problem specifically
requests point-slope form we will not simplify it.

THE STANDARD FORM OF ALINE: Az + By =C
Another useful form of the equation of a line is the standard form.

If we know the equation of a line in point-slope form, y —y; =m(z — ;) , or if we know the equation of the line in slope-
intercept form y = mx + b, we can simplify the formula to have all terms for the z and y variables on one side of the equation,
and the constant on the other side of the equation.

The result is referred to as the standard form of the line:

Ax+By=C.

v/ Example 1.3.6

Using the point-slope formula, find the standard form of an equation of the line that passes through the point (2, 3) and has
slope —3/5.
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Solution: Substituting the point (2, 3) and m = —3/5 in the point-slope formula, we get
y—3=-3/5(z—2)
Multiplying both sides by 5 gives us
5(y—3)=-3(z—2)

5y —15=—-3z+6
3z +5y=21 Standard Form

v/ Example 1.3.7

Find the standard form of the line that passes through the points (1, -2), and (4, 0).

Solution

First we find the slope: m = 0;(:12) —

Then, the point-slope form is: y — (—2) = %(w -1)

Multiplying both sides by 3 gives us

3(y+2)=2(z—-1)
3y+6=2x—2
—2x+3y=-8

2z —3y =8 Standard Form

We should always be able to convert from one form of an equation to another. For example, if we are given a line in the slope-
intercept form, we should be able to express it in the standard form, and vice versa.

v/ Example 1.3.8

Write the equation y = —%w + 3 in the standard form.

Solution
Multiplying both sides of the equation by 3, we get

3y=—2x+9
2z 43y =9 Standard Form

v/ Example 1.3.9

Write the equation 3z — 4y = 10 in the slope-intercept form.

Solution
Solving for y, we get

—4y=-3z+10
3 5
Y= Zm —3 Standard Form

Finally, we learn a very quick and easy way to write an equation of a line in the standard form. But first we must learn to find the
slope of a line in the standard form by inspection.

By solving for y, it can easily be shown that the slope of the line Az + By = C is —A/B.
The reader should verify this.
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Find the slope of the following lines, by inspection.
a. 3z —by =10
b. 2z + 7y =20
cd4zr—3y=38
Solution
a. A =3, B= -5, therefore, m = —%5 = %
b. A =2, B="17, therefore, m = —%
cm= —_ig = %

Now that we know how to find the slope of a line in the standard form by inspection, our job in finding the equation of a line is
going to be easy.

v/ Example 1.3.11

Find an equation of the line that passes through (2, 3) and has slope - 4/5.

Solution
Since the slope of the line is - 4/5, we know that the left side of the equation is 4x + 5y, and the partial equation is going to be

dx+5y=c
Of course, ¢ can easily be found by substituting for  and y.

4(2)+5(3)=c
23=c

The desired equation is
4z + 5y = 23.

If you use this method often enough, you can do these problems very quickly.

We summarize the forms for equations of a line below:

Slope Intercept form: y = mx+b,
where m = slope, b = y-intercept

Point Slope form: y —y; = m(x—x1) ,
where m = slope, (z1, 1) is a point on the line
Standard form: Ax+ By =C

Horizontal Line: y = b
where b = y-intercept

Vertical Line: x = a

where a = x-intercept

This page titled 1.3: Determining the Equation of a Line is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by
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1.3.1: Determining the Equation of a Line (Exercises)

SECTION 1.3 PROBLEM SET: DETERMINING THE EQUATION OF A LINE

Write an equation of the line satisfying the following conditions.
Write the equation in the form y = mx + b.

1) It passes through the point (3, 10) and has 2) It passes through point (4,5) and has m = 0.

slope = 2.

3) It passes through (3, 5) and (2, - 1). 4) It has slope 3, and its y-intercept equals 2.

5) It passes through (5, - 2) and m = 2/5. 6) It passes through (- 5, - 3) and (10, 0).

7) It passes through (4, - 4) and (5, 3). 8) It passes through (7, - 2) ; its y-intercept is 5.

9) It passes through (2, - 5) and its x-intercept

<4 10) Its a horizontal line through the point (2, - 1).
is 4.

SECTION 1.3 PROBLEM SET: DETERMINING THE EQUATION OF A LINE

Write an equation of the line satisfying the following conditions.
Write the equation in the form y = mx + b.

11) It passes through (5, - 4) and (1, - 4). 12) It is a vertical line through the point (3, - 2).
13) It passes through (3, - 4) and (3, 4). 14) It has x-intercept = 3 and y-intercept = 4.
Write an equation of the line satisfying the following conditions.
Write the equation in the form Ax + By = C.

15) It passes through (3, - 1) and m = 2. 16) It passes through (- 2, 1) and m = - 3/2.

17) It passes through (- 4, - 2) and m = 3/4. 18) Its x-intercept equals 3, and m = - 5/3.

SECTION 1.3 PROBLEM SET: DETERMINING THE EQUATION OF A LINE

Write an equation of the line satisfying the following conditions.
Write the equation in the form Ax + By = C.

19) It passes through (2, - 3) and (5, 1). 20) It passes through (1, - 3) and (- 5, 5).

Write an equation of the line satisfying the following conditions.
Write the equation in point slope form y-y; = m (x-x1)

21) It passes through (2, - 3) and (5, 1). 22) It passes through (1, - 3) and (- 5, 2).
23) It passes through (6, -2) and (0, 2). 24) It passes through (8, 2) and (-7, -4).
25) It passes through (-12, 7) and has slope = -1/3. 26) It passes through (8, - 7) and has slope 3/4.

This page titled 1.3.1: Determining the Equation of a Line (Exercises) is shared under a CC BY 4.0 license and was authored, remixed, and/or
curated by Rupinder Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

o 1.3.1: Determining the Equation of a Line (Exercises) by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:
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1.4: Applications

4b Learning Objectives

In this section, you will learn to use linear functions to model real-world applications

Now that we have learned to determine equations of lines, we get to apply these ideas in a variety of real-life situations.

Read the problem carefully. Highlight important information. Keep track of which values correspond to the independent variable
(x) and which correspond to the dependent variable (y).

v/ Example 1.4.1

A taxi service charges $0.50 per mile plus a $5 flat fee. What will be the cost of traveling 20 miles? What will be cost of
traveling « miles?

Solution

x = distance traveled, in miles and y = cost in dollars

The cost of traveling 20 miles is
y=1(0.50)(20)+5=10+5=15
The cost of traveling = miles is
y=1(0.50)(z)+5=0.50z +5

In this problem, $0.50 per mile is referred to as the variable cost, and the flat charge $5 as the fixed cost. Now if we look at
our cost equation y = .50x + 5, we can see that the variable cost corresponds to the slope and the fixed cost to the y-intercept.

v/ Example 1.4.2

The variable cost to manufacture a product is $10 per item and the fixed cost $2500. If x represents the number of items
manufactured and y represents the total cost, write the cost function.

Solution
e The variable cost of $10 per item tells us that m = 10.
o The fixed cost represents the y-intercept. So b = 2500.

Therefore, the cost equation is y = 10z + 2500.

v/ Example 1.4.3

It costs $750 to manufacture 25 items, and $1000 to manufacture 50 items. Assuming a linear relationship holds, find the cost
equation, and use this function to predict the cost of 100 items.

Solution
We let = the number of items manufactured, and let y = the cost.
Solving this problem is equivalent to finding an equation of a line that passes through the points (25, 750) and (50, 1000).

1000 — 750
- 50-25 =10

Therefore, the partial equation is y = 10z +b
By substituting one of the points in the equation, we get b = 500

Therefore, the cost equation is y = 10z 4500

To find the cost of 100 items, substitute = 100 in the equation y = 10z 4500
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So the cost is
y =10(100) +500 = 1500

It costs $1500 to manufacture 100 items.

v/ Example 1.4.4

The freezing temperature of water in Celsius is 0 degrees and in Fahrenheit 32 degrees. And the boiling temperatures of water
in Celsius, and Fahrenheit are 100 degrees, and 212 degrees, respectively. Write a conversion equation from Celsius to
Fahrenheit and use this equation to convert 30 degrees Celsius into Fahrenheit.

Solution
Let us look at what is given.

Celsius Fahrenheit
0 32
100 212

Again, solving this problem is equivalent to finding an equation of a line that passes through the points (0, 32) and (100, 212).

Since we are finding a linear relationship, we are looking for an equation y = ma +b, or in this case F' =mC +b, where
or C represent the temperature in Celsius, and y or F the temperature in Fahrenheit.

Lo 31232 9
SOPEI T T00-0 5
The equation is F = 2C +b
Substituting the point (0, 32), we get
9
F= 30-1—32.

To convert 30 degrees Celsius into Fahrenheit, substitute C' = 30 in the equation
9
F= B C+32

F= %(30)+32 =86

v/ Example 1.4.5

The population of Canada in the year 1980 was 24.5 million, and in the year 2010 it was 34 million. The population of Canada
over that time period can be approximately modelled by a linear function. Let x represent time as the number of years after
1980 and let y represent the size of the population.

a. Write the linear function that gives a relationship between the time and the population.
b. Assuming the population continues to grow linearly in the future, use this equation to predict the population of Canada in
the year 2025.

Solution
The problem can be made easier by using 1980 as the base year, that is, we choose the year 1980 as the year zero. This will
mean that the year 2010 will correspond to year 30. Now we look at the information we have:

Year Population

0 (1980) 24.5 million
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30 (2010) 34 million

a. Solving this problem is equivalent to finding an equation of a line that passes through the points (0, 24.5) and (30, 34). We
use these two points to find the slope:

34—-245 9.5
~T30-0 30 ¥

The y-intercept occurs when z =0, so b =24.5
y=0.322+24.5
b. Now to predict the population in the year 2025, we let z = 2025 — 1980 =45

y=0.322 +24.5
y =0.32(45)+24.5 =38.9

In the year 2025, we predict that the population of Canada will be 38.9 million people.

Note that we assumed the population trend will continue to be linear. Therefore if population trends change and this
assumption does not continue to be true in the future, this prediction may not be accurate.

This page titled 1.4: Applications is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Rupinder Sekhon and
Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

o 1.4: Applications by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:
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1.4.1: Applications (Exercises)
SECTION 1.4 PROBLEM SET: APPLICATIONS

In the following application problems, assume a linear relationship holds.

1) The variable cost to manufacture a product is $25 per item, and
the fixed costs are $1200.

If x is the number of items manufactured and

y is the cost, write the cost function.

3) The variable cost to manufacture an item is

$20 per item, and it costs a total of $750 to produce 20 items. If x
represents the number

of items manufactured and y is the cost, write the cost function.

5) To manufacture 100 items, it costs $32,000, and to manufacture
200 items, it costs $40,000. If x is the number of items
manufactured and

y is the cost, write the cost function.

SECTION 1.4 PROBLEM SET: APPLICATIONS

2) It costs $90 to rent a car driven 100 miles and $140 for one
driven 200 miles. If x is the number of miles driven and y the total
cost of the rental, write the cost function.

4) To manufacture 30 items, it costs $2700, and to manufacture 50
items, it costs $3200. If x represents the number of items
manufactured and y the cost, write the cost function.

6) It costs $1900 to manufacture 60 items, and the fixed costs are
$700. If x represents the number of items manufactured and y the
cost, write the cost function.

In the following application problems, assume a linear relationship holds.

7) A person who weighs 150 pounds has 60 pounds of muscles; a
person that weighs 180 pounds has 72 pounds of muscles. If x
represents body weight and y is muscle weight, write an equation
describing their relationship. Use this relationship to determine
the muscle weight of a person that weighs 170 pounds.

9). A male college student who is 64 inches tall weighs 110
pounds. Another student who is 74 inches tall weighs 180 pounds.
Assuming the relationship between male students' heights (x), and
weights (y) is linear, write a function to express weights in terms
of heights, and use this function to predict the weight of a student
who is 68 inches tall.

11) The freezing temperatures for water for Celsius and
Fahrenheit scales are 0°C and 32°F. The boiling temperatures for
water are 100 °C and 212 °F. Let C denote the temperature in
Celsius and F in Fahrenheit. Write the conversion function from
Celsius to Fahrenheit. Use the function to convert 25 °C into °F.

SECTION 1.4 PROBLEM SET: APPLICATIONS

8) A spring on a door stretches 6 inches if a force of 30 pounds is
applied. It stretches 10 inches

if a 50 pound force is applied. If x represents the number of inches
stretched, and y is the force, write a linear equation describing the
relationship. Use it to determine the amount of force required to
stretch the spring 12 inches.

10) EZ Clean company has determined that if it spends $30,000 on
advertising, it can hope to sell 12,000 of its Minivacs a year, but if
it spends $50,000, it can sell 16,000. Write an equation that gives a
relationship between the number of dollars spent on advertising (x)
and the number of minivacs sold(y).

12) By reversing the coordinates in the previous problem, find a
conversion function that converts Fahrenheit into Celsius, and use
this conversion function to convert 72 °F into an equivalent Celsius
measure.

In the following application problems, assume a linear relationship holds.

13) California’s population was 29.8 million in the year 1990, and
37.3 million in 2010. Assume that the population trend was and
continues to be linear, write the population function. Use this
function to predict the population in 2025. Hint: Use 1990 as the
base year (year 0); then 2010 and 2025 are years 20, and 35,
respectively.)

14) Use the population function for California in the previous
problem to find the year in which the population will be 40 million
people.
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15) A college’s enrollment was 13,200 students in the year 2000,
and 15,000 students in 2015. Enrollment has followed a linear
pattern.

Write the function that models enrollment as a function of time.
Use the function to find the college’s enrollment in the year 2010.

Hint: Use year 2000 as the base year.

17) The cost of electricity in residential homes is a linear function
of the amount of energy used. In Grove City, a home using 250
kilowatt hours (kwh) of electricity per month pays $55.

A home using 600 kwh per month pays $118. Write the cost of
electricity as a function of the amount used. Use the function to
find the cost for a home using 400 kwh of electricity per month.

SECTION 1.4 PROBLEM SET: APPLICATIONS

16) If the college’s enrollment continues to follow this pattern, in
what year will the college have 16,000 students enrolled.

18) Find the level of electricity use that would correspond to a
monthly cost of $100.

In the following application problems, assume a linear relationship holds.

19) At ABC Co., sales revenue is $170,000 when it spends $5000
on advertising.

Sales revenue is $254,000 when $12,000 is spent on advertising.
a) Find a linear function for

y = amount of sales revenue as a function of

X = amount spent on advertising.

b) Find revenue if $10,000 is spent on advertising.

c¢) Find the amount that should be spent on advertising to achieve
$200,000 in revenue.

21) Mugs Café sells 1000 cups of coffee per week if it does not
advertise. For every $50 spent in advertising per week, it sells an
additional 150 cups of coffee.

a) Find a linear function that gives

y = number of cups of coffee sold per week

X = amount spent on advertising per week.

b) How many cups of coffee does Mugs Café expect to sell if
$100 per week is spent on advertising?

20) For problem 19, explain the following:

a. Explain what the slope of the line tells us about the effect on
sales revenue of money spent on advertising. Be specific,
explaining both the number and the sign of the slope in the
context of this problem.

b. Explain what the y intercept of the line tells us about the sales
revenue in the context of this problem

22) Party Sweets makes baked goods that can be ordered for
special occasions. The price is $24 to order one dozen (12
cupcakes) and $9 for each additional 6 cupcakes.
a. Find a linear function that gives the total price of a cupcake
order as a function of the number of cupcakes ordered
b. Find the price for an order of 5 dozen (60) cupcakes

This page titled 1.4.1: Applications (Exercises) is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Rupinder
Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

o 1.4.1: Applications (Exercises) by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:
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1.5: More Applications

4b Learning Objectives

In this section, you will learn to:

1. Solve a linear system in two variables.
2. Find the equilibrium point when a demand and a supply equation are given.
3. Find the break-even point when the revenue and the cost functions are given.

Finding the Point of Intersection of Two Lines

In this section, we will do application problems that involve the intersection of lines. Therefore, before we proceed any further, we
will first learn how to find the intersection of two lines.

v/ Example 1.5.1

Find the intersection of the line y =3z — 1 and theliney = —2 4 7.

Solution
We graph both lines on the same axes, as shown below, and read the solution (2, 5).

Finding an intersection of two lines graphically is not always easy or practical; therefore, we will now learn to solve these
problems algebraically.

At the point where two lines intersect, the x and y values for both lines are the same. So in order to find the intersection, we
either let the z-values or the y-values equal.

If we were to solve the above example algebraically, it will be easier to let the y-values equal. Since y =3z — 1 for the first
line, and y = —x 47 for the second line, by letting the y-values equal, we get

3r—1=—x+7
4r =8
T =2

By substituting = 2 in any of the two equations, we obtain y = 5.

Hence, the solution (2, 5).

A common algebraic method used to solve systems of equations is called the elimination method. The object is to eliminate one of
the two variables by adding the left and right sides of the equations together. Once one variable is eliminated, we have an equation
with only one variable for can be solved. Finally, by substituting the value of the variable that has been found in one of the original
equations, we get the value of the other variable.
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Find the intersection of the lines 2z +y =7 and 32 —y = 3 by the elimination method.

Solution
We add the left and right sides of the two equations.

20 +y =7
3x—y =3
5z =10
T =2

Now we substitute = 2 in any of the two equations and solve for y.

212)+y =7
y=3

Therefore, the solution is (2, 3).

v/ Example 1.5.3

Solve the system of equations « + 2y = 3 and 2z + 3y = 4 by the elimination method.

Solution
If we add the two equations, none of the variables are eliminated. But the variable z can be eliminated by multiplying the first
equation by -2, and leaving the second equation unchanged.

—2z —4y =—6
20 +3y =4
y=2
Substituting y = 2 in £ 4+ 2y = 3, we get
2(2) =
S (1.5.1)
13 = =il

Therefore, the solution is (-1, 2).

v/ Example 1.5.4

Solve the system of equations 3z —4y =5 and 4z — 5y =6.

Solution
This time, we multiply the first equation by - 4 and the second by 3 before adding. (The choice of numbers is not unique.)

—12z +16y = —20
122 — 15y =18
y=-2

By substituting y = - 2 in any one of the equations, we get x = -1.
Hence the solution is (-1, -2).

SUPPLY, DEMAND AND THE EQUILIBRIUM MARKET PRICE

In a free market economy the supply curve for a commodity is the number of items of a product that can be made available at
different prices, and the demand curve is the number of items the consumer will buy at different prices.
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As the price of a product increases, its demand decreases and supply increases. On the other hand, as the price decreases the
demand increases and supply decreases. The equilibrium price is reached when the demand equals the supply.

v/ Example 1.5.5

The supply curve for a product is y = 3.5 — 14 and the demand curve for the same product is y = —2.5z + 34, where x is
the price and y the number of items produced. Find the following.

a. How many items will be supplied at a price of $10?

b. How many items will be demanded at a price of $10?

c. Determine the equilibrium price.
d. How many items will be produced at the equilibrium price?

Solution

a) We substitute = 10 in the supply equation, y = 3.5z — 14; the answer is y = 3.5(10) — 14 = 21.

b) We substitute = 10 in the demand equation, y = —2.5z + 34; the answer is y = —2.5(10) +34 =9.
¢) By letting the supply equal the demand, we get

3.5r—14 =25z +34
6x =48
z =88

d) We substitute = = 8 in either the supply or the demand equation; we get y = 14.

¥
354 Demand
¥ =34-2.5x

Supply
y==14+35x

54 6 8 10 12 04"
The graph shows the intersection of the supply and the demand functions and their point of intersection, (8,14).

Interpretation: At equilibrium, the price is $8 per item, and 14 items are produced by suppliers and purchased by consumers.

The Break-Even Point
In a business, the profit is generated by selling products.

o If a company sells x number of items at a price P, then the revenue R is the price multiplied by number of items sold:
R=P-zx.

e The production costs C are the sum of the variable costs and the fixed costs, and are often written as C = mx + b, where x is
the number of items manufactured.

e o The slope m is the called marginal cost and represents the cost to produce one additional item or unit.
o The variable cost, mx, depends on how much is being produced
o The fixed cost b is constant; it does not change no matter how much is produced.

o Profit is equal to Revenue minus Cost: Profit=R — C

A company makes a profit if the revenue is greater than the cost. There is a loss if the cost is greater than the revenue. The point on
the graph where the revenue equals the cost is called the break-even point. At the break-even point, profit is 0.
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If the revenue function of a product is R = 5z and the cost function is y = 3z + 12, find the following.

a. If 4 items are produced, what will the revenue be?

b. What is the cost of producing 4 items?

c. How many items should be produced to break even?

d. What will be the revenue and the cost at the break-even point?

Solution
a) We substitute = 4 in the revenue equation R = bz, and the answer is R = 20.
b) We substitute = 4 in the cost equation C' = 3z + 12, and the answer is C' = 24.

¢) By letting the revenue equal the cost, we get

5z =3x+12
=06

d) Substitute = 6 in either the revenue or the cost equation: we get R = C = 30.

The graph below shows the intersection of the revenue and cost functions and their point of intersection, (6, 30).

This page titled 1.5: More Applications is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Rupinder Sekhon and
Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.
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1.5.1: More Applications (Exercises)

SECTION 1.5 PROBLEM SET: MORE APPLICATIONS

Solve the following problems.

1) Solve for x and y.
y=3x+4
y=5x-2

3) The supply and demand curves for a product are: Supply y =
2000x - 6500

Demand y = - 1000x + 28000,

where x is price and y is the number of items. At what price will
supply equal demand and how many items will be produced at
that price?

5) A car rental company offers two plans for one way rentals.

2) Solve for x and y.
2x-3y=4
3x-4y=5

4) The supply and demand curves for a product are

Supply y = 300x - 18000 and

Demand y = - 100x + 14000,

where x is price and y is the number of items. At what price will
supply equal demand, and how many items will be produced at
that price?

Plan I charges $36 per day and 17 cents per mile. Plan II charges $24 per day and 25 cents per mile.

a. If you were to drive 300 miles in a day, which plan is better?
b. For what mileage are both rates equal?

SECTION 1.5 PROBLEM SET: MORE APPLICATIONS

Solve the following problems.

6) A demand curve for a product is the number of items the
consumer will buy at different prices. At a price of $2 a store can
sell 2400 of a particular type of toy truck. At a price of $8 the
store can sell 600 such trucks. If x represents the price of trucks
and y the number of items sold, write an equation for the demand
curve.

8) The equilibrium price is the price where the supply equals the
demand. From the demand and supply curves obtained in the
previous two problems, find the equilibrium price, and determine
the number of items that can be sold at that price.

SECTION 1.5 PROBLEM SET: MORE APPLICATIONS

Solve the following problems.

10) A company's revenue and cost in dollars are given by R =
225x and C = 75x + 6000, where x is the number of items. Find
the number of items that must be produced to break-even.

7) A supply curve for a product is the number of items that can be
made available at different prices. A manufacturer of toy trucks
can supply 2000 trucks if they are sold for $8 each; it can supply
only 400 trucks if they are sold for $4 each. If x is the price and y
the number of items, write an equation for the supply curve.

9) A break-even point is the intersection of the cost function and
the revenue function, that is, where total cost equals revenue, and
profit is zero. Mrs. Jones Cookies Store's cost and revenue, in
dollars, for x number of cookies is given by C = .05x + 3000 and R
= .80x. Find the number of cookies that must be sold to break
even.

11) A firm producing socks has a fixed cost of

$20,000 and variable cost of $2 per pair of socks. Let x = the
number of pairs of socks. Find the break-even point if the socks
sell for $4.50 per pair.
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13) It costs $1,200 to produce 50 pounds of a chemical and it costs

12) Whackemhard Sports is planning to introduce a new line of $2,200 to produce 150 pounds. The chemical sells for $15 per
tennis rackets. The fixed costs for the new line are $25,000 and pound

the variable cost of producing each racket is $60. x is the amount of chemical; y is in dollars.

x is the number of rackets; y is in dollars. a. Find the cost function.

If the racket sells for $80, how many rackets must be sold in order ~b. What is the fixed cost?
c. How many pounds must be sold to break even?

d. Find the cost and revenue at the break-even point.

to break even?

This page titled 1.5.1: More Applications (Exercises) is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Rupinder
Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

1.5.1: More Applications (Exercises) by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:

https://www.deanza.edw/faculty/bloomroberta/math11/afm3files.html.html.
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1.6: Chapter Review
SECTION 1.6 PROBLEM SET: CHAPTER REVIEW

1) Find an equation of the x-axis.

2) Find the slope of the line whose equation is 2x + 3y = 6.

3) Find the slope of the line whose equation isy = - 3x + 5.

4) Find both the x and y intercepts of the line 3x - 2y = 12.

5) Find an equation of the line whose slope is 3 and y-intercept 5.

6) Find an equation of the line whose x-intercept is 2 and y-intercept 3.

7) Find an equation of the line that has slope 3 and passes through the point (2, 15).

8) Find an equation of the line that has slope -3/2 and passes through the point (4, 3).
9) Find an equation of the line that passes through the points (0, 32) and (100, 212).
10) Find an equation of the line that passes through the point (2, 5) and is parallel to the line y = 3x + 4.
11) Find the point of intersection of the lines 2x - 3y =9 and 3x + 4y = 5.

12) Is the point (3, - 2) on the line 5x - 2y = 11?

13) Find two points on the line given by the parametric equations, x =2 + 3t,y =1 - 2t.
14) Find two points on the line 2x - 6 = 0.

15) Graph the line 2x - 3y + 6 = 0.

16) Graph the liney = - 2x + 3.

17) A female college student who is 60 inches tall weighs 100 pounds. Another female student who is 66 inches tall weighs 124
pounds. Assume the relationship between the female students' weights and heights is linear. Find an equation for weight as a
function of height. Use this relationship to predict the weight of a female student who is 70 inches tall.

18) In deep-sea diving, the pressure exerted by water plays a great role in designing underwater equipment. If at a depth of 10 feet
there is a pressure of 21 Ib/in?, and at a depth of 50 ft there is a pressure of 75 lb/in?, write a linear equation giving a relationship
between depth and pressure. Use this relationship to predict pressure at a depth of 100 ft.

19) The variable cost to manufacture an item is $30 per item; the fixed costs are $2750. Find the cost function.

20) The variable cost to manufacture an item is $10 per item, and it costs $2,500 to produce 100 items. Write the cost function, and
use this function to estimate the cost of manufacturing 300 items.

21) It costs $2,700 to manufacture 100 items of a product, and $4,200 to manufacture 200 items.
x= the number of items; y= cost. Find the cost function; use it to predict the cost to produce 1000 items.

22) In 1990, the average house in Emerald City cost $280,000 and in 2007 the same house cost $365,000. Assuming a linear
relationship, write an equation that will give the price of the house in any year, and use this equation to predict the price of a similar
house in the year 2020.

23) The population of Mexico in 1995 was 95.4 million and in 2010 it was 117.9 million. Assuming a linear relationship, write an
equation that will give the population of Mexico in any year, and use this equation to predict the population of Mexico in the year
2025.

SECTION 1.6 PROBLEM SET: CHAPTER REVIEW Word Problems

24) At Nuts for Soup Lunch Bar, they sell 150 bowls of soup if the high temperature for the day is 40 °F. For every 5 °F increase in
high temperature for the day, they sell 10 fewer bowls of soup.

a. Assuming a linear relationship, write an equation that will give y = the number of bowls of soup sold as a function of x = the
daily high temperature.
b. How many bowls of soup are sold when the temperature is 75 °F?
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¢. What is the temperature when 100 bowls of soup are sold?

25) Two hundred items are demanded at a price of $5, and 300 items are demanded at a price of $3. If x represents the price, and y
the number of items, write the demand function.

26) A supply curve for a product is the number of items of the product that can be made available at different prices. A doll
manufacturer can supply 2000 dolls if the dolls are sold for $30 each, but he can supply only 400 dolls if the dolls are sold for $10
each. If x represents the price of dolls and y the number of items, write an equation for the supply curve.

27) Suppose you are trying to decide on a price for your latest creation - a coffee mug that never tips. Through a survey, you have
determined that at a price of $2, you can sell 2100 mugs, but at a price of $12 you can only sell 100 mugs. Furthermore, your
supplier can supply you 3100 mugs if you charge your customers $12, but only 100 mugs if you charge $2. What price should you
charge so that the supply equals demand, and at that price how many coffee mugs will you be able to sell?

28) A car rental company offers two plans. Plan I charges $16 a day and 25 cents a mile, while Plan II charges $45 a day but no
charge for miles. If you were to drive 200 miles in a day, which plan is better? For what mileage are both rates the same?

29) The supply curve for a product is y = 250x - 1000. The demand curve for the same product is
y = - 350x + 8,000, where x is the price and y the number of items produced. Find the following.

a. At a price of $10, how many items will be in demand?

b. At what price will 4,000 items be supplied?

¢. What is the equilibrium price for this product?

d. How many items will be manufactured at the equilibrium price?

30) The supply curve for a product is y = 625x - 600 and the demand curve for the same product is
=-125x + 8,400, where x is the price and y the number of items produced.
Find the equilibrium price and determine the number of items that will be produced at that price.

31) Both Jenny and Masur work in the sales department for Sports Supply. Jenny gets paid $120 per day plus 4% commission on
the sales. Masur gets paid $132 per day plus 8% commission on the sales in excess of $1,000. For what sales amount would they
both earn the same daily amounts?

32) A company's revenue and cost in dollars are given by R = 25x and C = 10x + 9,000, where x represents the number of items.
Find the number of items that must be produced to break-even.

33) A firm producing a certain type of CFL lightbulb has fixed costs of $6,800, and a variable cost of $2.30 per bulb. The bulbs sell
for $4 each. How many bulbs must be produced to break-even?

34) A company producing tire pressure gauges has fixed costs of $7,500, and variable cost of $1.50 cents per item. If the gauges
sell for $4.50, how many must be produced to break-even?

35) A company is introducing a new cordless travel shaver before the Christmas holidays. It hopes to sell 15,000 of these shavers in
December. The variable cost is $11 per item and the fixed costs $100,000. If the shavers sell for $19 each, how many must be
produced and sold to break-even?

This page titled 1.6: Chapter Review is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Rupinder Sekhon and
Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

e 1.6: Chapter Review by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:

https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.
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CHAPTER OVERVIEW

2: Inequalities
2.1: Properties of Inequalities

2.2: Solving and Graphing Inequalities, and Writing Answers in Interval Notation
2.3: Set Builder Notation

2.4: Rational Inequalities

This page titled 2: Inequalities is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by Victoria Dominguez,
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2.1: Properties of Inequalities

Here are some important properties of inequalities:

# Properties of Inequalities

If a, b, and c¢ are real numbers, then:

Transitive Property if a < b and b < c thena < ¢

Addition Property if a < b thena+c<b-+c

Subtraction Property if a < b thena—c <b—c

Multiplication Property (Multiplying by a positive number) if a < b and ¢ > 0 then ac < bc

Multiplication Property (Multiplying by a negative number) if a < b and ¢ < 0 then ac > bc

b
Division Property (Dividing by a positive number) if & < b and ¢ > 0 then & <=
c ¢

b
Division Property (Dividing by a negative number) if a < b and ¢ < 0 then a > —
c c

v/ Example 2.1.1

Transitive Property

If 3<7and 7 < 14 then...

Solution
3<14

v/ Example 2.1.2

Addition Property
If 3 < 7, then add 4 to both sides.

Solution
3+4<7+4

7<11

v/ Example 2.1.3

Subtraction Property

If 3 < 7, subtract 6 on both sides

Solution
3<7

3-6<7-6

-3<1

v/ Example 2.1.4

Multiplication Property (Multiplying by a positive number)
If 3 < 7, multiply both sides by 5.
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Solution
3<7
3*¥5<5*7
15<35

v/ Example 2.1.5

Multiplication Property (Multiplying by a negative number)
If 3 < 7, multiply both sides by -4.

Solution
3<7

3%-42-4%7
-127-28

-12>-28 The direction of the inequality is changed.

v/ Example 2.1.6

Division Property (Dividing by a positive number)
If 6 < 8, divide both sides by 2.

Solution
6/2 < 8/2
3<4

v/ Example 2.1.7

Division Property (Dividing by a negative number)
If 9 < 15, divide both sides by -3.

Solution

9 <15

9/-3 ? 15/-3

-3 ?-5
-3>-5  The direction of the inequality is changed.

This page titled 2.1: Properties of Inequalities is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by Victoria
Dominguez, Cristian Martinez, & Sanaa Saykali (ASCCC Open Educational Resources Initiative) .

e 10.1: Properties of Inequalities by Victoria Dominguez, Cristian Martinez, & Sanaa Saykali is licensed CC BY-SA 4.0.
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2.2: Solving and Graphing Inequalities, and Writing Answers in Interval Notation

2.2.1: Interval Notation

# Definition: How to write inequalities in Interval Notation

o Symbol to not include a value are ( or ).
¢ Symbol to include a value are [ or ].
o Use the Symbol ( or ) when using infinity (o, o).

1.x<-4 The region is from negative infinity (-o) up to and not including -4. Therefore, the Interval Notation is (-, -4).
2.x<-4 The region is from negative infinity (-o) up to and including -4. There for , the Interval Notation is (-, -4].
3.-3<x<2 Theregion is from -3 up to and not including 2. Therefore, the Interval Notation is (-3, 2).

4.-3<x<2 Theregion is including -3 and up to and including 2. Therefore, the Interval Notation is [-3, 2].

5.x>5 The region is greater than and not including 5. Therefore, the Interval Notation is (5, ).

6.x>5 The region is greater than and including 5. Therefore, the Interval Notation is [5, o).

7.-3<x <10 The region is greater than and not including 3 but less than or equal to 10. Therefore, the Interval Notation is (-3, 10].
8.4<x<7  Theregion is greater than and including 4 and less than not including 7. Therefore, the Interval Notation is [4, 7).

2.2.2: To solve and graph inequalities:

1. Solve the inequality using the Properties of Inequalities from the previous section.
2. Graph the solution set on a number line.
3. Write the solution set in interval notation.

v Example 2.2.1

Solve the inequality, graph the solution set on a number line and show the solution set in interval notation:
a—-1<2zx-5<7
b.z2+7z+10<0
c b6<x—-2<4

Solution
-1<2z-5<7 Example problem
—14+5<2x—-5+5<T7+5 The goal is to isolate the variable z, so start by adding 5 to all three regions in the inequality.
4 <2z <12 Simplify.
. 4 4
a 3 <2z < 3 Divide all by 2 to isolate the variable z.
2<z <6 Final answer written in inequality/solution set form.
(2,6) Final answer written in interval notation (see section on Interval Notation for more details)

z2+T7z+10<0 Example problem
b. (z+5)(z+2)<0 Factor the polynomial.
(z+5)(x+2) <0 Seteach factor equal to 0 and solve for x. x =-5 andx =-2.

Since the inequality is a strict inequality(< or >), -5 and -2 is not included in the solution set.
Pick a point less than -5, x =-6. Evaluate the expression (-645)(-6+2) = (-1)(-4) = 4. It is positive, x < -5 is not in the solution set.
Pick a point between -5 and x =-2. Evaluate the expression (-4 + 5)(-442) = (1)(-2) =-2. It is negative, -5 < x < -2 is in the solution set.

Finally, pick a point greater than-2, x = 0. Evaluate the expression (0 + 5)(0 + 2) =5(2) = 10. It is positive, x > -2 is not the solution set.

Interval notation: (-5, -2)
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—-6<z—-2<4 Example problem
. —6+2<zr—-24+2<4+42 The goal is to isolate the variable z, so start by adding 2 to all three regions in the inequality.
| 4<z<6 Final answer written in inequality/solution set form.
(—4, 6] Final answer written in interval notation (see section on Interval Notation for more details).
: 9 : = : : 7 : 5 7 : * 7

? Exercise Problems 2.2.1

Solve the inequalities, graph the solution sets on a number line and show the solution sets in interval notation:

1L0<z+1<4

2.0<2(x—1)<4
36<2(z—1)<12
4.22 -6z —16<0
5202 —x—15>0

Detail answers below

? Exercise Answers 2.2.1

1.0<z+1<4

Answer
0<z+1<4
subtract 1 from all three sides
0-1<z+1-1<4-1
-1<z+0<3
—-1<z<3

[-1, 3] Interval Notation

? Exercise Answers 2.2.2

2.0<2(z—1)<4

Answer
Multiply the 2 through the parenthesis in the middle section.
0<2xz—-2<4
Add 2 to all three sides
0+2<22—-2+2<4+2
2<22+0<6
2<2x<6
Divide all three sides by 2
2/2<2z2/2<6/2
1<z <3

(1, 3] Interval Notation

? Exercise 2.2.3

3.6<2(x—1)<12

Answer
Add texts here. Do not delete this text first.
Multiply the 2 through the parenthesis in the middle section.
6<2x—-2<12
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Add 2 to all three sides
6+2<2x—-2+2<1242
8<2x+0<14

8§<2x <14

Divide all sides by 2
8/2<2z/2<14/2
d<ax<T

(4, 7) Interval Notation

? Exercise 2.2.4

4.22 —6x—16<0

Answer
Factor 2 — 6z — 16 to (x - 8)(x + 2).
Set x - 8 = 0 and solve for x

x-8=0 Add 8 to both sides

x-8+8=0+8
x+0=8
x=8

Set x + 2 = 0 and solve for x

x+2=0 Subtract 2 from both sides
X +2-2=0-2

x+0=-2

X =-2

Create a number line with the two points selected. Since it is a strict inequality, <, the points will not be included.

1098 -T-6-5-4=3=2-1 01 23 4 56567289510

Select a point to the left of x = -2, -3. Substitute it in the factored form of the quadratic equation.
(-3-8)(-3 +2) = (-11)(-1) = 11 > 0. For values to the left of x = -2 the function is positive.

Select a point between x = -2 and x = 8, 0. Substitute it in the factored form of the quadratic equation.
(0-8)(0 +2) =(-8)(2) =-16 < 0. For values between -2 and 8, the function is negative.

Select a point to the right of x =8, 9. Substitute the value in the factored form of the quadratic equation.
(9-8)(9+2)=(1)(11) =11 > 0. For values to the right of x = 8 the function is positive.

The solution is in the interval -2 < x < 8, or (-2, 8) Interval notation.

2.2.3: Graph of quadratic equation

Note the equation is negative between -2 and 8. Therefore, the solution interval is -2 < x < 8 or (-2, 8) in Interval notation.
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5222 -z —15>0

Answer

Using the box method we can factor the 22 —2 — 15 >0 .

2x + 5
X 2x* 5x
| ex | s
3

222 —z —15 = (2x +5)(x - 3)
Set each factor equal to 0 and solve for x

2x + 5 =0 subtract 5 from both sides

2x+5-5=0-5

2x+0=-5

2x =-5 divide both sides by 2
2x/2 =-5/2

x =-5/2 or-2.5

x-3=0 add 3 to both sides
x-3+3=0+3

x+0=3

x=3

Divide the number line into three regions

Select a number to the left of -2.5, -3. Substitute the value in the factored form of the quadratic equation.
(2(-3) +5)(-3-3) = (-6 + 5)(-3 - 3) = (-1)(-6) = 6 > 0. The region to the left of -2.5 is positive.

Select a number between -2.5 and 3, 0. Substitute the value in the factored form of the quadratic equation.
(2(0) +5)(0 - 3) = (0 + 5)(-3) = (5)(-3) = -15 < 0. The region between -2.5 and 3 is negative.

Select a number to the right of 3, 4. Substitute the value in the factored form of the quadratic equation.

(2(4) +5)(5-3)=(8 +5)(2) = (13)(2) = 26 > 0. The region to the right of 3 is positive.

—o0,—2.5)U (3,
The solution is ( ool )

2.2.4: Graph the quadratic equation

You can see the graph is positive to the left of -2.5 and to the right of 3. The solution in interval notation is (w0, -25) U (3,)

This page titled 2.2: Solving and Graphing Inequalities, and Writing Answers in Interval Notation is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or
curated by Victoria Dominguez, Cristian Martinez, & Sanaa Saykali (ASCCC Open Educational Resources Initiative) .

e 10.2: Solving and Graphing Inequalities, and Writing Answers in Interval Notation by Victoria Dominguez, Cristian Martinez, & Sanaa Saykali is licensed CC BY-
SA 4.0.
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2.3: Set Builder Notation

# Definition: Set Builder Notation

There is another way we can write interval notation. It is called set-builder notation. Set builder notation is the descriptive
definition of the set.

o x<4 Interval Notation: (-0, 4)  Set Builder Notation: {x| x is a real number less than 4}
e 3<x<8 Interval Notation: (3, 8] Set Builder Notation: {x| x is a real number greater than 3 and less than or equal to
8}

e x>100 Interval Notation: [100, ©) Set Builder Notation: {x | x is a real number greater than or equal to 100}

? Exercise 2.3.1

Write the following in Set Builder Notation.

1. x>6 Interval Notation: (6, ©)

Answer

Set Builder Notation: {x| x is a real number greater than 6}

? Exercise 2.3.2

Write the following in Set Builder Notation.

1.-4<x<12 Interval Notation: [-4, 12)

Answer

Set Builder Notation: {x|x is a real number greater than or equal to -4 and less than 12}

? Exercise 2.3.3
Write the following in Set Builder Notation.

1.x <30 Interval Notation: (-0, 30]

Answer
Add texts here. Do not delete this text first.

Set Builder Notation: {x|x is a real number less than or equal to 30}

2.3: Set Builder Notation is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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2.4: Rational Inequalities

Solving rational inequalities involves finding the zeroes of the numerator and denominator, then using these values to investigate solution set

regions on the number line.

v Example 2.4.1

Solve the inequalities and write the solution sets in interval notation:

r—1

>0
r+1 —
2z —3 <0
:1:+21 -
T+ >0

r—2 ~

a.

b.

Solution

—1
i ey >0 Example problem

z—1
rz+1
z—1=0,z=1 Find the zeroes of the numerator
z+1=0,z= —1 Find the zeroes of the denominator

The quotient must be greater than or equal to 0.

The zeroes divide the number line into 3 regions, =z < —1,
—-l<z<l,z>1

—2-1 -3
= =3>
1 o1 0=

Replacing —2 for x results in the answer 3, which is greater than or equal to 0. This region < —1 is included in the solution set.

Forz < —1, choose z = —2.

0-1 -1
—_— =1

0+1 1 <0

Replacing 0 for z results in the answer —1, which is less than 0, not fulfilling the given inequality in the problem.

This region —1 < z < 1 is excluded from the solution set.

For —1 <z <1, choose z =0.

2-1 1

F 1, ch =2. ——==2>0
orz > 1, choose = 27132
1
Replacing 2 for « results in the answer 3 which is greater than or equal to 0. This region « > 1 is included in the solution set.

(—00, _1) U (]-a OO)
Final answer written in interval notation (see section on Interval Notation for more details).
2z —3

o <0 Example problem
2z —3 .
b. 1 <0 The quotient must be less than or equal to 0.
T
2¢—-3=0, x=1.5 Find the zeroes of the numerator
z+1=0,z=-1 Find the zeroes of the denominator

https://stats.libretexts.org/@go/page/35206
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The zeroes divide the number line into 3 regions, z < —1, -1 <z < 1.5,
z>15

2(-2)-3 -7
e ——7>0
—2+1 —1 -
Replacing —2 for z results in the answer 7, which is greater than or equal to 0. This region —1 < z is excluded in the solution set.
2(0)-3 -3
For —1 <z <1.5, choosez =0. —— =—=-3<0
0+1 1
Replacing 0 for x results in the answer —3, which is less than or equal to 0. Thisregion —1 < z < 1.5 is included in the solution set.
2(2)-3 1
Forz > 1.5, choosez =2. ———=—2>0
2+1 3

1
Replacing 2 for x results in the answer 3 which is greater than or equal to 0. This region > 1.5 is excluded in the solution set.

For —1 <z, choose x = —2.

(-1,1.5)

Final answer written in interval notation (see section on Interval Notation for more details).

2
s 5 >0 Example problem
T —
T+ 2 .
C > >0 The quotient must be greater than or equal to 0.
T —
z+2=0, =—2 Find the zeroes of the numerator
r—2=0, x=2 Find the zeroes of the denominator

The zeroes divide the number line into 3 regions, z < —2,
—2<zr<2,2>2

https://stats.libretexts.org/@go/page/35206
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For z < —2, choose z = —3.

——=Z>
—-3-2 -5 5_0

1
Replacing —3 for x results in the answer 5 which is greater than or equal to 0. This region x < —2 is included in the solution set.

042 2
For —2 <z <2, choose z =0. 0_2 _2——1<0
Replacing 0 for z results in the answer —1, which is less than 0, not fulfilling the given inequality in the problem.

This region —2 < z < 2 is not included in the solution set.

2
For z > 2, choose x = 3. —3+ :E:BEO
3-2 1

Replacing 3 for x results in the answer 5, which is greater than or equal to 0. This region « > 2 is included in the solution set.

(—OO, _2) U (2a OO)

Final answer written in interval notation (see section on Interval Notation for more details).

? Exercise 2.4.1

1.

v/ Exercise Solutions 2.4.1

z+3 s
r—2 —

Solution
Set x + 3 = 0 and solve for x.
x+3=0
-3 -3
x=-3
Set x - 2 = 0 and solve for x.
x-2=0
2 2
X+0=2
x=2

Because we have the line under the inequality, >, we will include -3 and 2 in the solution.

The number line is divided into three regions. Left of -3, between -3 and 2, to the right of 2. Pick a point in each region.

A O O
-10-9-8765-432-1012345678910

X =-4

:i i_z = :—(13 = % > 0. The area to the left of -3 is a solution. The interval notation is (—oo, _3]

x=0

SL;) = %<0 The area between -3 and 2 is not a solution.
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[2, )

(=0, —3]U |2,

The solution is
| I 3| |
€ —1—] LI I
109 8 -7 654 -3-2-

? Exercise 2.4.1

8 - 1
z+2 T+2
Answer

Add texts here. Do not delete this text first.

Subtract from both sides

8 1

<0
r+2 x+2

7
<0
T +2

There is only a variable in the denominator so we set x + 2 = 0 and solve for x.

Since x = -2 results in 0 in the denominator x = -2 is not a part of the solution. -2 breaks the number line into two parts: to the left of -2
and to the right of -2.

D B B e e S e e B e e

-109-8-76-54-3-2-101 23456728910
Pick a number both regions.

x = -3 and substitute it in the rational expression.

8 8
=— =238
—34+2 -1
1 __1_,
—3+2 -1

(_00' _2) i

-8 <-1 The region to the left of -2 is part of the solution. Interval Notation

x=0

8 _E

0+2 2

1 1

0+2 2

4> % Therefore, this region is not a part of the solution

—OO,—Z)

The solution is

<Illlllllrhllllll|lllll\
L L S A L L L . L .
-10-9-8-7-6-5-4-3-2-1012345¢617 8910
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3.1: Functions and Function Notation

Learning Objectives

e Determine whether a relation represents a function.
e Find the value of a function.

o Determine whether a function is one-to-one.

o Use the vertical line test to identify functions.

o Graph the functions listed in the library of functions.

A jetliner changes altitude as its distance from the starting point of a flight increases. The weight of a growing child increases with
time. In each case, one quantity depends on another. There is a relationship between the two quantities that we can describe,
analyze, and use to make predictions. In this section, we will analyze such relationships.

Determining Whether a Relation Represents a Function

A relation is a set of ordered pairs. The set of the first components of each ordered pair is called the domain and the set of the
second components of each ordered pair is called the range. Consider the following set of ordered pairs. The first numbers in each
pair are the first five natural numbers. The second number in each pair is twice that of the first.

{(1,2),(2,4),(3,6),(4,8),(5,10)} (1.1.1)
The domain is {1, 2, 3,4, 5} The range is {2,4,6,8,10}
Note that each value in the domain is also known as an input value, or independent variable, and is often labeled with the

lowercase letter z. Each value in the range is also known as an output value, or dependent variable, and is often labeled lowercase
letter y.

A function f is a relation that assigns a single value in the range to each value in the domain. In other words, no z-values are
repeated. For our example that relates the first five natural numbers to numbers double their values, this relation is a function
because each element in the domain, {1, 2, 3, 4, 5}, is paired with exactly one element in the range, {2, 4, 6,8,10}

Now let’s consider the set of ordered pairs that relates the terms “even” and “odd” to the first five natural numbers. It would appear
as

{(odd, 1), (even, 2), (odd, 3), (even,4), (odd, 5)} (1.1.2)

Notice that each element in the domain, {even, odd} is not paired with exactly one element in the range, {1,2,3,4,5} For
example, the term “odd” corresponds to three values from the range, {1, 3, 5},and the term “even” corresponds to two values from
the range, {2, 4}. This violates the definition of a function, so this relation is not a function.
Figure 3.1.1 compares relations that are functions and not functions.

Relation is a Function Relation is a Function Relation is NOT a Function

Inputs Outputs Inputs Outputs Inputs Outputs

P X
X p \
r - 7 Vd
(b)

(© Figure 3.1.1 (a)

This relationship is a function because each input is associated with a single output. Note that input ¢ and r both give output n. (b)
This relationship is also a function. In this case, each input is associated with a single output. (c) This relationship is not a function
because input g is associated with two different outputs.

https://stats.libretexts.org/@go/page/35208
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A function is a relation in which each possible input value leads to exactly one output value. We say “the output is a function

of the input.”
The input values make up the domain, and the output values make up the range.

How To: Given a relationship between two quantities, determine whether the relationship is a function

1. Identify the input values.

2. Identify the output values.
3. If each input value leads to only one output value, classify the relationship as a function. If any input value leads to two or

more outputs, do not classify the relationship as a function.

Example 3.1.1: Determining If Menu Price Lists Are Functions

The coffee shop menu, shown inFigure 3.1.2 consists of items and their prices.

a. Is price a function of the item?
b. Is the item a function of the price?

-

Menu
Item Price
P|ain DONUE ccccraesrrrrrrrrnnssirasssnssssnrionrrns 1.49
Je"y BONIIE srecsaom ey iy i sy 1.99
................................. ]_99

Chocolate Donut

\ Figure 3.1.2 A menu of donut prices from a coffee shop where a

plain donut is $1.49 and a jelly donut and chocolate donut are $1.99.

Solution
a. Let’s begin by considering the input as the items on the menu. The output values are then the prices. See Figure 3.1.3.

-

Menu
Item Price
Plain DONUL «-oevrerenimn = 1.49
Jelly DONUL «-cvvvverriniin - 199
- 199

Chocolate DONUL ----«vveeeevmieeee

Figure 3.1.3 A menu of donut prices from a coffee shop where a

plain donut is $1.49 and a jelly donut and chocolate donut are $1.99.
Each item on the menu has only one price, so the price is a function of the item.
a. Two items on the menu have the same price. If we consider the prices to be the input values and the items to be the output,
then the same input value could have more than one output associated with it. See Figure 3.1.4.

Menu
Item Price
Plain DONUE  weeveesrnnn, 1.49
Jelly Donut  -ccvevvevy 1.99

Chocolate Donut =

Figure 3.1.4 Association of the prices to the donuts.

https://stats.libretexts.org/@go/page/35208
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l Therefore, the item is a not a function of price.

Example 3.1.2: Determining If Class Grade Rules Are Functions

In a particular math class, the overall percent grade corresponds to a grade point average. Is grade point average a function of
the percent grade? Is the percent grade a function of the grade point average? Table 3.1.1 shows a possible rule for assigning
grade points.

Table 3.1.1: Class grade points.

Percent

0-56 57-61 62-66 67-71 72-77 78-86 87-91 92-100
grade
Grade
point 0.0 1.0 1.5 2.0 2.5 3.0 3.5 4.0
average
Solution

For any percent grade earned, there is an associated grade point average, so the grade point average is a function of the percent
grade. In other words, if we input the percent grade, the output is a specific grade point average.

In the grading system given, there is a range of percent grades that correspond to the same grade point average. For example,
students who receive a grade point average of 3.0 could have a variety of percent grades ranging from 78 all the way to 86.
Thus, percent grade is not a function of grade point average.

Exercise 3.1.2

Table 3.1.21ists the five greatest baseball players of all time in order of rank.
Table 3.1.2: Five greatest baseball players.

Player Rank
Babe Ruth 1
Willie Mays 2
Ty Cobb 3
Walter Johnson 4
Hank Aaron 5

a. Is the rank a function of the player name?
b. Is the player name a function of the rank?
Answer a
Yes

Answer b

yes. (Note: If two players had been tied for, say, 4th place, then the name would not have been a function of rank.)

Using Function Notation

Once we determine that a relationship is a function, we need to display and define the functional relationships so that we can
understand and use them, and sometimes also so that we can program them into computers. There are various ways of representing
functions. A standard function notation is one representation that facilitates working with functions.

https://stats.libretexts.org/@go/page/35208
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To represent “height is a function of age,” we start by identifying the descriptive variables h for height and a for age. The letters f,
g,and h are often used to represent functions just as we use z, y,and z to represent numbers and A, B, and C' to represent sets.

his fofa We name the function f; height is a function of age.
h = f(a) We use parentheses to indicate the function input. (3.1.1)
f(a) We name the function f ; the expressionisread as “ f of a.”

Remember, we can use any letter to name the function; the notation h(a) shows us that h depends on a. The value a must be put
into the function A to get a result. The parentheses indicate that age is input into the function; they do not indicate multiplication.

We can also give an algebraic expression as the input to a function. For example f(a+b) means “first add a and b, and the result
is the input for the function f.” The operations must be performed in this order to obtain the correct result.

Function Notation

The notation y = f(z) defines a function named f. This is read as “y is a function of z.” The letter  represents the input
value, or independent variable. The letter y, or f(z), represents the output value, or dependent variable.

Example 3.1.3: Using Function Notation for Days in a Month

Use function notation to represent a function whose input is the name of a month and output is the number of days in that
month.

Solution
Using Function Notation for Days in a Month

Use function notation to represent a function whose input is the name of a month and output is the number of days in that
month.

The number of days in a month is a function of the name of the month, so if we name the function f, we write
days = f(month) or d = f(m). The name of the month is the input to a “rule” that associates a specific number (the output)
with each input.

31 = f (January)
output input

rule Figure 3.1.5 The function 31 = f(January) where 31 is the output,
f is the rule, and January is the input.

For example, f(March) = 31, because March has 31 days. The notation d = f(m) reminds us that the number of days, d (the
output), is dependent on the name of the month, m (the input).
Analysis

Note that the inputs to a function do not have to be numbers; function inputs can be names of people, labels of geometric
objects, or any other element that determines some kind of output. However, most of the functions we will work with in this
book will have numbers as inputs and outputs.

Example 3.1.3B: Interpreting Function Notation

A function N = f(y) gives the number of police officers, IV, in a town in year y. What does f(2005) = 300 represent?

Solution

When we read f(2005) = 300, we see that the input year is 2005. The value for the output, the number of police officers (),
is 300. Remember, N = f(y). The statement f(2005) = 300 tells us that in the year 2005 there were 300 police officers in the
town.

https://stats.libretexts.org/@go/page/35208
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Use function notation to express the weight of a pig in pounds as a function of its age in days d.

Answer

w = f(d)

Q&A

Instead of a notation such as y = f(z), could we use the same symbol for the output as for the function, such as y = y(z),
meaning “y is a function of z?”

Yes, this is often done, especially in applied subjects that use higher math, such as physics and engineering. However, in
exploring math itself we like to maintain a distinction between a function such as f, which is a rule or procedure, and the
output y we get by applying f to a particular input x. This is why we usually use notation such as y = f(z), P = W(d), and
S0 on.

Representing Functions Using Tables

A common method of representing functions is in the form of a table. The table rows or columns display the corresponding input
and output values. In some cases, these values represent all we know about the relationship; other times, the table provides a few
select examples from a more complete relationship.

Table 3.1.3 lists the input number of each month (January = 1, February = 2, and so on) and the output value of the number of
days in that month. This information represents all we know about the months and days for a given year (that is not a leap year).
Note that, in this table, we define a days-in-a-month function f where D = f(m) identifies months by an integer rather than by
name.

Table 3.1.3: Months and number of days per month.
Month
numbe
Lm
(input)
Days in
month,
D 31 28 31 30 31 30 31 31 30 31 30 31
(output

)

Table 3.1.4 defines a function @ = g(n) Remember, this notation tells us that g is the name of the function that takes the input n
and gives the output Q.

Table 3.1.4: Function Q = g(n)
n 1 2 3 4 5

Q 8 6 7 6 8

Table 3.1.5 displays the age of children in years and their corresponding heights. This table displays just some of the data available
for the heights and ages of children. We can see right away that this table does not represent a function because the same input
value, 5 years, has two different output values, 40 in. and 42 in.

Table 3.1.5: Age of children and their corresponding heights.

Avei
ge In years, 5 5 6 7 8 9 10

a (input)

https://stats.libretexts.org/@go/page/35208


https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://stats.libretexts.org/@go/page/35208?pdf

LibreTexts"

Height in
inches, h 40 42 44 47 50
(output)

52 54

How To: Given a table of input and output values, determine whether the table represents a function

1. Identify the input and output values.

2. Check to see if each input value is paired with only one output value. If so, the table represents a function.

Example 3.1.5: Identifying Tables that Represent Functions

Which table, Table 3.1.6, Table 3.1.7, or Table 3.1.8 represents a function (if any)?

Solution

The function represented by Table 3.1.6 can be represented by writing

f(2)=1, f(5)=3,and f(8) =6
Similarly, the statements

g(~3)=5,9(0) =1, and g(4) = 5

represent the function in Table 3.1.7.

Table 3.1.8 cannot be expressed in a similar way because it does not represent a function.

Table 3.1.6
Input Output
2 1
5 3
8 6
Table 3.1.7
Input Output
-3 5
0 1
4 5
Table 3.1.8
Input Output
1 0
5 2
5 4

Table 3.1.6 and Table 3.1.7 define functions. In both, each input value corresponds to exactly one output value. Table 3.1.8
does not define a function because the input value of 5 corresponds to two different output values.

When a table represents a function, corresponding input and output values can also be specified using function notation.
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Exercise 3.1.5

Does Table 3.1.9represent a function?

Table 3.1.9
Input Output
1 10
2 100
3 1000
Answer
yes

Finding Input and Output Values of a Function

When we know an input value and want to determine the corresponding output value for a function, we evaluate the function.
Evaluating will always produce one result because each input value of a function corresponds to exactly one output value.

When we know an output value and want to determine the input values that would produce that output value, we set the output
equal to the function’s formula and solve for the input. Solving can produce more than one solution because different input values
can produce the same output value.

Evaluation of Functions in Algebraic Forms

When we have a function in formula form, it is usually a simple matter to evaluate the function. For example, the function
flz)=5— 3% can be evaluated by squaring the input value, multiplying by 3, and then subtracting the product from 5.

How To: Given the formula for a function, evaluate.

Given the formula for a function, evaluate.

1. Replace the input variable in the formula with the value provided.
2. Calculate the result.

Example 3.1.6 A: Evaluating Functions at Specific Values

1. Evaluate f(z) =z>+3z —4 at

a 2

b.a

cath

d. Evaluate w
Solution

Replace the x in the function with each specified value.
a. Because the input value is a number, 2, we can use simple algebra to simplify.
f(2) =22 +3(2) -4

—446—4
=6

b. In this case, the input value is a letter so we cannot simplify the answer any further.

f(a)=a*+3a—4

c. With an input value of @ 4k , we must use the distributive property.

https://stats.libretexts.org/@go/page/35208



https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://stats.libretexts.org/@go/page/35208?pdf

LibreTexts"

fla+h) =(a+h)?+3(a+h)—4
=a’+2ah+h*+3a+3h—4
d. In this case, we apply the input values to the function more than once, and then perform algebraic operations on the

result. We already found that
f(a+h)=a?+2ah+h?+3a+3h—4

and we know that
f(a)=a*+3a—4
Now we combine the results and simplify.

fla+h)—f(a)  (a®+2ah+h*>+3a+3h—4)—(a’>+3a—4)
h - h
(2ah +h?* +3h)

h

h(2a+h+3
= (a—) Factor out h.

h
=2a+h+3 Simplify.

Example 3.1.6 B: Evaluating Functions

Given the function h(p) = p* +2p, evaluate h(4).

Solution

To evaluate h(4), we substitute the value 4 for the input variable p in the given function.

h(p) =p®>+2p
h(4) = (4)* +2(4)
—16+8

—24

Therefore, for an input of 4, we have an output of 24.

Exercise 3.1.6

Given the function g(m) = v/m —4 , evaluate g(5).

Answer
9(5)=1

Example 3.1.7: Solving Functions

Given the function h(p) = p* +2p, solve for h(p) = 3.
Solution
h(p) =3
p? +2p =3 Substitute the original function
p? +2p—3=0 Subtract 3 from each side.
(p+3)(p—1)=0 Factor.
If (p+3)(p—1)=0, either (p+3)=0 or (p—1) =0 (or both of them equal 0). We will set each factor equal to 0 and

solve for p in each case.

(p+3)=0, p=-3
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(p—1)=0,p=1

This gives us two solutions. The output h(p) = 3 when the input is either p =1 or p = —3. We can also verify by graphing as
in Figure 3.1.6. The graph verifies that k(1) = h(—3) = 3 and h(4) = 24.

e
35+

30+
25+
20+
154
10+

54

Figure 3.1.G Graph of h(p) = p* +2p
Exercise 3.1.7
Given the function g(m) = vm —4 , solve g(m) = 2.

Answer

m=2_8

Evaluating Functions Expressed in Formulas

Some functions are defined by mathematical rules or procedures expressed in equation form. If it is possible to express the
function output with a formula involving the input quantity, then we can define a function in algebraic form. For example, the
equation 2n 4 6p = 12 expresses a functional relationship between n and p. We can rewrite it to decide if p is a function of n.

How to: Given a function in equation form, write its algebraic formula.

1. Solve the equation to isolate the output variable on one side of the equal sign, with the other side as an expression that
involves only the input variable.

2. Use all the usual algebraic methods for solving equations, such as adding or subtracting the same quantity to or from both
sides, or multiplying or dividing both sides of the equation by the same quantity.

Example 3.1.8 A: Finding an Equation of a Function

Express the relationship 2n +6p = 12 as a function p = f(n), if possible.

Solution

To express the relationship in this form, we need to be able to write the relationship where p is a function of n, which means
writing it as p = [expression involving n].
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2n+6p =12
6p =12 —2n Subtract 2n from both sides.

12-2

p= Tn Divide both sides by 6 and simplify.
12 m
P=% 76
1

p=2-— En

Therefore, p as a function of n is written as
p=f(n)=2-—-n

Analysis

It is important to note that not every relationship expressed by an equation can also be expressed as a function with a formula.

Example 3.1.8 B: Expressing the Equation of a Circle as a Function

Does the equation 2> +y? =1 represent a function with z as input and y as output? If so, express the relationship as a
function y = f(z).

Solution

First we subtract 22 from both sides.

We now try to solve for y in this equation.

y::I:\/l—:zz2

S0,y = 1—2° andy = — 1—2°

We get two outputs corresponding to the same input, so this relationship cannot be represented as a single function y = f(z).

Exercise 3.1.8

If z — 8y> =0, express y as a function of .

Answer

Are there relationships expressed by an equation that do represent a function but which still cannot be represented by an
algebraic formula?

Yes, this can happen. For example, given the equation z =y +2Y, if we want to express y as a function of x, there is no
simple algebraic formula involving only x that equals y. However, each = does determine a unique value for y, and there are
mathematical procedures by which y can be found to any desired accuracy. In this case, we say that the equation gives an
implicit (implied) rule for y as a function of x, even though the formula cannot be written explicitly.

Evaluating a Function Given in Tabular Form

As we saw above, we can represent functions in tables. Conversely, we can use information in tables to write functions, and we can
evaluate functions using the tables. For example, how well do our pets recall the fond memories we share with them? There is an
urban legend that a goldfish has a memory of 3 seconds, but this is just a myth. Goldfish can remember up to 3 months, while the
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beta fish has a memory of up to 5 months. And while a puppy’s memory span is no longer than 30 seconds, the adult dog can
remember for 5 minutes. This is meager compared to a cat, whose memory span lasts for 16 hours.

The function that relates the type of pet to the duration of its memory span is more easily visualized with the use of a table (Table

3.1.10.
Table 3.1.10
Pet Memory span in hours
Puppy 0.008
Adult Dog 0.083
Cat 3
Goldfish 2160
Beta Fish 3600

At times, evaluating a function in table form may be more useful than using equations. Here let us call the function P. The domain
of the function is the type of pet and the range is a real number representing the number of hours the pet’s memory span lasts. We
can evaluate the function P at the input value of “goldfish.” We would write P(goldfish) =2160. Notice that, to evaluate the
function in table form, we identify the input value and the corresponding output value from the pertinent row of the table. The
tabular form for function P seems ideally suited to this function, more so than writing it in paragraph or function form.

How To: Given a function represented by a table, identify specific output and input values

1. Find the given input in the row (or column) of input values.

2. Identify the corresponding output value paired with that input value.

3. Find the given output values in the row (or column) of output values, noting every time that output value appears.
4. Identify the input value(s) corresponding to the given output value.

Example 3.1.9: Evaluating and Solving a Tabular Function

Using Table 3.1.11,

a. Evaluate g(3).
b. Solve g(n) = 6.

Table 3.1.11

g(n) 8 6 7 6 8

Solution

a. Evaluating g(3) means determining the output value of the function g for the input value of n = 3. The table output
value corresponding ton =3 is 7,50 g(3) = 7.

b. Solving g(n) =6 means identifying the input values, n,that produce an output value of 6. Table 3.1.12 shows two
solutions: 2 and 4.

Table 3.1.12

g(n) 8 6 7 6 8

When we input 2 into the function g, our output is 6. When we input 4 into the function g, our output is also 6.
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UsingTable 3.1.12 evaluate g(1).

Answer

g(1)=38

Finding Function Values from a Graph

Evaluating a function using a graph also requires finding the corresponding output value for a given input value, only in this case,
we find the output value by looking at the graph. Solving a function equation using a graph requires finding all instances of the

given output value on the graph and observing the corresponding input value(s).

Example 3.1.10: Reading Function Values from a Graph

Given the graph in Figure 3.1.7,

a. Evaluate f(2).
b. Solve f(z) =4.

! Figure 3.1.7 Graph of a positive parabola centered at (1, 0).

Solution
To evaluate f(2), locate the point on the curve where z = 2, then read the y-coordinate of that point. The point has coordinates

(2,1),s0 f(2) =1. See Figure 3.1.8.
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5l
! 3.1.8 Graph of a positive parabola centered at (1, 0) with the labeled

point (2, 1) where f(2) =1.

To solve f(z) =4, we find the output value 4 on the vertical axis. Moving horizontally along the line y =4, we locate two

points of the curve with output value 4: (—1,4) and (3, 4). These points represent the two solutions to f(z) = 4: -1 or 3. This

means f(—1) =4 and f(3) =4, or when the input is —1 or 3, the output is 4. See Figure 3.1.9.

f(x)
74

(-1.4) (3.9

I
o
Ll

3l
! Figure 3.1.9 Graph of an upward-facing parabola with a vertex at
(0,1) and labeled points at (—1,4) and (3,4). A line at y = 4 intersects the parabola at the labeled points.

Exercise 3.1.10
Given the graph in Figure 3.1.7, solve f(z) = 1.

Answer

r=0o0rx=2

Determining Whether a Function is One-to-One

Some functions have a given output value that corresponds to two or more input values. For example, in the stock chart shown in
the Figure at the beginning of this chapter, the stock price was $1000 on five different dates, meaning that there were five different
input values that all resulted in the same output value of $1000.

However, some functions have only one input value for each output value, as well as having only one output for each input. We call
these functions one-to-one functions. As an example, consider a school that uses only letter grades and decimal equivalents, as
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listed in Table 3.1.13
Table 3.1.13: Letter grades and decimal equivalents.

Letter Grade Grade Point Average
A 4.0
B 3.0
C 2.0
D 1.0

This grading system represents a one-to-one function, because each letter input yields one particular grade point average output and
each grade point average corresponds to one input letter.

To visualize this concept, let’s look again at the two simple functions sketched in Figures 3.1.1aand 3.1.1b The function in part
(a) shows a relationship that is not a one-to-one function because inputs ¢ and r both give output . The function in part (b) shows
a relationship that is a one-to-one function because each input is associated with a single output.

One-to-One Functions

A one-to-one function is a function in which each output value corresponds to exactly one input value.

Example 3.1.11: Determining Whether a Relationship Is a One-to-One Function

Is the area of a circle a function of its radius? If yes, is the function one-to-one?
Solution

A circle of radius r has a unique area measure given by A = 772, so for any input, 7, there is only one output, A. The area is a
function of radiusr.

If the function is one-to-one, the output value, the area, must correspond to a unique input value, the radius. Any area measure

A is given by the formula A = 7rr?. Because areas and radii are positive numbers, there is exactly one solution: 4/ %. So the

area of a circle is a one-to-one function of the circle’s radius.

Exercise 3.1.114

a. Is a balance a function of the bank account number?
b. Is a bank account number a function of the balance?
c. Is a balance a one-to-one function of the bank account number?
Answer
a. yes, because each bank account has a single balance at any given time;
b. no, because several bank account numbers may have the same balance;

c. no, because the same output may correspond to more than one input.

Exercise 3.1.11B

Evaluate the following:

a. If each percent grade earned in a course translates to one letter grade, is the letter grade a function of the percent grade?
b. If so, is the function one-to-one?

Answer

a. Yes, letter grade is a function of percent grade;
b. No, it is not one-to-one. There are 100 different percent numbers we could get but only about five possible letter grades,
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| so there cannot be only one percent number that corresponds to each letter grade.

Using the Vertical Line Test

As we have seen in some examples above, we can represent a function using a graph. Graphs display a great many input-output
pairs in a small space. The visual information they provide often makes relationships easier to understand. By convention, graphs
are typically constructed with the input values along the horizontal axis and the output values along the vertical axis.

The most common graphs name the input value z and the output y, and we say y is a function of , or y = f(z) when the function
is named f. The graph of the function is the set of all points (z, y) in the plane that satisfies the equation y = f(z). If the function
is defined for only a few input values, then the graph of the function is only a few points, where the x-coordinate of each point is an
input value and the y-coordinate of each point is the corresponding output value. For example, the black dots on the graph in Figure
3.1.10¢tell us that f(0) =2 and f(6) = 1. However, the set of all points (z,y) satisfying y = f(z) is a curve. The curve shown
includes (0, 2) and (6, 1) because the curve passes through those points

y
A

J Figure 3.1.10 Graph of a polynomial.

The vertical line test can be used to determine whether a graph represents a function. If we can draw any vertical line that intersects
a graph more than once, then the graph does not define a function because a function has only one output value for each input
value. See Figure 3.1.11

Function Not a Function Not a Function

[

aNlla

P

1 ! : Figure 3.1.1%
Three graphs visually showing what is and is not a function.

Howto: Given a graph, use the vertical line test to determine if the graph represents a function

1. Inspect the graph to see if any vertical line drawn would intersect the curve more than once.
2. If there is any such line, determine that the graph does not represent a function.
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Example 3.1.12: Applying the Vertical Line Test

Which of the graphs inFigure 3.1.12represent(s) a function y = f(x)?
f(x)
5
4
3

(@) (b) © Figure
3.1.12 Graph of a polynomial (a), a downward-sloping line (b), and a circle (c).

Solution

If any vertical line intersects a graph more than once, the relation represented by the graph is not a function. Notice that any
vertical line would pass through only one point of the two graphs shown in parts (a) and (b) of Figure 3.1.12 From this we can
conclude that these two graphs represent functions. The third graph does not represent a function because, at most x-values, a
vertical line would intersect the graph at more than one point, as shown in Figure 3.1.13

f(x)
4

_'5 _1_'1_

S "9 A A U A~ S0 S

| Figure 3.1.13 Graph of a circle.

Exercise 3.1.12

Does the graph in Figure 3.1.14represent a function?

https://stats.libretexts.org/@go/page/35208



https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://stats.libretexts.org/@go/page/35208?pdf

LibreTexts*

Domain: (—o, )
Range: [0, =) Figure 3.1.14 Graph of absolute value function.

Answer

yes

Using the Horizontal Line Test

Once we have determined that a graph defines a function, an easy way to determine if it is a one-to-one function is to use the
horizontal line test. Draw horizontal lines through the graph. If any horizontal line intersects the graph more than once, then the
graph does not represent a one-to-one function.

Howto: Given a graph of a function, use the horizontal line test to determine if the graph represents a one-to-

one function

1. Inspect the graph to see if any horizontal line drawn would intersect the curve more than once.
2. If there is any such line, determine that the function is not one-to-one.

Example 3.1.13: Applying the Horizontal Line Test

Consider the functions shown in Figure 3.1.12a and Figure 3.1.12& Are either of the functions one-to-one?
Solution

The function in Figure 3.1.12a is not one-to-one. The horizontal line shown in Figure 3.1.15 intersects the graph of the
function at two points (and we can even find horizontal lines that intersect it at three points.)
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! Figure 3.1.15 Graph of a polynomial with a horizontal line crossing
through 2 points

The function in Figure 3.1.12bis one-to-one. Any horizontal line will intersect a diagonal line at most once.

Exercise 3.1.13

Is the graph shown in Figure 3.1.13 one-to-one?

Answer

No, because it does not pass the horizontal line test.

Identifying Basic Toolkit Functions

In this text, we will be exploring functions—the shapes of their graphs, their unique characteristics, their algebraic formulas, and
how to solve problems with them. When learning to read, we start with the alphabet. When learning to do arithmetic, we start with
numbers. When working with functions, it is similarly helpful to have a base set of building-block elements. We call these our
“toolkit functions,” which form a set of basic named functions for which we know the graph, formula, and special properties. Some
of these functions are programmed to individual buttons on many calculators. For these definitions we will use x as the input
variable and y = f(z) as the output variable.

We will see these toolkit functions, combinations of toolkit functions, their graphs, and their transformations frequently throughout
this book. It will be very helpful if we can recognize these toolkit functions and their features quickly by name, formula, graph, and
basic table properties. The graphs and sample table values are included with each function shown in Table 3.1.14

Table 3.1.14: Toolkit Functions

Name Function Graph
)
4
3
: x | mw
: =2 2
Constant f(z) = ¢ where cis a constant e ; x

4 -3 2 -1_1‘3 12 3 4 0 2
o 2 2
4
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Name Function Graph
f(x)
41
34
2
X fx)
. 2 2
Identit z)==2x . ; —x — -
Y f(=) 3211234 0 0
- 2
-3
]
f(x)
4
3
=¥
x flx)
L 2 2
Absolute Value flz) = || e — x
32101234 0 0
i 2 2
4
f(x)
4]
3 x f(x)
2 -2 4
2 L =i 1
Quadratic flz)== ; x
432101234 0 0
- 1 1
= 2 4
)
fx)
4
& x f(x)
2 -1 -1
3 . 05 |-0.125
Cubic flz)y== -l x : -
3201234 0 0
- 05 | 0125
i 1 1
4
X fix)
-2 —a5
1 1 1
reciprocal flz)=— — x -05 | -2
T 123 4
05 2
1 1
2 05
f(x)
X f(x)
» 5 0.25
1 1 1 1
Reciprocal squared T)=— | e x -05 | 4
p q f() 2 4-32-19 1 2 3 4
] 05 | a4
2 1 1
3 2 0.25
4
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Name Function Graph
flx)
4
3
< X f(x)
! o 0
Square root T) =4/ i x
1 f(@) = v 43210 1234 1 1
- 4 2
3
™
flx)
41
3 x f(x)
4 = -1
1- -
Cube root z) =z ; o |ozs| -os
fz) = v 4-3-2-14 1 2 3 4 0 0
y 0125| 05
3 1 1
)

Key Equations

« Constant function f(z) = ¢, where c is a constant
o Identity function f(z) ==z

 Absolute value function f(z) = |z|

e Quadratic function f(z) = 2*

« Cubic function f(z) = z*
1

 Reciprocal function f(z) = —

x
 Reciprocal squared function f(z) = j
e Square root function f(z) = /z
o Cube root function f(z) = 3+/x

Key Concepts

e A relation is a set of ordered pairs. A function is a specific type of relation in which each domain value, or input, leads to
exactly one range value, or output.

« Function notation is a shorthand method for relating the input to the output in the form y = f(z).

o In tabular form, a function can be represented by rows or columns that relate to input and output values.

o To evaluate a function, we determine an output value for a corresponding input value. Algebraic forms of a function can be
evaluated by replacing the input variable with a given value.

¢ To solve for a specific function value, we determine the input values that yield the specific output value.

e An algebraic form of a function can be written from an equation.

o Input and output values of a function can be identified from a table.

o Relating input values to output values on a graph is another way to evaluate a function.

o A function is one-to-one if each output value corresponds to only one input value.

e A graph represents a function if any vertical line drawn on the graph intersects the graph at no more than one point.

o The graph of a one-to-one function passes the horizontal line test.

Footnotes

1 http://www.baseball-almanac.com/lege.../lisn100.shtml. Accessed 3/24/2014.
2 www.kgbanswers.com/how-long-i...y-span/4221590. Accessed 3/24/2014.
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Glossary

dependent variable
an output variable

domain
the set of all possible input values for a relation

function
a relation in which each input value yields a unique output value

horizontal line test
a method of testing whether a function is one-to-one by determining whether any horizontal line intersects the graph more than
once

independent variable

an input variable

input

each object or value in a domain that relates to another object or value by a relationship known as a function

one-to-one function
a function for which each value of the output is associated with a unique input value

output
each object or value in the range that is produced when an input value is entered into a function

range
the set of output values that result from the input values in a relation

relation
a set of ordered pairs

vertical line test
a method of testing whether a graph represents a function by determining whether a vertical line intersects the graph no more than
once

This page titled 3.1: Functions and Function Notation is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by
OpenStax via source content that was edited to the style and standards of the LibreTexts platform.

¢ 1.1: Functions and Function Notation by OpenStax is licensed CC BY 4.0. Original source: https://openstax.org/details/books/precalculus.
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3.2: Domain and Range

Learning Objectives

o Find the domain of a function defined by an equation.
e Graph piecewise-defined functions.

If you’re in the mood for a scary movie, you may want to check out one of the five most popular horror movies of all time—I am
Legend, Hannibal, The Ring, The Grudge, and The Conjuring. Figure 3.2.1 shows the amount, in dollars, each of those movies
grossed when they were released as well as the ticket sales for horror movies in general by year. Notice that we can use the data to
create a function of the amount each movie earned or the total ticket sales for all horror movies by year. In creating various
functions using the data, we can identify different independent and dependent variables, and we can analyze the data and the
functions to determine the domain and range. In this section, we will investigate methods for determining the domain and range of
functions such as these.

Top-Five Grossing Horror Movies Market Share of Horror Movies,
for years 2000-2013 by Year
350 8% -
g @ 300 ~ 7% -
E £ 250 - 6% -
o i
2% 200 4 =
= 4% -
g5 1907 3%
=
‘% s 100 A 204
E £ 50 1%
0 - 0%
lam Hannibal The The The P HFL D >H L LD O
Legend (2001) Ring Grudge Conjuring '19 '19 'LQQ'LQ ";9 "19 "19 '19 "19 "19 "9\"19\"19’»"[9’»
(2007) (2002) (2004) (2013) Figure 3.2.1 Graph of the Top-Five

Grossing Horror Movies for years 2000-2003, and a Graph of the Market Share of Horror Movies by Year. Based on data compiled
by www.the-numbers.com.

Finding the Domain of a Function Defined by an Equation

In Functions and Function Notation, we were introduced to the concepts of domain and range. In this section, we will practice
determining domains and ranges for specific functions. Keep in mind that, in determining domains and ranges, we need to consider
what is physically possible or meaningful in real-world examples, such as tickets sales and year in the horror movie example above.
We also need to consider what is mathematically permitted. For example, we cannot include any input value that leads us to take an
even root of a negative number if the domain and range consist of real numbers. Or in a function expressed as a formula, we cannot
include any input value in the domain that would lead us to divide by 0.

We can visualize the domain as a “holding area” that contains “raw materials” for a “function machine” and the range as another
“holding area” for the machine’s products (Figure 3.2.2).

Domain Range

Function
machine

NN
A~

Figure 3.2.2 Diagram of how a function relates two relations

We can write the domain and range in interval notation, which uses values within brackets to describe a set of numbers. In
interval notation, we use a square bracket [ when the set includes the endpoint and a parenthesis ( to indicate that the endpoint is
either not included or the interval is unbounded. For example, if a person has $100 to spend, he or she would need to express the
interval that is more than 0 and less than or equal to 100 and write (0, 100]. We will discuss interval notation in greater detail later.

Let’s turn our attention to finding the domain of a function whose equation is provided. Oftentimes, finding the domain of such
functions involves remembering three different forms. First, if the function has no denominator or an even root, consider whether
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the domain could be all real numbers. Second, if there is a denominator in the function’s equation, exclude values in the domain
that force the denominator to be zero. Third, if there is an even root, consider excluding values that would make the radicand
negative.

Before we begin, let us review the conventions of interval notation:

o The smallest term from the interval is written first.

o The largest term in the interval is written second, following a comma.

o Parentheses, ( or ), are used to signify that an endpoint is not included, called exclusive.
o Brackets, [ or ], are used to indicate that an endpoint is included, called inclusive.

See Figure 3.2.3 for a summary of interval notation.

- Interval Graph on Lo
Wnecuality Notation Number Line Dexcriphian
, i —
x>a (@, =) - i x is greater than a
x<a (—e, a) . z o xis less than a
e & la, =) - | - x is greater than
o ! a or equal to a
o (—, a - 1 > x is less than or
o ' a equal to a
= [ 1 . i
ey o T T > X is strictly between
aex<h (a.b) a b aandb
= [ ) ) :
- T } > x is between a and b,
a=x<b [a, b) a b to include a
[ ] .
a<x=<h (a, b] - ' 1 > x is between a and b,
a b to include b
[ ] ;
- T T - X is between a and b,
a=A=D [a, b] a b to include a and b

Figure 3.2.3
Summary of interval notation.

Example 3.2.1: Finding the Domain of a Function as a Set of Ordered Pairs

Find the domain of the following function: {(2, 10), (3, 10), (4, 20), (5, 30), (6, 40)}
Solution

First identify the input values. The input value is the first coordinate in an ordered pair. There are no restrictions, as the ordered
pairs are simply listed. The domain is the set of the first coordinates of the ordered pairs.

{2,3,4,5,6}
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Find the domain of the function:
{(-5,4),(0,0), (5, —4), (10, -8), (15, —12)}

Answer

{-5,0,5,10,15}

How To: Given a function written in equation form, find the domain.

1. Identify the input values.
2. Identify any restrictions on the input and exclude those values from the domain.
3. Write the domain in interval form, if possible.

Example 3.2.2: Finding the Domain of a Function

Find the domain of the function f(z) =z —1.
Solution

The input value, shown by the variable x in the equation, is squared and then the result is lowered by one. Any real number
may be squared and then be lowered by one, so there are no restrictions on the domain of this function. The domain is the set
of real numbers.

In interval form, the domain of f is (—o0, 00).

Exercse 3.2.2

Find the domain of the function:
f(z)=5—-z+2°

Answer

(_OO’ OO)

Howto: Given a function written in an equation form that includes a fraction, find the domain

1. Identify the input values.

2. Identify any restrictions on the input. If there is a denominator in the function’s formula, set the denominator equal to zero
and solve for x . If the function’s formula contains an even root, set the radicand greater than or equal to 0, and then solve.

3. Write the domain in interval form, making sure to exclude any restricted values from the domain.

Example 3.2.3: Finding the Domain of a Function Involving a Denominator

1
Find the domain of the function f(z) = ;: i .
—z

Solution

When there is a denominator, we want to include only values of the input that do not force the denominator to be zero. So, we
will set the denominator equal to 0 and solve for x.
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Now, we will exclude 2 from the domain. The answers are all real numbers where £ < 2 or & > 2. We can use a symbol
known as the union, U,to combine the two sets. In interval notation, we write the solution: (—o0, 2) U (2, 00).

X<20rx>=2

:

(=, 2) U (2, ®)
In interval form, the domain of f is (—o0, 2) U (2, 00).
Exercse 3.2.3
Find the domain of the function:
1+4+4x

Answer

How To: Given a function written in equation form including an even root, find the domain.

1. Identify the input values.

2. Since there is an even root, exclude any real numbers that result in a negative number in the radicand. Set the radicand
greater than or equal to zero and solve for x.

3. The solution(s) are the domain of the function. If possible, write the answer in interval form.

Example 3.2.4: Finding the Domain of a Function with an Even Root

Find the domain of the function:

Solution
When there is an even root in the formula, we exclude any real numbers that result in a negative number in the radicand.
Set the radicand greater than or equal to zero and solve for x.
7T—xz >0
—x > -7
<7

Now, we will exclude any number greater than 7 from the domain. The answers are all real numbers less than or equal to 7, or
(=00, 7]

Exercse 3.2.4

Find the domain of the function
f(z)=+5+2z.

Answer

[—2.5,00)
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Q&A: Can there be functions in which the domain and range do not intersect at all?

1
Yes. For example, the function f(z) = _T has the set of all positive real numbers as its domain but the set of all
T
negative real numbers as its range. As a more extreme example, a function’s inputs and outputs can be completely
different categories (for example, names of weekdays as inputs and numbers as outputs, as on an attendance chart), in

such cases the domain and range have no elements in common.

Using Notations to Specify Domain and Range

In the previous examples, we used inequalities and lists to describe the domain of functions. We can also use inequalities, or other
statements that might define sets of values or data, to describe the behavior of the variable in set-builder notation. For example,
{z|10 <z < 30} describes the behavior of x in set-builder notation. The braces {} are read as “the set of,” and the vertical bar | is
read as “such that,” so we would read{z|10 < z < 30} as “the set of x-values such that 10 is less than or equal to x, and x is less
than 30.”

Figure 3.2.4 compares inequality notation, set-builder notation, and interval notation.

Inequality Set-builder Interval
Notation Notation Notation
-— . 5<h =10 [h|5<h=10| (5, 10|
5 10
e —— 5=h<10 lh|5=h<10 |5, 10)
5 10
-5 5<h<10 h|5<h<10] (5, 10)
5 10
-ttt h <10 h|h<10] (=2, 10)
5 10
——F—f—F—F—¢f+> | h=10 [h|h =10 10, =)
10
— el All real numbers | R (—oe, =)
5 10
Figure 3.2.4

Summary of notations for inequalities, set-builder, and interval.

To combine two intervals using inequality notation or set-builder notation, we use the word “or.” As we saw in earlier examples,
we use the union symbol, U,to combine two unconnected intervals. For example, the union of the sets{2, 3,5} and {4, 6} is the set
{2,3,4,5,6} It is the set of all elements that belong to one or the other (or both) of the original two sets. For sets with a finite
number of elements like these, the elements do not have to be listed in ascending order of numerical value. If the original two sets
have some elements in common, those elements should be listed only once in the union set. For sets of real numbers on intervals,
another example of a union is

{z||z| >3} = (—o00, —3] U3, 00) (3.2.1)
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Set-Builder Notation and Interval Notation

Set-builder notation is a method of specifying a set of elements that satisfy a certain condition. It takes the form
{z| statement about x} which is read as, “the set of all x such that the statement about x is true.” For example,

{z|4 <z <12}

Interval notation is a way of describing sets that include all real numbers between a lower limit that may or may not be
included and an upper limit that may or may not be included. The endpoint values are listed between brackets or parentheses.
A square bracket indicates inclusion in the set, and a parenthesis indicates exclusion from the set. For example,

(4,12]

How
Given a line graph, describe the set of values using interval notation.

1. Identify the intervals to be included in the set by determining where the heavy line overlays the real line.

2. At the left end of each interval, use [ with each end value to be included in the set (solid dot) or ( for each excluded end value
(open dot).

3. At the right end of each interval, use ] with each end value to be included in the set (filled dot) or ) for each excluded end value
(open dot).

4. Use the union symbol U to combine all intervals into one set.

Example 3.2.5: Describing Sets on the Real-Number Line

Describe the intervals of values shown in Figure 3.2.5 using inequality notation, set-builder notation, and interval notation.

—

6 7 Figure 3.2.5 Line graphof 1 <z <3orz >5 .

2

4

e &
w -
o1 Q-

Solution

To describe the values, z, included in the intervals shown, we would say, “x is a real number greater than or equal to 1 and less
than or equal to 3, or a real number greater than 5.”

Inequality
1<z <3orz>5
Set-builder Notation
{z|]1 <z <3orz>5}
Interval notation
[1,3]U(5,00)

Remember that, when writing or reading interval notation, using a square bracket means the boundary is included in the set.
Using a parenthesis means the boundary is not included in the set.

Exercse 3.2.5

Given Figure 3.2.6, specify the graphed set in

a. words
b. set-builder notation
c. interval notation

|
|
4 5 Figure 3.2.6 Line graph of —2<z, —1<z < 3 leq}x\), —1<z < 3.

S5 4 3 -~

Answer a

Values that are less than or equal to —2, or values that are greater than or equal to —1 and less than 3;
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Answer b

{z|]z < —20r—1<z <3}
Answer c

(—o0,—2]U[-1,3)

Finding Domain and Range from Graphs

Another way to identify the domain and range of functions is by using graphs. Because the domain refers to the set of possible
input values, the domain of a graph consists of all the input values shown on the x-axis. The range is the set of possible output
values, which are shown on the y-axis. Keep in mind that if the graph continues beyond the portion of the graph we can see, the
domain and range may be greater than the visible values. See Figure 3.2.7.

y
[
?__
1 Domain
b o T
5+ ]
4-.
3__
24 Range
14

Figure 3.2.7% Graph of a polynomial that shows the x-axis is the domain
and the y-axis is the range

We can observe that the graph extends horizontally from -5 to the right without bound, so the domain is [—5, co). The vertical
extent of the graph is all range values 5 and below, so the range is (—oo, 5]. Note that the domain and range are always written
from smaller to larger values, or from left to right for domain, and from the bottom of the graph to the top of the graph for range.

Example 3.2.6 A: Finding Domain and Range from a Graph

Find the domain and range of the function f whose graph is shown in Figure [] 1.2.8.
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Figure 3.2.8 Graph of a function from (-3, 1].

Solution
We can observe that the horizontal extent of the graph is —3 to 1, so the domain of f is (—3, 1].

The vertical extent of the graph is 0 to —4, so the range is [—4, 0). See Figure 3.2.9.

Domain

Figure 3.2.9 Graph of the previous function shows the domain and
range

Example 3.2.6 B: Finding Domain and Range from a Graph of Oil Production

Find the domain and range of the function f whose graph is shown in Figure 3.2.10

Alaska Crude Oil Production

2200 -
2000 -~
1800 -
1600 -
1400 -
1200 -
1000 4
800
600
400
200 +
0 T T T T T T T

1975 1980 1985 1990 1995 2000 2005 Figure 3.2.1Q Graph of the Alaska Crude Oil Production where the

y-axis is thousand barrels per day and the -axis is the years(credit: modification of work by the U.S. Energy Information

Administration)

Thousand barrels per day

Solution

The input quantity along the horizontal axis is “years,” which we represent with the variable t for time. The output quantity is
“thousands of barrels of oil per day,” which we represent with the variable b for barrels. The graph may continue to the left and
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right beyond what is viewed, but based on the portion of the graph that is visible, we can determine the domain as
1973 <t <2008 and the range as approximately 180 < b < 2010.

In interval notation, the domain is [1973,2008] and the range is about [180, 2010} For the domain and the range, we
approximate the smallest and largest values since they do not fall exactly on the grid lines.

Exercse 3.2.6

Given Figure 3.2.11, identify the domain and range using interval notation.

World Population Increase

100 S
90
80
70 +
60 S
50 +
40
30
20
10 A

0 T T T T T T

1950 1960 1970 1980 1990 2000

Year Figure 3.2.11 Graph of World Population Increase where the y-axis
represents millions of people and the x-axis represents the year.

Millions of people

Answer
domain =[1950, 2002]
range = [47, 000, 000, 89, 000, 000]

Q . .
Can a function’s domain and range be the same?

Yes. For example, the domain and range of the cube root function are both the set of all real numbers.

Finding Domains and Ranges of the Toolkit Functions

We will now return to our set of toolkit functions to determine the domain and range of each.

f(x)
A

fix)=c

[ 3

'

Domain: (—o=, o)
Range: [c,c] Figure 3.2.12 Constant function f(z) = c.

For the constant functionf(z) = ¢, the domain consists of all real numbers; there are no restrictions on the input. The only output
value is the constant ¢, so the range is the set {c} that contains this single element. In interval notation, this is written as [c, c|, the
interval that both begins and ends with c.
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Domain: (—o, =)
Range: (—¢e, =)

Figure 3.2.13: Identity function f(x)=x.
For the identity function f(x) = z, there is no restriction on z. Both the domain and range are the set of all real numbers.

f(x)
4_i

-At
'

Domain: (—, =)
Range: [0. =) Figure 3.2.14 Absolute function f(z) = |z|.

For the absolute value function f(z) = |z|, there is no restriction on z. However, because absolute value is defined as a distance
from 0, the output can only be greater than or equal to 0.

f(x)
n

-4t
'

Domain: (—, %)
Range: [0. =) Figure 3.2.15 Quadratic function f(z) = z2.
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For the quadratic function f(z) = x2, the domain is all real numbers since the horizontal extent of the graph is the whole real
number line. Because the graph does not include any negative values for the range, the range is only nonnegative real numbers.

f(x)
nt

el

!
Domain: (—, =)
L Figure 3.2.16 Cubic function f(z) — 3 .

For the cubic function f(z) = z3, the domain is all real numbers because the horizontal extent of the graph is the whole real
number line. The same applies to the vertical extent of the graph, so the domain and range include all real numbers.

f(x)
a1
2l
14+
t X
1 2 3 4
]
Domain: (—ee, 0) L (0, =) 1
Range: (—, 0) L (0, =) Figure 3.2.17 Reciprocal function f(z) = —.
x

1
For the reciprocal function f(z) = —, we cannot divide by 0, so we must exclude 0 from the domain. Further, 1 divided by any
x

value can never be 0, so the range also will not include 0. In set-builder notation, we could also write{x |z # 0},the set of all real
numbers that are not zero.
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- t t t + =X

-4t
'

Domain: (—e, 0) U (0, =)

. 1
Range: (0, =) Figure 3.2.18 Reciprocal squared function f(z) = —

22
. . 1 . . .
For the reciprocal squared function f(z) = — ;We cannot divide by 0, so we must exclude 0 from the domain. There is also no x
x

that can give an output of 0, so 0 is excluded from the range as well. Note that the output of this function is always positive due to
the square in the denominator, so the range includes only positive numbers.

f(x)
al
a2l

-4t
L

Domain: [0, =)
Range: [0, =)
Figure 3.2.19: Square root function f(z) = /().

For the square root function f(z) = ,/z, we cannot take the square root of a negative real number, so the domain must be 0 or
greater. The range also excludes negative numbers because the square root of a positive number z is defined to be positive, even
though the square of the negative number —,/z also gives us z.
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- - —————»X

'

Domain: (—, «)
Range: (=, «) Figure 3.2.2Q Cube root function f(z) = /z .

For the cube root function f(z) = /z, the domain and range include all real numbers. Note that there is no problem taking a
cube root, or any odd-integer root, of a negative number, and the resulting output is negative (it is an odd function).

How!
Given the formula for a function, determine the domain and range.

1. Exclude from the domain any input values that result in division by zero.

2. Exclude from the domain any input values that have nonreal (or undefined) number outputs.
3. Use the valid input values to determine the range of the output values.

4. Look at the function graph and table values to confirm the actual function behavior.

Finding the Domain and Range Using Toolkit Functions

Find the domain and range of f(z) =2z — .
Solution
There are no restrictions on the domain, as any real number may be cubed and then subtracted from the result.

The domain is (—o0, 0o) and the range is also (—oo, 00).

Example 3.2.7B: Finding the Domain and Range

Find the domain and range of f(z) = %

Solution

We cannot evaluate the function at —1 because division by zero is undefined. The domain is (—oo, —1) U (—1, 00) . Because
the function is never zero, we exclude 0 from the range. The range is (—oo, 0) U (0, 00).

Example 3.2.7C" Finding the Domain and Range

Find the domain and range of f(z) =2+/z +4.

Solution

We cannot take the square root of a negative number, so the value inside the radical must be nonnegative.
rz+4>0 whenx > —4

The domain of f(z)is [—4, ).

We then find the range. We know that f(—4) = 0, and the function value increases as z increases without any upper limit. We
conclude that the range of f is [0, 0o).

Analysis
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Figure 3.2.19represents the function f.
f(x)
gl

Figure 3.2.19 Graph of a square root function at (—4, 0).

Exercise 3.2.7

Find the domain and range of
f2)=v—2-3.
Answer

domain: (—oo, —2]

range: [0, c0)

Graphing Piecewise-Defined Functions

Sometimes, we come across a function that requires more than one formula in order to obtain the given output. For example, in the
toolkit functions, we introduced the absolute value function f(z) = |x|. With a domain of all real numbers and a range of values
greater than or equal to 0, absolute value can be defined as the magnitude, or modulus, of a real number value regardless of sign.
It is the distance from 0 on the number line. All of these definitions require the output to be greater than or equal to 0.

If we input 0, or a positive value, the output is the same as the input.
flz)=z if >0
If we input a negative value, the output is the opposite of the input.
fle)y=—z if <0
Because this requires two different processes or pieces, the absolute value function is an example of a piecewise function. A
piecewise function is a function in which more than one formula is used to define the output over different pieces of the domain.

We use piecewise functions to describe situations in which a rule or relationship changes as the input value crosses certain
“boundaries.” For example, we often encounter situations in business for which the cost per piece of a certain item is discounted
once the number ordered exceeds a certain value. Tax brackets are another real-world example of piecewise functions. For
example, consider a simple tax system in which incomes up to $10,000 are taxed at 10%, and any additional income is taxed at
20%. The tax on a total income S would be 0.1.5if S < $10,000 and $1000 + 0.2(S — $10, 000)if S > $10, 000.

A piecewise function is a function in which more than one formula is used to define the output. Each formula has its own domain,
and the domain of the function is the union of all these smaller domains. We notate this idea like this:

formulal ifxisindomainl
f(z) =1 formula2 ifxisindomain 2
formula 3 ifxisindomain 3

In piecewise notation, the absolute value function is
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x| = T ifz >0
—z ifz<0

How!
Given a piecewise function, write the formula and identify the domain for each interval.

1. Identify the intervals for which different rules apply.
2. Determine formulas that describe how to calculate an output from an input in each interval.
3. Use braces and if-statements to write the function.

Example 3.2.8 A: Writing a Piecewise Function

A museum charges $5 per person for a guided tour with a group of 1 to 9 people or a fixed $50 fee for a group of 10 or more
people. Write a function relating the number of people, n, to the cost, C.

Solution
Two different formulas will be needed. For n-values under 10, C' = 5n. For values of n that are 10 or greater, C' = 50.

_Jb5n ifn<10
C(”)_{50 ifn>10

Analysis

The function is represented in Figure 3.2.20. The graph is a diagonal line from 7 =0 to n = 10 and a constant after that. In
this example, the two formulas agree at the meeting point where n = 10, but not all piecewise functions have this property.

C(n)
60!_
50+
C(n)
404
30+
20+

10+

g ' | } 4 + + } =
5 10 15 20 Figure 3.2.20

Example 3.2.8 B: Working with a Piecewise Function

A cell phone company uses the function below to determine the cost, C, in dollars for g gigabytes of data transfer.

] 25 if0<g<2
Clo) = { 25+10(g—2) ifg>2
Find the cost of using 1.5 gigabytes of data and the cost of using 4 gigabytes of data.
Soltuion

To find the cost of using 1.5 gigabytes of data, C(1.5), we first look to see which part of the domain our input falls in. Because
1.5 is less than 2, we use the first formula.

C(1.5) =825
To find the cost of using 4 gigabytes of data, C(4), we see that our input of 4 is greater than 2, so we use the second formula.
C(4)=25+10(4—2) =945
Analysis

The function is represented in Figure 3.2.21 We can see where the function changes from a constant to a shifted and stretched
identity at g = 2. We plot the graphs for the different formulas on a common set of axes, making sure each formula is applied
on its proper domain.
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C(g)
A
60+
50+
40+
C(g)
30+
204

10+

0" 05 1 15 2 25 3 35 4 ° Figure 3.2.21

How
Given a piecewise function, sketch a graph.

1. Indicate on the x-axis the boundaries defined by the intervals on each piece of the domain.
2. For each piece of the domain, graph on that interval using the corresponding equation pertaining to that piece. Do not graph two
functions over one interval because it would violate the criteria of a function.

Example 3.2.8C" Graphing a Piecewise Function

Sketch a graph of the function.

2 ifr<1
fl2)=<3 ifl<z<2
z ifx>2

Solution

Each of the component functions is from our library of toolkit functions, so we know their shapes. We can imagine graphing
each function and then limiting the graph to the indicated domain. At the endpoints of the domain, we draw open circles to
indicate where the endpoint is not included because of a less-than or greater-than inequality; we draw a closed circle where the
endpoint is included because of a less-than-or-equal-to or greater-than-or-equal-to inequality.

Figure 3.2.20shows the three components of the piecewise function graphed on separate coordinate systems.

f(x) f(x) f(x)

5t 5 4

41 4 4

31 3{ o—e 3 /

21 2 2

1] 1 1
- + - + + - t . S + - + + - + X -t + - + + - + i,
4-3-2-10 1 2 3 4 4-3-2-10 1 2 3 4 4-32-10 1 2 3 4

-1 =11 -1

-2 -2 -2}

Y Y
(a) (b) (c)

Figure 3.2.20: Graph of each part of the piece-wise function f(x)
@f(z)==x2ifz <1;(b) f(z)=3ifl <z <2;(c) f(z) =z ifz > 2

Now that we have sketched each piece individually, we combine them in the same coordinate plane. See Figure 3.2.21
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\ Figure 3.2.21 Graph of the entire function.
Analysis

Note that the graph does pass the vertical line test even at z = 1 and z = 2 because the points (1, 3) and (2, 2) are not part of
the graph of the function, though (1, 1) and (2, 3) are.

Exercise 3.2.8

Graph the following piecewise function.

3 ifr<-—1
fl@)=< -2 if-l<z<4
Ve ifz>4

Answer

Figure 3.2.22

Q . . . . . .
Can more than one formula from a piecewise function be applied to a value in the domain?

No. Each value corresponds to one equation in a piecewise formula.

Key Concepts

e The domain of a function includes all real input values that would not cause us to attempt an undefined mathematical operation,
such as dividing by zero or taking the square root of a negative number.

o The domain of a function can be determined by listing the input values of a set of ordered pairs.

o The domain of a function can also be determined by identifying the input values of a function written as an equation.

o Interval values represented on a number line can be described using inequality notation, set-builder notation, and interval
notation.

o For many functions, the domain and range can be determined from a graph.
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¢ An understanding of toolkit functions can be used to find the domain and range of related functions.

e A piecewise function is described by more than one formula.
e A piecewise function can be graphed using each algebraic formula on its assigned subdomain.

Footnotes
1 The Numbers: Where Data and the Movie Business Meet. “Box Office History for Horror Movies.” http://www.the-

numbers.com/market/genre/Horror. Accessed 3/24/2014
2 www.eia.gov/dnav/pet/hist/Lea...s=SMCRFPAK2&f=A.

Glossary

interval notation
a method of describing a set that includes all numbers between a lower limit and an upper limit; the lower and upper values are
listed between brackets or parentheses, a square bracket indicating inclusion in the set, and a parenthesis indicating exclusion

piecewise function

a function in which more than one formula is used to define the output

set-builder notation
a method of describing a set by a rule that all of its members obey; it takes the form {x| statement about x}

This page titled 3.2: Domain and Range is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by OpenStax via source
content that was edited to the style and standards of the LibreTexts platform.

1.2: Domain and Range by OpenStax is licensed CC BY 4.0. Original source: https://openstax.org/details/books/precalculus.
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3.3: Piecewise-Defined Functions

In preparation for the definition of the absolute value function, it is extremely important to have a good grasp of the concept of a
piecewise-defined function. However, before we jump into the fray, let’s take a look at a special type of function called a constant
function.

One way of understanding a constant function is to have a look at its graph.

v/ Example 3.3.1

Sketch the graph of the constant function f(x) = 3.

Solution
Because the notation f(x) = 3 is equivalent to the notation y = 3, we can sketch a graph of f by drawing the graph of the
horizontal line having equation y = 3, as shown in Figure 3.3.1.

)
104
f(z) =3
- > T
10
¥ Figure 3.3.1 The graph of a constant function is a horizontal line.

When you look at the graph in Figure 1, note that every point on the horizontal line having equation f(x) = 3 has a y-value
equal to 3. We say that the y-values on this horizontal line are constant, for the simple reason that they are constantly equal to
3.

The function form works in precisely the same manner. Look again at the notation
flz)=3

Note that no matter what number you substitute for x in the left-hand side of f(x) = 3, the right-hand side is constantly equal to
3. Thus,

f(_5):37 f(—1/2)=3, f(\/i):?’? or f(ﬂ-):3

The above discussion leads to the following definition.

& Definition

The function defined by f(x) = c, where c is a constant (fixed real number), is called a constant function.

Two comments are in order:

1. f(x) = c for all real numbers x.
2. The graph of f(x) = c is a horizontal line. It consists of all the points (X, y) having y-value equal to c.
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Piecewise Constant Functions

Piecewise functions are a favorite of engineers. Let’s look at an example.

v/ Example 3.3.2

Suppose that a battery provides no voltage to a circuit when a switch is open. Then, starting at time ¢ = 0, the switch is closed
and the battery provides a constant 5 volts from that time forward. Create a piecewise function modeling the problem
constraints and sketch its graph.

Solution
This is a fairly simple exercise, but we will have to introduce some new notation. First of all, if the time t is less than zero (
t <0), then the voltage is 0 volts. If the time t is greater than or equal to zero (¢ > 0), then the voltage is a constant 5 volts.
Here is the notation we will use to summarize this description of the voltage.

0, ift<0

Vit)=1. .

5, ift>0

Some comments are in order:

e The voltage difference provide by the battery in the circuit is a function of time. Thus, V (t) represents the voltage at time t.

o The notation used in (4) is universally adopted by mathematicians in situations where the function changes definition
depending on the value of the independent variable. This definition of the function V is called a “piecewise definition.”
Because each of the pieces in this definition is constant, the function V is called a piecewise constant function.

o This particular function has two pieces. The function is the constant function V' (¢) = 0, when ¢ < 0, but a different
constant function, V'(¢) =5, when ¢ > 0.

Ift <0,V (t) =0. For example, fort = —1,¢t = —10, and ¢ = —100
V(-1)=0, V(-10)=0, and V(-100)=0
On the other hand, if ¢ > 0, then V'(¢) = 5. For example, for ¢t =0,¢ = 10, and ¢ = 100
V(0)=5, V(10)=5, and V(100)=5

Before we present the graph of the piecewise constant function V , let’s pause for a moment to make sure we understand some
standard geometrical terms.

Geometrical Terms

o A line stretches indefinitely in two directions, as shown in Figure 3.3.2(a).

o If aline has a fixed endpoint and stretches indefinitely in only one direction, as shown in Figure 3.3.2(b), then it is
called a ray.

o If a portion of the line is fixed at each end, as shown in Figure 3.3.2(c), then it is called a line segment.

Figure 3.3.2 Lines, rays, and

segments.
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With these terms in hand, let’s turn our attention to the graph of the voltage defined by equation (4). When ¢ < 0, then V(¢) =0.
Normally, the graph of V' (¢) =0 would be a horizontal line where each point on the line has V -value equal to zero. However,
V(t) =0 only if £ <0, so the graph is the horizontal ray that starts at the origin, then moves indefinitely to the left, as shown in
Figure 3.3.3. That is, the horizontal line V' =0 has been restricted to the domain {¢:¢ <0} and exists only to the left of the
origin.

Similarly, when ¢ > 0, then V' (¢) =5 is the horizontal ray shown in Figure 3.3.3. Each point on the ray has a V -value equal to 5.

v

104
5 >

v Figure 3.3.3 The voltage as a function of time t.

Two comments are in order:
e Because V() =0 only when t < 0, the point (0, 0) is unfilled (it is an open circle). The open circle at (0, 0) is a
mathematician’s way of saying that this particular point is not plotted or shaded.

o Because V(t) =5 when t > 0, the point (0, 5) is filled (it is a filled circle). The filled circle at (0, 5) is a mathematician’s way
of saying that this particular point is plotted or shaded.

Let’s look at another example.

v/ Example 3.3.3

Consider the piecewise-defined function

0, ifx<0
flx)=4q1, ifo<z<?2
2, ifz>2

Evaluate f(x) at x = -1, 0, 1, 2, and 3. Sketch the graph of the piecewise function f.

Solution

Because each piece of the function in (6) is constant, evaluation of the function is pretty easy. You just have to select the
correct piece.

* Note that x = —1 is less than 0, so we use the first piece and write f(—1) = 0.

* Note that x = 0 satisfies 0 < z < 2, so we use the second piece and write f(0) = 1.

* Note that x = 1 satisfies 0 < z < 2, so we use the second piece and write f(1) = 1.

* Note that x = 2 satisfies x > 2, so we use the third piece and write f(2) = 2.

* Finally, note that x = 3 satisfies > 2, so we use the third piece and write f(3) = 2. The graph is just as simple to sketch.

* Because f(x) = 0 for x < 0, the graph of this piece is a horizontal ray with endpoint at x = 0. Each point on this ray will have a
y-value equal to zero and the ray will lie entirely to the left of x = 0, as shown in Figure 3.3.4.

* Because f(x) = 1 for 0 < x < 2, the graph of this piece is a horizontal segment with one endpoint at x = 0 and the other at x =
2. Each point on this segment will have a y-value equal to 1, as shown in Figure 3.3.4.
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* Because f(x) = 2 for z > 2, the graph of this piece is a horizontal ray with endpoint at x = 2. Each point on this ray has a y-
value equal to 2 and the ray lies entirely to the right of x = 2, as shown in Figure 3.3.4.

Several remarks are in order:

* The function is zero to the left of the origin (for x < 0), but not at the origin. This is indicated by an empty circle at the origin,
an indication that we are not plotting that particular point.

* For 0 <z < 2, the function equals 1. That is, the function is constantly equal to 1 for all values of x between 0 and 2,
including zero but not including 2. This is why you see a filled circle at (0, 1) and an empty circle at (2, 1).

* Finally, for z > 2, the function equals 2. That is, the function is constantly equal to 2 whenever x is greater than or equal to 2.
That is why you see a filled circle at (2, 2).

Y
104

v Figure 3.3.4 Sketching the graph of the piecewise function (6).

Piecewise-Defined Functions

Now, let’s look at a more generic situation involving piecewise-defined functions—one where the pieces are not necessarily
constant. The best way to learn is by doing, so let’s start with an example.

v/ Example 3.3.4

Consider the piecewise-defined function
—x+2, ifx<2
xr) =
1(@) {:1:—2, ife>2
Evaluate f(x) for x = 0, 1, 2, 3 and 4, then sketch the graph of the piecewise-defined function.
Solution

The function changes definition at x = 2. If x < 2, then f(x) = —x + 2. Because both 0 and 1 are strictly less than 2, we evaluate
the function with this first piece of the definition.

flz)=—z+4+2 and f(z)=—-xz+2

f(0)=-0+2 f)y=-1+2

f(0)=2 f1)=1
On the other hand, if z > 2, then f(z) =z — 2. Because 2, 3, and 4 are all greater than or equal to 2, we evaluate the function
with this second piece of the definition.

f(z)=z—2 and f(z)=z—-2 and f(z)=z—2
f(2)=2-2 and f(3)=3-2 and f(4)=4-2
f(2)=0 and f(3)=1 and f(4)=2

One possible approach to the graph of f is to place the points we’ve already calculated, plus a couple extra, in a table (see
Figure 3.3.5(a)), plot them (see Figure 3.3.5(b)), then intuit the shape of the graph from the evidence provided by the plotted
points. This is done in Figure 3.3.5(c).
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(a) (b) ()
Figure 3.3.5 Plotting the graph of the piecewise function defined in (8).

However pragmatic, this point-plotting approach is a bit tedious; but, more importantly, it does not provide the background
necessary for the discussion of the absolute value function in the next section. We need to stretch our understanding to a higher
level. Fortunately, all the groundwork is in place. We need only apply what we already know about the equations of lines to fit
this piecewise situation.

Alternative approach. Let’s use our knowledge of the equation of a line (i.e. y = mx + b) to help sketch the graph of the
piecewise function defined in (8).

Let’s sketch the first piece of the function f defined in (8). We have f(x) = —x+ 2, provided x < 2. Normally, this would be a line
(with slope —1 and intercept 2), but we are to sketch only a part of that line, the part where x < 2 (x is to the left of 2). Thus,
this piece of the graph will be a ray, starting at the point where x = 2, then moving indefinitely to the left.

The easiest way to sketch a ray is to first calculate and plot its fixed endpoint (in this case at x = 2), then plot a second point on
the ray having x-value less than 2, then use a ruler to draw the ray.

With this thought in mind, to find the coordinates of the endpoint of the ray, substitute x = 2 in f(x) = —x + 2 to get f(2) = 0.
Now, technically, we’re not supposed to use this piece of the function unless x is strictly less than 2, but we could use it with x
=1.9, or x = 1.99, or x = 1.999, etc. So let’s go ahead and use x = 2 in this piece of the function, but indicate that we’re not
actually supposed to use this point by drawing an “empty circle” at (2, 0), as shown in Figure 3.3.6(a).

To complete the plot of the ray, we need a second point that lies to the left of its endpoint at (2, 0). Note that x = 0 is to the left
of x = 2. Evaluate f(x) = —x + 2 at x = 0 to obtain f(0) = -0 + 2 = 2. This gives us the second point (0, 2), which we plot as
shown in Figure 3.3.6(a). Finally, draw the ray with endpoint at (2, 0) and second point at (0, 2), as shown in Figure 3.3.6(a).

Yy Yy
10n 10n

(0,2) \ (4,2)

(a) (b) Figure 3.3.6 Sketch each piece

separately
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We now repeat this process for the second piece of the function defined in (8). The equation of the second piece is f(x) = x — 2,
provided & > 2. Normally, f(x) = x — 2 would be a line (with slope 1 and intercept —2), but we’re only supposed to sketch that
part of the line that lies to the right of or at x = 2. Thus, the graph of this second piece is a ray, starting at the point with x = 2
and continuing to the right. If we evaluate f(x) = x — 2 at x = 2, then f(2) = 2 — 2 = 0. Thus, the fixed endpoint of the ray is at
the point (2, 0). Since we’re actually supposed to use this piece with x = 2, we indicate this fact with a filled circle at (2, 0), as
shown in Figure 3.3.6(b).

We need a second point to the right of this fixed endpoint, so we evaluate f(x) = x-2 at x = 4 to get f(4) =4 — 2 = 2. Thus, a
second point on the ray is the point (4, 2). Finally, we simply draw the ray, starting at the endpoint (2, 0) and passing through
the second point at (4, 2), as shown in Figure 3.3.6(b).

To complete the graph of the piecewise function f defined in equation (8), simply combine the two pieces in Figure 3.3.6(a)
and Figure 3.3.6(b) to get the finished graph in Figure 3.3.7. Note that the graph in Figure 3.3.7 is identical to the earlier result
in Figure 3.3.%(c).

Let’s try this alternative procedure in another example.

v/ Example 3.3.5

A source provides voltage to a circuit according to the piecewise definition
V(L) = 0, %f t<0
t, ift>0

Sketch the graph of the voltage V versus time t.

Solution

For all time t that is less than zero, the voltage V is zero. The graph of V (t) = 0 is a constant function, so its graph is normally
a horizontal line. However, we must restrict

)
101\

Y

Figure 3.3.7 Combining both pieces.

the graph to the domain (—oo, 0), so this piece of equation (10) will be a horizontal ray, starting at the origin and moving
indefinitely to the left, as shown in Figure 3.3.8(a).

On the other hand, V (t) = t for all values of t that are greater than or equal to zero. Normally, this would be a line with slope 1
and intercept zero. However, we must restrict the domain to [0, c0), so this piece of equation (10) will be a ray, starting at the
origin and moving indefinitely to the right.

o The endpoint of this ray starts at t = 0. Because V (t) = t, V (0) = 0. Hence, the endpoint of this ray is at the point (0, 0).
o Choose any value of t that is greater than zero. We’ll choose t = 5. Because V (t) =t, V (5) = 5. This gives us a second point
on the ray at (5, 5), as shown in Figure 3.3.8(b).
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(a) V(¢) = 0 for t < 0. (b) V(¢) =t for t > 0. Figure 3.3.8

Finally, to provide a complete graph of the voltage function defined by equation (10), we combine the graphs of each piece of
the definition shown in Figures 3.3.8(a) and (b).

The result is shown in Figure 3.3.9. Engineers refer to this type of input function as a “ramp function.”

V

b4 Figure 3.3.9 The graph of the ramp function defined by equation (10).

Let’s look at a very practical application of piecewise functions.

v/ Example 3.3.6

The federal income tax rates for a single filer in the year 2005 are given in Table 3.3.1.

Table 3.3.1. 2005 Federal Income Tax rates for single filer.

Income Tax Rate
Up to $7,150 10%
$7,151-$29,050 15%
$29,051-$70,350 25%
$70,351-$146,750 28%
$146,751-$319,100 33%
$319,101 or more 35%

Create a piecewise definition that provides the tax rate as a function of personal income.
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Solution

In reporting taxable income, amounts are rounded to the nearest dollar on the federal income tax form. Technically, the domain
is discrete. You can report a taxable income of $35,000 or $35,001, but numbers between these two incomes are not used on
the federal income tax form. However, we will think of the income as a continuum, allowing the income to be any real number
greater than or equal to zero. If we did not do this, then our graph would be a series of dots—one for each dollar amount. We
would have to plot lots of dots!

We will let R represent the tax rate and I represent the income. The goal is to define R as a function of I.

e If income I is any amount greater than or equal to zero, and less than or equal to $7,150, the tax rate R is 10% (i.e., R =
0.10). Thus, if $0 < T < $7,150, R(I) = 0.10.

e If income I is any amount that is strictly greater than $7,150 but less than or equal to $29,050, then the tax rate R is 15%
(i.e., R = 0.15). Thus, if $7, 150 < I < $29, 050, then R(I) = 0.15.

Continuing in this manner, we can construct a piecewise definition of rate R as a function of taxable income I.

0.10, if$0<1I<$7,150

0.15, if$7,150 < I <$29,050
0.25, if$29,050 < I < $70,350
0.28, if$70,350 < I <$146,750
0.33, if$146,750 < I <$319,100
0.35, ifI>$319,100

Let’s turn our attention to the graph of this piecewise-defined function. All of the pieces are constant functions, so each piece
will be a horizontal line at a level indicating the tax rate. However, each of the first five pieces of the function defined in
equation (12) are segments, because the rate is defined on an interval with a starting and ending income. The sixth and last
piece is a ray, as it has a starting endpoint, but the rate remains constant for all incomes above $319,100. We use this
knowledge to construct the graph shown in Figure 3.3.10

The first rate is 10% and this is assigned to taxable income starting at $0 and ending at $7,150, inclusive. Thus, note the first
horizontal line segment in Figure 3.3.10that runs from $0 to $7,150 at a height of R = 0.10. Note that each of the endpoints are
filled circles.

The second rate is 15% and this is assigned to taxable incomes greater than $7,150, but less than or equal to $29,050. The
second horizontal line segment in Figure 10 runs from $7,150 to $29,050 at a height of R = 0.15. Note that the endpoint at the
left end of this horizontal segment is an open circle while the endpoint on the right end is a filled circle because the taxable
incomes range on $7, 150 < I < $29, 050. Thus, we exclude the left endpoint and include the right endpoint.

The remaining segments are drawn in a similar manner.

The last piece assigns a rate of R = 0.35 to all taxable incomes strictly above $319,100. Hence, the last piece is a horizontal ray,
starting at ($319 100, 0.35) and extending indefinitely to the right. Note that the left endpoint of this ray is an open circle
because the rate R = 0.35 applies to taxable incomes I > $319, 100.

Let’s talk a moment about the domain and range of the function R defined by equation (12). The graph of R is depicted in
Figure 3.3.10 If we project all points on the graph onto the horizontal axis, the entire axis will “lie in shadow.” Thus, at first
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100,000 200, 000 300, 000 400,000  Figure 3.3.10 The graph of the tax rate R

versus taxable income I.

glance, one would state that the domain of R is the set of all real numbers that are greater than or equal to zero.

However, remember that we chose to model a discrete situation with a continuum. Taxable income is always rounded to the
nearest dollar on federal income tax forms. Therefore, the domain is actually all whole numbers greater than or equal to zero.
In symbols,

Domain ={I e W:I >0}

To find the range of R, we would project all points on the graph of R in Figure 3.3.10onto the vertical axis. The result would
be that six points would be shaded on the vertical axis, one each at 0.10, 0.15, 0.25, 0.28, 0.33, and 0.35. Thus, the range is a
finite discrete set, so it’s best described by simply listing its members.

Range = {0.10,0.15,0.25,0.28,0.33,0.35}

Exercise

? Exercise 3.3.1

Given the function defined by the rule f(x) = 3, evaluate f(-3), f(0) and f(4), then sketch the graph of f.

Answer

f(-3) = 3, £(0) = 3, and f(4) = 3.
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Given the function defined by the rule g(x) = 2, evaluate g(—2), g(0) and g(4), then draw the draw the graph of g.

? Exercise 3.3.3

Given the function defined by the rule h(x) = —4, evaluate h(-2), h(a), and h(2x+3), then draw the graph of h.

Answer

h(-2) = -4, h(a) = -4, and h(2x+3) = —4.
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? Exercise 3.3.4

Given the function defined by the rule f(x) = -2, evaluate f(0), f(b), and f(5—-4x), then draw the graph of f.

? Exercise 3.3.5

The speed of an automobile traveling on the highway is a function of time and is described by the constant function v(t) = 30,
where t is measured in hours and v is measured in miles per hour. Draw the graph of v versus t. Be sure to label each axis with
the appropriate units. Shade the area under the graph of v over the time interval [0,5] hours. What is the area under the graph of
v over this time interval and what does it represent?

Answer

The area under the curve is 150 miles. This is the distance traveled by the car.
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? Exercise 3.3.6

The speed of a skateboarder as she travels down a slope is a function of time and is described by the constant function v(t) = 8,
where t is measured in seconds and v is measured in feet per second. Draw the graph of v versus t. Be sure to label each axis
with the appropriate units. Shade the area under the graph of v over the time interval [0,60] seconds. What is the area under the
graph of v over this time interval and what does it represent?

? Exercise 3.3.7

An unlicensed plumber charges 15 dollars for each hour of labor. Let’s define this rate as a function of time by r(t) = 15, where
t is measured in hours and r is measured in dollars per hour. Draw the graph of r versus t. Be sure to label each axis with
appropriate units. Shade the area under the graph of r over the time interval [0,4] hours. What is area under the graph of r over
this time interval and what does it represent?

Answer

The area under the curve is 150 miles. This is the distance traveled by the car.
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? Exercise 3.3.8

I D

A carpenter charges a fixed rate for each hour of labor. Let’s describe this rate as a function of time by r(t) = 25, where t is
measured in hours and r is measured in dollars per hour. Draw the graph of r versus t. Be sure to label each axis with
appropriate units. Shade the area under the graph of r over the time interval [0, 5] hours. What is the area under the graph of r
over this time interval and what does it represent?

? Exercise 3.3.9

Given the function defined by the rule

0, ifz<0
2, ifz>0

s ={

evaluate f(—2), f(0), and f(3), then draw the graph of f on a sheet of graph paper. State the domain and range of f.

Answer
f(-2) = 0, f(0) = 2, and f(3) = 2.
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The domain of f is the set of all real numbers. The range of f is {0, 2}.

? Exercise 3.3.10

Given the function defined by the rule

2, ifz<0
f("”)_{o, ifz >0

evaluate f(—2), f(0), and f(3), then draw the graph of f on a sheet of graph paper. State the domain and range of f.

? Exercise 3.3.11

Given the function defined by the rule

-3, ifz<0
fl@)=<1, if —2<z<2
3, ife >2

evaluate g(—3), g(—2), and g(5), then draw the graph of g on a sheet of graph paper. State the domain and range of g.

Answer

g(-3)=-3,g(-2)=1,and g(5) =3
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? Exercise 3.3.12

A\ 4

Given the function defined by the rule

4,
flz)=1q 2,

o r—>
O
- > T
D
-

The domain of g is all real numbers. The range of g is {-3, 1, 3}.

ifz<-1
if —1l<z<2
3, ifzx>2

evaluate g(—1), g(2), and g(3), then draw the graph of g on a sheet of graph paper. State the domain and range of g.

In Exercises 13-16, determine a piecewise definition of the function described by the graphs, then state the domain and range of

the function.

? Exercise 3.3.13

D06
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3, ifx <0
f(m)_{—z, ife >0

Domain of f is the set of all real numbers. The range of f is {2, 3}.

? Exercise 3.3.14

@ 0 e @ 3.3.16 https://stats.libretexts.org/@go/page/35210


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/2.5/
https://stats.libretexts.org/@go/page/35210?pdf

éWM%m“

D06

)
54
<
< FE)QC
o—
4
? Exercise 3.3.15
Yy
S5a
g
< O o—
- P5 T
@
\ 4
Answer

https://stats.libretexts.org/@go/page/35210


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/2.5/
https://stats.libretexts.org/@go/page/35210?pdf

LibreTexts*

2, ife <0
glz)=< -2, if0<z<2
2, ifz>2

The domain of f is the set of all real numbers. The range of f is {-2, 2}.

? Exercise 3.3.16
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? Exercise 3.3.17

Given the piecewise function

—z—3, ifz<-3
T +3, ife >-3

) ={

evaluate f(—4) and f(0), then draw the graph of f on a sheet of graph paper. State the domain and range of the function.

Answer

f(-4) = 1 and £(0) = 3.
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The domain of f is the set of all real numbers. The range off is{y: y > 0}.

? Exercise 3.3.18

Given the piecewise function

—z+1, ifz<l1
z—1, ife>1

) ={
evaluate f(—2) and f(3), then draw the graph of f on a sheet of graph paper. State the domain and range of the function.

? EXERICSE 3.3.19

Given the piecewise function

—2zx+3, ifzx<
g(z) = _
2x — 3, ife >

e e

evaluate g(0) and g(3), then draw the graph of f on a sheet of graph paper. State the domain and range of the function.

Answer

g(~2)=7and g(2) = 1.
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The domain of g is the set of all real numbers. The range off is{y: y > 0}.

? Exercise 3.3.20

Given the piecewise function

( —3x —4, ifa:<—%
xTr)=
9(a) 3z+4, ifz>-3%

evaluate g(—2) and g(3), then draw the graph of f on a sheet of graph paper. State the domain and range of the function.

? Exercise 3.3.21

A battery supplies voltage to an electric circuit in the following manner. Before time t = 0 seconds, a switch is open, so the
voltage supplied by the battery is zero volts. At time t = 0 seconds, the switch is closed and the battery begins to supply a
constant 3 volts to the circuit. At time t = 2 seconds, the switch is opened again, and the voltage supplied by the battery drops

immediately to zero volts. Sketch a graph of the voltage vversus time t, label each axis with the appropriate units, then provide
a piecewise definition of the voltage v supplied by the battery as a function of time t.

Answer

The graph follows.

https://stats.libretexts.org/@go/page/35210


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/2.5/
https://stats.libretexts.org/@go/page/35210?pdf

LibreTexts*

V (volts)
5a ‘
o—0
o 0 @ »{(s
- £(5)
\ 4
0, ifz<0
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0, ifzx>2

Prior to time t = 0 minutes, a drum is empty. At time t = 0 minutes a hose is turned on and the water level in the drum begins to
rise at a constant rate of 2 inches every minute. Let h represent water level (in inches) at time t (in minutes). Sketch the graph
of h versust, label the axes with appropriate units, then provide a piecewise definition of has a function of t.

This page titled 3.3: Piecewise-Defined Functions is shared under a CC BY-NC-SA 2.5 license and was authored, remixed, and/or curated by
David Arnold.

e 4.1: Piecewise-Defined Functions by David Arnold is licensed CC BY-NC-SA 2.5. Original source:
https://web.archive.org/web/20200814023923/http://msenux2.redwoods.edu/IntAlgText/.
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3.4: Absolute Value

Now that we have the fundamentals of piecewise-defined functions in place, we are ready to introduce the absolute value function.
First, let’s state a trivial reminder of what it means to take the absolute value of a real number.

In a sense, the absolute value of a number is a measure of its magnitude, sans (without) its sign. Thus,
|7| =7 and |-7="7

Here is the formal definition of the absolute value of a real number.

# Definition: Absolute Value

To find the absolute value of any real number, first locate the number on the real line.

|

\J

-t
-+

0 T

The absolute value of the number is defined as its distance from the origin.

For example, to find the absolute value of 7, locate 7 on the real line and then find its distance from the origin.

7] =7

0 7

A

A

To find the absolute value of -7, locate -7 on the real line and then find its distance from the origin.

-7 =7

-
-+
|
T

-7

A

A

o+ ¥

Some like to say that taking the absolute value “produces a number that is always positive.” However, this ignores an important
exception, that is,

0] =0

Thus, the correct statement is “the absolute value of any real number is either positive or it is zero,” i.e., the absolute value of a real
number is “not negative.”2 Instead of using the phrase “not negative,” mathematicians prefer the word “nonnegative.” When we
take the absolute value of a number, the result is always nonnegative; that is, the result is either positive or zero. In symbols,

|z| > 0 for all real numbers z
This makes perfect sense in light of Definition 2. Distance is always nonnegative.

However, the discussion above is not of sufficient depth to handle more sophisticated problems involving absolute value.

A Piecewise Definition of Absolute Value

Because absolute value is intimately connected with distance, mathematicians and scientists find it an invaluable tool for
measurement and error analysis. However, we will need a formulaic definition of the absolute value if we want to use this tool in a
meaningful way. We need to develop a piecewise definition of the absolute value function, one that will define the absolute value
for any arbitrary real number x.

We begin with a few observations. Remember, the absolute value of a number is always nonnegative (positive or zero).
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1. If a number is negative, negating that number will make it positive. | — 5| = —=(-5) = 5, and similarly, | — 12| = —=(=12) = 12. Thus,
if x <0 (if x is negative), then [x| = —x.
2. 1f x =0, then |x| = 0.
3. If a number is positive, taking the absolute value of that number will not change a thing.
|5| =5, and similarly, 12| =12
Thus, if z > 0 (if z is positive), then |z| = z.

We can summarize these three cases with a piecewise definition.

—z, ifzx<0
x| =40, ifr=0
x, ifr >0

It is the first line in our piecewise definition (4) that usually leaves students scratching their heads. They might say “I thought
absolute value makes a number positive (or zero), yet you have |z| = —z; that is, you have the absolute value of x equal to a
negative x.” Try as they might, this seems contradictory. Does it seem so to you?

However, there is no contradiction. If x < 0, that is, if x is a negative number, then —x is a positive number, and our intuitive notion
of absolute value is not dissimilar to that of our piecewise definition (4). For example, if x = -8, then —x = 8, and even though we
say “negative x,” in this case —x is a positive number.

If this still has you running confused, consider the simple fact that x and —x must have “opposite signs.” If one is positive, the other
is negative, and vice versa. Consequently,

o if x is positive, then —x is negative, but
o if x is negative, then —x is positive.

Let’s summarize what we’ve learned thus far.

X Summarizing the Definition on a Number Line

We like to use a number line to help summarize the definition of the absolute value of x.
|z| -z x
x - 0 +

Some remarks are in order for this summary on the number line.

o We first draw the real line then mark the “critical value” for the expression inside the absolute value bars on the number line.
The number zero is a critical value for the expression x, because x changes sign as you move from one side of zero to the other.

o To the left of zero, x is a negative number. We indicate this with the minus sign below the number line. To the right of zero, x is
a positive number, indicated with a plus sign below the number line.

o Above the number line, we simplify the expression |x|. To the left of zero, x is a negative number (look below the line), so [x| =
—x. Note how the result —x is placed above the line to the left of zero. Similarly, to the right of zero, x is a positive number (look
below the line), so |x| = x. Note how the result x is placed above the line to the right of zero.

In the piecewise definition of |x| in (4), note that we have three distinct pieces, one for each case discussed above. However,
because |0| = 0, we can include this case with the piece [x| = X, if we adjust the condition to include zero.

# Definition
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1. In the first line of equation (6), if x is a negative number (i.e., if z < 0), then the absolute value must change x to a positive
number by negating. That is, |x| = —x.

2. In the second line of equation (6), if x is positive or zero (i.e., if z > 0), then there’s nothing to do except remove the absolute
value bars. That is, |x| = x.

Because |0| = -0, we could just as well include the case for zero on the left, defining the absolute value with
—x, ifx<0
|z| = :
x, ifz >0

However, in this text we will always include the critical value on the right, as shown in Definition 5.

Constructing Piecewise Definitions

Let’s see if we can determine piecewise definitions for other expressions involving absolute value.

v/ Example 3.4.1

Determine a piecewise definition for |x — 2|.
Solution

First, set the expression inside the absolute value bars equal to zero and solve for x.

z—2=0
T =2

Note that x — 2 = 0 at x = 2. This is the “critical value” for this expression. Draw a real line and mark this critical value of x on
the line. Place the expression x — 2 below the line at its left end.

Y

-+

T — 2 é

Next, determine the sign of x — 2 for values of x on each side of 2. This is easily done by “testing” a point on each side of 2 in
the expression x — 2.

o Take x = 1, which lies to the left of the critical value 2 on our number line. Substitute this value of x in the expression x — 2,
obtaining

z-2=1-2=-1

which is negative. Indeed, regardless of which x-value you pick to the left of 2, when inserted into the expression x — 2, you
will get a negative result (you should check this for other values of x to the left of 2). We indicate that the expression x — 2 is
negative for values of x to the left of 2 by placing a minus (-) sign below the number line to the left of 2.

1

- } >

T — 2 — 2 =+

e Next, pick x = 3, which lies to the right of the critical value 2 on the number line. Substitute this value of x into the
expression x — 2, obtaining

r—2=3-2=1
which is positive. Indeed, regardless of which x-value you pick to the right of 2, when inserted into the expression x — 2, you
will get a positive result (you should check this for other values of x to the right of 2). We indicate that the expression x — 2 is

positive for values of x to the right of 2 by placing a plus (+) sign below the number line to the right of 2 (see the number line
above).

The next step is to remove the absolute value bars from the expression [x—2|, depending on the sign of x — 2.

o To the left of 2, the expression x — 2 is negative (note the minus sign (—) below the number line), so |x — 2| = =(x — 2). That
is, we have to negate x — 2 to make it positive. This is indicated by placing —(x — 2) above the line to the left of 2.
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|z — 2| —(z—2) z—92

z—2 — 2 +

o To the right of 2, the expression x — 2 is positive (note the plus sign (+) below the line), so |x — 2| = x — 2. That is, we
simply remove the absolute value bars because the quantity inside is already positive. This is indicated by placing x — 2
above the line to the right of 2 (see the number line above).

We can use this last number line summary to construct a piecewise definition of the expression |[x — 2|.
o —2| —(z—-2), ifzx<2, —r+2, ifzx<2
Tr — = =
-2, ife>2 T —2, ife>2

Our number line and piecewise definition agree: |x — 2| = —(x — 2) to the left of 2 and |x — 2| = x — 2 to the right of 2. Further,
note how we’ve included the critical value of 2 “on the right” in our piecewise definition.

Let’s summarize the method we followed to construct the piecewise function above.

X Constructing a Piecewise Definition for Absolute Value

When presented with the absolute value of an algebraic expression, perform the following steps to remove the absolute value
bars and construct an equivalent piecewise definition.

1. Take the expression that is inside the absolute value bars, and set that expression equal to zero. Then solve for x. This value
of x is called a “critical value.” (Note: The expression inside the absolute value bars could have more than one critical
value. We will not encounter such problems in this text.)

2. Place your critical value on a number line.

3. Place the expression inside the absolute value bars below the number line at the left end.

4. Test the sign of the expression inside the absolute value bars by inserting a value of x from each side of the critical value
and marking the result with a plus (+) or minus () sign below the number line.

5. Place the original expression, the one including the absolute value bars, above the number line at the left end.

6. Use the sign of the expression inside the absolute value bars (indicated by the plus and minus signs below the number line)
to remove the absolute value bars, placing the results above the number line on each side of the critical value.

7. Construct a piecewise definition that mimics the results on the number line.

Let’s apply this technique to another example.

v/ Example 3.4.2

Determine a piecewise definition for |3 — 2x]|.

Solution
Step 1: First set the expression inside the absolute value bars equal to zero and solve for x.

3—2z =0
z=3/2

Note that 3 — 2x = 0 at x = 3/2. This is the “critical value” for this expression.

Steps 2 and 3: Draw a number line and mark this critical value on the line. The next step requires that we place the expression
inside the absolute value bars, namely 3 — 2x, underneath the line at its left end.

v

-+

3—2x 3/'2

Step 4: Next, determine the sign of 3 — 2x for values of x on each side of 3/2. This is easily done by “testing” a point on each
side of 3/2 in the expression 3 — 2x.

o Take x = 1, which lies to the left of 3/2. Substitute this value of x into the expression 3 — 2x, obtaining
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which is positive. Indicate this result by placing a plus sign (+) below the number line to the left of 3/2.

3-2z=3-2(1)=1

L

3— 2z = 3/2 =
e Next, pick x = 2, which lies to the right of 3/2. Substitute this value of x into the expression 3 — 2x, obtaining
3—2z=3-2(2)=-1

which is negative. Indicate this result by placing a negative sign (—) below the line to the right of 3/2 (see the number line
above).

Steps 5 and 6: Place the original expression, namely |3 — 2x|, above the number line at the left end. The next step is to remove
the absolute value bars from the expression |3 — 2x|.

o To the left of 3/2, the expression 3 — 2x is positive (note the plus sign (+) below the number line), so |[3—2x| = 3-2x.
Indicate this result by placing the expression 3 — 2x above the number line to the left of 3/2.

|3 — 22| 3—9¢ | —(3 — 2z)
3—2z - 3/2 -

o To the right of 3/2, the expression 3—2x is negative (note the minus sign (-) below the numberline), so [3-2x| = —(3-2x).
That is, we have to negate 3—2x to make it positive. This is indicated by placing the expression —(3 — 2x) above the line to
the right of 3/2 (see the number line above).

Step 7: We can use this last number line summary to write a piecewise definition for the expression |3 — 2x].

|3—2w|—{3_2$’ if:c<3/2._{3—2m, ifx <3/2
|l -3-22), ifz>3/2 | -3+2z, ifz>3/2

Again, note how we’ve included the critical value of 3/2 “on the right.”

Drawing the Graph of an Absolute Value Function

Now that we know how to construct a piecewise definition for an expression containing absolute value bars, we can use what we
learned in the previous section to draw the graph.

v/ Example 3.4.3

Sketch the graph of the function f(x) = |3 - 2x|.

Solution
In Example 3.4.2, we constructed the following piecewise definition.

32z, ife <3/2

f(z)=[3-2a] {—3+2m, ife >3/2

We now sketch each piece of this function.
o If x <3/2, then f(x) = 3 — 2x (see equation (10)). This is a ray, starting at x = 3/2 and extending to the left. At x = 3/2,
f(3/2)=3-2(3/2)=3-3=0
Thus, the endpoint of the ray is located at (3/2, 0).
Next, pick a value of x that lies to the left of 3/2. Atx =0,
f(0)=3-2(0)=3-0=3

Thus, a second point on the ray is (0, 3).
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A table containing the two evaluated points and a sketch of the accompanying ray are shown in Figure 3.4.1. Because f(x) = 3
— 2x only if x is strictly less than 3/2, the point at (3/2, 0) is unfilled.

y
y=3—2z, 104

0,3
z |f(z) =3 —2z|(z, f(z)) e
3/2 0 (3/2,0) d \, > T
0 3 (0,3) (3/2,0) 10
(a) (b) Figure 3.4.1 f(x) = 3 — 2x when x <
3/2.

o If x> 3/2, then f(x) = —3 + 2x (see equation (10)). This is a ray, starting at x = 3/2 and extending to the right. At x = 3/2,
f(3/2)=—-3+4+2(3/2)=-3+3=0
Thus, the endpoint of the ray is located at (3/2, 0).
Next, pick a value of x that lies to the right of 3/2. At x = 3,
f83)=-3+233)=-3+6=3

Thus, a second point on the ray is (3, 3). A table containing the two evaluated points and a sketch of the accompanying ray are
shown in Figure 3.4.2. Because f(x) = —3 + 2x for all values of x that are greater than or equal to 3/2, the point at (3/2, 0) is

filled in this plot.
Y
104 y=—3+2z
3/2 0 (3/2,0) ) < L
3 3 (-3,3) (3/2,0) 10
(a) (b) Figure 3.4.2 f(x) = -3 + 2x
when z > 3/2.

o To sketch the graph of f(x) = |3 — 2x|, we need only combine the two pieces from Figures 3.4.1and 3.4.2. The result is
shown in Figure 3.4.3.
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Y
10

10

v Figure 3.4.3 The graph of f(x) = |3 — 2x].

Note the “V-shape” of the graph. We will refer to the point at the tip of the “V” as the vertex of the absolute value function.

In Figure 3.4.3, the equation of the left-hand branch of the “V” is y = 3 — 2x. An alternate approach to drawing this branch is to
note that its graph is contained in the graph of the full line y = 3 — 2x, which has slope —2 and y-intercept at (0, 3). Thus, one could
draw the full line using the slope and y-intercept, then erase that part of the line that lies to the right of x = 3/2. A similar strategy
would work for the right-hand branch of y = |3 — 2x|.

Using Transformations
Consider again the basic definition of the absolute value of x.
—z, ifz<0
z)=|z|=
o) =lal={ 7 T
Some basic observations are:

e If x <0, then f(x) = —x. This ray starts at the origin and extends to the left with slope —1. Its graph is pictured in Figure 3.4.4(a).
o If z > 0, then f(x) = x. This ray starts at the origin and extends to the right with slope 1. Its graph is pictured in Figure 3.4.4(b).
o We combine the graphs in Figures 3.4.4(a) and 3.4.4(b) to produce the graph of f(x) = |x| in Figure 3.4.4(c).

Y Y Y
104 104 104

r r Y
(a) f(z) = —z, ifz < 0. (b) f(z) =z, ifx > 0. (c) f(z) = |=|.
Combine left and right branches to produce the basic graph of f(x) = [x].

Figure 3.4.4

You should commit the graph of f(x) = |x| to memory. Things to note:

o The graph of f(x) = |x| is “V-shaped.”

o The vertex of the graph is at the point (0, 0).

e The left-hand branch has equation y = —x and slope —1.

e The right-hand branch has equation y = x and slope 1.

o Each branch of the graph of f(x) = |x| forms a perfect 45 angle with the x-axis.

Now that we know how to draw the graph of f(x) = [x|, we can use the transformations we learned in Chapter 2 (sections 5 and 6) to
sketch a number of simple graphs involving absolute value.
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Sketch the graph of f(x) = |x — 3|.

Solution
First, sketch the graph of y = f(x) = ||, as shown in Figure 3.4.5(a). Note that if f(x) = |x|, then

y=flz—3)=|z -3
To sketch the graph of y = f(x — 3) = |x — 3|, shift the graph of y = f(x) = |x| three units to the right, producing the result shown
in Figure 3.4.5(b).

Y Y
10“ ]_U.n

v ¥
(a‘) y= f(x) = |$| (b) y= f(x - 3) = |m - 3" Figure 3.4.5 To draw the graph of y = [x —

3|, shift the graph of y = |x| three units to the right.

We can check this result using the graphing calculator. Load the function f(x) = |[x — 3| into Y1 in the Y= menu on your

graphing calculator as shown in Figure 3.4.6(a). Push the MATH button, right-arrow to the NUM menu, then select 1:abs( (see

Figure 3.4.6(b)) to enter the absolute value in Y1. Push the ZOOM button, then select 6:ZStandard to produce the image

shown in Figure 3.4.6(c).

Flatl Flotz Flokz
“NM1Bakhs(X=-32
Y z=0
whr=
wWy=
wMe=
“ME=
W=

(a)

the graphing calculator to draw the graph of f(x) = |x — 3].

Figure 3.4.6 Using

Let’s look at another simple example.

v/ Example 3.4.5

Sketch the graph of f(x) = |x| — 4.

Solution
First, sketch the graph of y = f(x) = |x|, as shown in Figure 3.4.7(a). Note that if f(x) = |x|, then

y=flz)—4=|z[-4

To sketch the graph of y = f(x) — 4 = |x| — 4, shift the graph of y = f(x) = |x| downward 4 units, producing the result shown in
Figure 3.4.%Db).
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L 4 Y

(a) y = f(z) = |zl (b) y = f(z) —4 =[z| — 4 Figure 3.4.7 To draw the graph of y =
[x| — 4, shift the graph of y = |x| downward 4 units.

Let’s look at one final example.

v/ Example 3.4.6

Sketch the graph of f(x) = —|x| + 5. State the domain and range of this function.

Solution

o First, sketch the graph of y = f(x) = |x|, as shown in Figure 3.4.8a).

o Next, sketch the graph of y = —f(x) = —|x|, which is a reflection of the graph of y = f(x) = |x| across the x-axis and is pictured
in Figure 3.4.8(b).

o Finally, we will want to sketch the graph of y = —f(x) + 5 = —|x| + 5. To do this, we shift the graph of y = —f(x) = —|x| in
Figure 3.4.8(b) upward 5 units to produce the result in Figure 3.4.8(c).

To find the domain of f(x) = —|x| + 5, project all points on the graph onto the x-axis, as shown in Figure 3.4.%(a). Thus, the
domain of f is (—o0, 00). To find the range, project all points on the graph onto the y-axis, as shown in Figure 3.4.9(b). Thus,
the range is (—oo0, 5].

Y Y Y
104 104 104

) 10" T 0" / \T}m

v v A
(2) y = f(2) = lal. (b)y=—f@) =~lel.  B)y=—f@+5=—lal+5 .o
To draw the graph of y = —|x| + 5, first reflect the graph of y = |x| across the x-axis to produce the graph of y = —|x|, then shift this
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result up 5 units to produce the graph of y = —|x| + 5. (a) Domain = (—oc0, 0c). (b) Range = (—00,5].

Figure 3.4.9 Projecting onto the axes to find the domain and range
Exercise

For each of the functions in Exercises 1-8, as in Examples 7 and 8 in the narrative, mark the “critical value” on a number line, then
mark the sign of the expression inside of the absolute value bars below the number line. Above the number line, remove the
absolute value bars according to the sign of the expression you marked below the number line. Once your number line summary is
finished, create a piecewise definition for the given absolute value function.

? Exercise 3.4.1
f(x) = [x+1

Answer

lz+1| —(z+1) 41
< | >

r+1 — —1 +

—r—1, ifz<-1
f(x)_{m—i—l, ifz >—1

? Exercise 3.4.2

f(x) = [x=4|

? Exercise 3.4.3

g(x) = [4-5x|

Answer
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|4—5z| 4—5z —(4—5x)
- %
45z + 4/5 -
)= 4-5z, ifz<s
T2\ —assa, ifz >4
? Exercise 3.4.4
g(x) = [3-2x]
h(x) = |-x-5|
Answer
—o-5|  —o—3 ~(~a-5)
< I
—T—9 + ) —
—z—5, ifz<-5
R ):{w+5, ifz > —5
? Exercise 3.4.6
h(x) = [-x-3|
? Exercise 3.4.7
f(x) = x+[x|
Answer
T+|z| B4 —) T+
< 1
1
x = 0 +
0, ifx <0
f(w):{2:c, ifx >0
l
@06
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? Exercise 3.4.8

For each of the functions in Exercises 9-16, perform each of the following tasks.

1. Create a piecewise definition for the given function, using the technique in Exercises 1-8 and Examples 7 and 8 in the narrative.
2. Following the lead in Example 9 in the narrative, use your piecewise definition to sketch the graph of the given function on a
sheet of graph paper. Please place each exercise on its own coordinate system.

? Exercise 3.4.9
f(x) = [x-1
Answer

| —z+1, ifz<1
f(@) {z—l, o 1l

(1,0) |9

? Exercise 3.4.10

f(x) = [x+2|

? Exercise 3.4.11
g(x) = [2x-1

Answer
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? Exercise 3.4.12

g(x) = [5-2x|

? Exercise 3.4.13

h(x) = |1-3x|

Answer

1-—3z, ife <
h(z) =
—1+4+3z, ifz>

Wl Wl
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(1,2)

3,0) 5

? Exercise 3.4.14

h(x) = |2x+1|
? Exercise 3.4.15
f(x) = x-[x|

Answer

2z, ifz<0
f(m)_{o, ife >0
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? Exercise 3.4.16

f(x) = x+[x—1|

? Exercise 3.4.17

Use a graphing calculator to draw the graphs of y = |x|, y = 2|x|, y = 3|x|, and y = 4|x| on the same viewing window. In your
own words, explain what you learned in this exercise.
Answer

Multiplying by a factor of a > 1, as in y = ax|, stretches the graph of y = |x| vertically by a factor of a. The higher the value
of a, the more it stretches vertically.

? Exercise 3.4.18

Use a graphing calculator to draw the graphs of y = [x|, y = (1/2)[x], y = (1/3)|x], and y = (1/4)|x| on the same viewing window.
In your own words, explain what you learned in this exercise.

? Exercise 3.4.19

Use a graphing calculator to draw the graphs of y = |x|, y = |x—2|, y =|x—4|, and y = [x—6| on the same viewing window. In your
own words, explain what you learned in this exercise.

Answer

Subtracting a positive value of a, as in y = |x—a|, shifts the graph a units to the right.
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? Exercise 3.4.20

Use a graphing calculator to draw the graphs of y = [x|, y = |x+2|, y = |x+4], and y = [x+6| on the same view- ing window. In
your own words, explain what you learned in this exercise.

In Exercises 21-36, perform each of the following tasks. Feel free to check your work with your graphing calculator, but you
should be able to do all of the work by hand.
1. Set up a coordinate system on a sheet of graph paper. Label and scale each axis. Create an accurate plot of the function y = |x|
on your coordinate system and label this graph with its equation.
2. Use the technique of Examples 12,13, and 14 in the narrative to help select the appropriate geometric transformations to
transform the equation y = [x] into the form of the function given in the exercise. On the same coordinate system, use a different
colored pencil or pen to draw the graph of the function resulting from your applied transformation. Label the resulting graph

with its equation.
3. Use interval notation to describe the domain and range of the given function.

? Exercise 3.4.21
f(x) = |-x|

Answer

The graphs of y = [x| and y = |-x| coincide. The domain is (—oo, co) and the range is [0, c0).

Yy
y=|—x| oA y=|x|

? Exercise 3.4.22

£00) = ~Ix|
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Answer

The domain is (—oo, c0) and the range is [0, 00).

y=(1/2)|z|

? Exercise 3.4.24

f(x) = -2l

? Exercise 3.4.25
f(x) = [x+4|
Answer

The domain is (—oo, 00) and the range is [0, co).
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? Exercise 3.4.26

f(x) = |x-2|

? Exercise 3.4.27

f(x) = x|+2

Answer

The domain is (—oo, 00) and the range is [2, 00).
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? Exercise 3.4.28

f(x) = [x|-3
? Exercise 3.4.29
f(x) = |x+3|+2

Answer

The domain is (—oo, c0) and the range is [2, 00).
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y=|z+3|+2

10

? Exercise 3.4.30

f(x) = |x-3|-4

? Exercise 3.4.31
f(x) = —[x-2|

Answer

The domain is (—oo, 00) and the range is (—o0, 0].
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? Exercise 3.4.32

f(x) = —|x|-2

? Exercise 3.4.33

f(x) = —[x|*+4

Answer

The domain is (—o0, 00) and the range is (—o0, 4].
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? Exercise 3.4.34

f(x) = —|x+4]
? Exercise 3.4.35
f(x) = —[x-1|+5

Answer

The domain is (—oo, 00) and the range is (—o0, 5].
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? Exercise 3.4.36

f(x) = —[x+5[+2

This page titled 3.4: Absolute Value is shared under a CC BY-NC-SA 2.5 license and was authored, remixed, and/or curated by David Arnold.

o 4.2: Absolute Value by David Arnold is licensed CC BY-NC-SA 2.5. Original source:
https://web.archive.org/web/20200814023923/http://msenux2.redwoods.edu/IntAlgText/.
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3.5: Absolute Value Equations
In the previous section, we defined

—z, ifx<0
|| = .
z, ifx >0

and we saw that the graph of the absolute value function defined by f(x) = |x| has the “V-shape” shown in Figure 3.5.1.

Y
101\

v Figure 3.5.1 The graph of the absolute value function f(x) = [x|.

It is important to note that the equation of the left-hand branch of the “V” is y = —x. Typical points on this branch are (-1, 1), (-2,
2), (-3, 3), etc. It is equally important to note that the right-hand branch of the “V” has equation y = x. Typical points on this

branch are (1, 1), (2, 2), (3, 3), etc.

Solving |x| = a
We will now discuss the solutions of the equation
z|=a
There are three distinct cases to discuss, each of which depends upon the value and sign of the number a.

e Casel:a<0
If a < 0, then the graph of y = a is a horizontal line that lies strictly below the x-axis, as shown in Figure 3.5.2(a). In this case,
the equation [x| = a has no solutions because the graphs of y = a and y = |x| do not intersect.

e Casell:a=0
If a = 0, then the graph of y = 0 is a horizontal line that coincides with the x-axis, as shown in Figure 3.5.2(b). In this case,
the equation |x| = 0 has the single solution x = 0, because the horizontal line y = 0 intersects the graph of y = |x| at exactly one
point, at x = 0.

e Caselll:a>0
If a > 0, then the graph of y = a is a horizontal line that lies strictly above the x-axis, as shown in Figure 3.5.2(c). In this case,

the equation [x| = a has two solutions, because the graphs of y = a and y = |x| have two points of intersection.

Recall that the left-hand branch of y = |x| has equation y = —x, and points on this branch have the form (-1, 1), (-2, 2), etc.
Because the point where the graph of y = a intersects the left-hand branch of y = |x| has y-coordinate y = a, the x-coordinate
of this point of intersection is x = —a. This is one solution of |x| = a.

Recall that the right-hand branch of y = |x| has equation y = x, and points on this branch have the form (1, 1), (2, 2), etc.
Because the point where the graph of y = a intersects the right-hand branch of y = |x| has y-coordinate y = a, the x-coordinate
of this point of intersection is x = a. This is the second solution of |x| = a.
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(a)a < 0. (b) a = 0. (c)a> 0. Figure 3.5.2 The solution of |x| = a has three

cases.

This discussion leads to the following key result.

& Property 2

The solution of |x| = a depends upon the value and sign of a.
e Casel:a<0
The equation |x| = a has no solutions.
e Casell:a=0
The equation |x| = 0 has one solution, x = 0.
e Caselll:a>0

The equation |x| = a has two solutions, x = —a or x = a.

Let’s look at some examples.

v/ Example 3.5.1

Solve |x| = =3 for x.

Solution

The graph of the left-hand side of |x| = =3 is the “V” of Figure 3.5.2(a). The graph of the right-hand side of [x| = -3 is a
horizontal line three units below the x-axis. This has the form of the sketch in Figure 3.5.2(a). The graphs do not intersect.
Therefore, the equation |x| = —3 has no solutions.

An alternate approach is to consider the fact that the absolute value of x can never equal —3. The absolute value of a number is
always nonnegative (either zero or positive). Hence, the equation |x| = —3 has no solutions.

v/ Example 3.5.2

Solve [x| = 0 for x

Solution

This is the case shown in Figure 3.5.2(b). The graph of the left-hand side of [x| = 0 intersects the graph of the right-hand side of
[x|] = 0 at x = 0. Thus, the only solution of |x| =0 is x = 0.

Thinking about this algebraically instead of graphically, we know that 0 = 0, but there is no other number with an absolute
value of zero. So, intuitively, the only solution of x| = 0 is x = 0.

v/ Example 3.5.3

Solve |x| = 4 for x.

Solution
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The graph of the left-hand side of [x| = 4 is the “V” of Figure 3.5.2(c). The graph of the right-hand side is a horizontal line 4
units above the x-axis. This has the form of the sketch in Figure 3.5.2(c). The graphs intersect at (-4, 4) and (4, 4). Therefore,
the solutions of |x| =4 are x = —4 or x = 4.

Alternatively, | — 4] = 4 and |4| = 4, but no other real numbers have absolute value equal to 4. Hence, the only solutions of |x| =
4arex=-4orx=4.

v/ Example 3.5.4

Solve the equation |3 — 2x| = -8 for x.

Solution
If the equation were |x| = —8, we would not hesitate. The equation |x| = —8 has no solutions. However, the reasoning applied to
the simple case |x| = —8 works equally well with the equation |3 — 2x| = —8. The left-hand side of this equation must be

nonnegative, so its graph must lie above or on the x-axis. The right-hand side of |3—2x| = -8 is a horizontal line 8 units below
the x-axis. The graphs cannot intersect, so there is no solution.

We can verify this argument with the graphing calculator. Load the left and righthand sides of |3 — 2x| = =8 into Y1 and Y2,
respectively, as shown in Figure 3.5.3(a). Push the MATH button on your calculator, then right-arrow to the NUM menu, as
shown in Figure 3.5.3(b). Use 1:abs( to enter the absolute value shown in Y1 in Figure 3.5.3(a). From the ZOOM menu, select
6:ZStandard to produce the image shown in Figure 3.5.3(c).

Note, that as predicted above, the graph of y = |3 — 2x] lies on or above the xaxis and the graph of y = —8 lies strictly below the
x-axis. Hence, the graphs cannot intersect and the equation |3 — 2x| = —8 has no solutions.

W= Fletl Flatz  Flatz !
~NBabs CE-20 abs ;
~NMzE -2 round :
A z= tiPart U Y A
Y= :fFPart F
-Me= tinty
-Me= fmineg
M= s
(2) (b) (c) Figure 3.5.3 Using the graphing

calculator to examine the solution of |3 — 2x| = —8.

Alternatively, we can provide a completely intuitive solution of |3 — 2x| = —8 by arguing that the left-hand side of this equation
is nonnegative, but the right-hand side is negative. This is an impossible situation. Hence, the equation has no solutions.

v/ Example 3.5.5

Solve the equation |3 — 2x| = 0 for x.

Solution
We have argued that the only solution of |x| = 0 is x = 0. Similar reasoning points out that |3 — 2x| = 0 only when 3 — 2x = 0.
We solve this equation independently.

3—2z =0
—2x =-3
3

T73

Thus, the only solution of |3 — 2x| =0 is x = 3/2.

It is worth pointing out that the “tip” or “vertex” of the “V” in Figure 3.5.3(c) is located at x = 3/2. This is the only location
where the graphs of y = |3 — 2x| and y = 0 intersect.
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Solve the equation |3 — 2x| = 6 for x.

Solution

In this example, the graph of y = 6 is a horizontal line that lies 6 units above the x-axis, and the graph of y = |3 — 2x]| intersects
the graph of y = 6 in two locations. You can use the intersect utility to find the points of intersection of the graphs, as we have
in Figure 3.5.4(b) and (c).

W= Flatl  Flotz  Flots
~1Babks CE-2HE0 l\" f'f H"* *’/
~YzEEN i / " /‘
y=
-Ne=
“ME= Intersection Ink&FE&ckion
-MNr= Hz-1.E Y=k H=4.E Y=h
(2) (b) (c) Figure 3.5.4 Using the graphing

calculator to find two solutions of |3 — 2x| = 6.

We need a way of summarizing this graphing calculator approach on our homework paper. First, draw a reasonable facsimile of
your calculator’s viewing window on your homework paper. Use a ruler to draw all lines. Complete the following checklist.

o Label each axis, in this case with x and y.

e Scale each axis. To do this, press the WINDOW button on your calculator, then report the values of xmin, xmax, ymin, and
ymax on the appropriate axis.

o Label each graph with its equation.

e Drop dashed vertical lines from the points of intersection to the x-axis. Shade and label these solutions of the equation on
the x-axis.

Following the guidelines in the above checklist, we obtain the image in Figure 3.5.5.

Y
10 y=|3—2z|
- \ /

3
- —
o
'
]

B 4.5 10

=10 Figure 3.5.5 Reporting a graphical solution of |3 — 2x| = 6.

Algebraic Approach. One can also use an algebraic technique to find the two solutions of |3 — 2x| = 6. Much as [x| = 6 has
solutions x = —6 or x = 6, the equation

[3—2z| =6
is possible only if the expression inside the absolute values is either equal to —6 or 6. Therefore, write
3—2x=—6 or 3—2x=6

and solve these equations independently

3—2x = —6 or 3—-2x = 6
-2z = -9 -2z = 3
z = 2 z = -3

Because —3/2 = —1.5 and 9/2 = 4.5, these exact solutions agree exactly with the graphical solutions in Figure 3.5.4(b) and (c).

@ 0 a @ 3.5.4 https://stats.libretexts.org/@go/page/35212



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/2.5/
https://stats.libretexts.org/@go/page/35212?pdf

LibreTexts"

Let’s summarize the technique involved in solving this important case.

Solving |expression| = a, when a > 0. To solve the equation
| expression | =a, whena >0

set
expression = —a or expression =a

then solve each of these equations independently.

For example:
* To solve |[2x + 7| = 5, set
2¢4+7=-b or 20 +7=5
, then solve each of these equations independently.
* To solve |3 — 5x| =9, set

3—5x=-9 or 3—b5z

Il
©

, then solve each of these equations independently.

* Note that this technique should not be applied to the equation |2x + 11| = —10, because the right-hand side of the equation is not a
positive number. Indeed, in this case, no values of x will make the left-hand side of this equation equal to —10, so the equation has
no solutions.

Sometimes we have to do a little algebra before removing the absolute value bars.

v/ Example 3.5.7

Solve the equation

|z +2|+3=38
for x.
Solution
First, subtract 3 from both sides of the equation.

|t +2|+3 =8

|l +2|+3—-3 =8-3
This simplifies to
|z +2| =5
Now, either
z+2=-5 or z+2=5

each of which can be solved separately.

r+2 = -5 or r+2 = b
r+2—-2 = —-5-2 r+2—-2 = 5-2
r = -7 T 3
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v/ Example 3.5.8

Solve the equation

3lz—5|=6
for x.
Solution
First, divide both sides of the equation by 3

3lz—5| =6

3z -5/ 6

3 3
This simplifies to
|z —5| =2

Now, either
r—5=-2 or r—5=2

each of which can be solved separately.

r—5 = -2 or r—5 = 2
r—5+5 = -245 r—5+5 = 245

Properties of Absolute Value

An example will motivate the need for some discussion of the properties of absolute value.

v Example 3.5.9

Solve the equation

for x.

Solution

It is tempting to multiply both sides of this equation by a common denominator as follows.

m_l‘_l
2 3 4

z 1 1
12 5_5‘_12<Z)

If it is permissible to move the 12 inside the absolute values, then we could proceed as follows.
z 1
12(=—=]| =3
2(5-3)
|6z —4| =3
Assuming for the moment that this last move is allowable, either

6r—4=-3 or 6rx—4=3

Each of these can be solved separately, first by adding 4 to both sides of the equations, then dividing by 6.
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6x—4 = -3 or 6z—4 = 3
z = 1/6 x = T/6
As we’ve used a somewhat questionable move in obtaining these solutions, it would be wise to check our results. First,
substitute x = 1/6 into the original equation.
z 1| 1
2 3| 4
1/6 1 1
2 3] 4
1 1] 1
12 3| 4
Write equivalent fractions with a common denominator and subtract.
L £ L
12 12| 4
‘ 31 1
12| 4
’ 1] 1
4| 4
Clearly, x = 1/6 checks. We’ll leave the check of the second solution to our readers.

Well, we’ve checked our solutions and they are correct, so it must be the case that

E_l‘: (s_1
2 3 2 3

But why? After all, absolute value bars, though they do act as grouping symbols, have a bit more restrictive meaning than ordinary
grouping symbols such as parentheses, brackets, and braces.

We state the first property of absolute values.

& Property

If a and b are any real numbers, then

|ab| = |al[b]

We can demonstrate the validity of this property by simply checking cases.

¢ If aand b are both positive real numbers, then so is ab and |a||b| = ab. On the other hand, |a||b| = ab. Thus, |ab| = |al|b|.
e If aand b are both negative real numbers, then ab is positive and |ab| = ab. On the other hand, |a||b| = (—a)(—b) = ab . Thus,
|ab| = [al[b].

We will leave the proof of the remaining two cases as exercises. We can use |a||b| = |ab| to demonstrate that

f_l,: (z_1
2 3 2 3

This validates the method of attack we used to solve equation (12) in Example 3.5.9.

On the other hand, it is not permissible to multiply by a negative number and simply slide the negative number inside the
absolute value bars. For example,

2|z =3[ =|-2(z - 3)|
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is clearly an error (well, it does work for x = 3). For any x except 3, the lefthand side of this result is a negative number, but the
right-hand side is a positive number. They are clearly not equal.

In similar fashion, one can demonstrate a second useful property involving absolute value.

If a and b are any real numbers, then

provided, of course, that b # 0.

Again, this can be proved by checking four cases. For example, if a is a positive real number and b is a negative real number, then
a/b is negative and |a/b| = —a/b. On the other hand, |a|/|b] = a/(—b) = —a/b.

We leave the proof of the remaining three cases as exercises.

This property is useful in certain situations. For example, should you desire to divide |2z — 4] by 2, you would proceed as follows.

|22 —4| |2z —4| 2z —4
2 2| 2

This technique is useful in several situations. For example, should you want to solve the equation |2z — 4| = 6, you could divide
both sides by 2 and apply the quotient property of absolute values.
Distance Revisited

Recall that for any real number x, the absolute value of x is defined as the distance between the real number x and the origin on the
real line. In this section, we will push this distance concept a bit further.

Suppose that you have two real numbers on the real line. For example, in the figure that follows, we’ve located 3 and —2 on the real
line.

d

T A

|
I
-2 3
You can determine the distance between the two points by subtracting the number on the left from the number on the right. That is,
the distance between the two points is d = 3 — (-=2) = 5 units. If you subtract in the other direction, you get the negative of the
distance, as in —2 — 3 = =5 units. Of course, distance is a nonnegative quantity, so this negative result cannot represent the distance

between the two points. Consequently, to find the distance between two points on the real line, you must always subtract the
number on the left from the number on the right.

However, if you take the absolute value of the difference, you’ll get the correct result regardless of the direction of subtraction.
d=13—(-2)|=15|=5 and d=|—-2-3|=|-5/=5
This discussion leads to the following key idea.

# Property 16.

Suppose that a and b are two numbers on the real line

- -
-+ Lt

L b

You can determine the distance d between a and b on the real line by taking the absolute value of their difference. That is,
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Of course, you could subtract in the other direction, obtaining d = |b — a| . This is also correct.

Now that this geometry of distance has been introduced, it is useful to pronounce the symbolism |a—b| as “the distance between a
and b” instead of saying “the absolute value of a minus b.”

v/ Example 3.5.10

Solve the equation

|z —3| =8

for x.

Solution

Here’s the ideal situation to apply our new concept of distance. Instead of saying “the absolute value of x minus 3 is 8,” we
pronounce the equation |z — 3| = 8 as “the distance between x and 3 is 8.”

Draw a number line and locate the number 3 on the line.

[

Recall that the “distance between x and 3 is 8.” Having said this, mark two points on the real line that are 8 units away from 3.

8 8

-5

ot

11

Thus, the solutions of [x — 3| =8 arex = -5o0orx = 11

v/ Example 3.5.11

Solve the equation
|z +5| =2
for x.

Solution
Rewrite the equation as a difference.

[z —(=5) =2
This is pronounced “the distance between x and -5 is 2.” Locate two points on the number line that are 2 units away from —5.

2 2

Hence, the solutions of |z + 5| =2 are x = -7 or x = -3.

Exercise
For each of the equations in Exercises 1-4, perform each of the following tasks.

1. Set up a coordinate system on a sheet of graph paper. Label and scale each axis.
2. Sketch the graph of each side of the equation without the aid of a calculator. Label each graph with its equation.
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3. Shade the solution of the equation on the x-axis (if any) as shown in Figure 5 (read "Expectations") in the narrative. That is,
drop dashed lines from the points of intersection to the axis, then shade and label the solution set on the x-axis.

? Exercise 3.5.1

x| =-2

Answer

No solutions.

x|=0

? Exercise 3.5.3
x| =3

Answer

Solution: x = -3 or x = 3.
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Ok y=|z|

y:

oo on oo e o

WWpomoooe

? Exercise 3.5.4

For each of the equations in Exercises 5-8, perform each of the following tasks.

1. Load each side of the equation into the Y= menu of your calculator. Ad- just the viewing window so that all points of
intersection of the two graphs are visible in the viewing window.

2. Copy the image in your viewing screen onto your homework paper. Label each axis and scale each axis with xmin, xmax, ymin,
and ymax. Label each graph with its equation.

3. Use the intersect utility in the CALC menu to determine the points of intersection. Shade and label each solution as shown in
Figure 5 (read "Expectations") in the narrative. That is, drop dashed lines from the points of intersection to the axis, then shade
and label the solution set on the x-axis.

? Exercise 3.5.5
I3-2x/ = 5

Answer

Solutions: x = -1 or x = 4.
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Yy
104 y=[3—2z|
Y=9
< >
N/
| I
| I
| |
| |
< ® ® >
—10 -1 4 10
- 1[}Y
? Exercise 3.5.6
[2x+7| =4
|[4x+5| =7
Answer
Solutions: x = -3 or x = 0.5.
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? Exercise 3.5.8

I5x~7| = 8

For each of the equations in Exercises 9-14, provide a purely algebraic solution without the use of a calculator. Arrange your work
as shown in Examples 6, 7, and 8 in the narrative, but do not use a calculator.

? Exercise 3.5.9

[4x+3| =0
Answer
—_3
=73

? Exercise 3.5.10

13x-11| = -5

[2x+7| = 14
Answer
—__2z 7
T=—5 orT =5
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|7-4x| = 8

13-2x| = -1

Answer

No solutions.

? Exercise 3.5.14

|4x+9] = 0

For each of the equations in Exercises 15-20, perform each of the following tasks.

1. Arrange each of the following parts on your homework paper in the same location. Do not do place the algebraic work on one
page and the graphical work on another.

2. Follow each of the directions given for Exercises 5-8 to find and record a solution with your graphing calculator.

3. Provide a purely algebraic solution, showing all the steps of your work. Do these solutions compare favorably with those found
using your graphing calculator in part (ii)? If not, look for a mistake in your work.

? Exercise 3.5.15

[x—8| =7
Answer
y=|z—38|
= >
y="7
< i

__107

x=1lorx=15
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? Exercise 3.5.16

[2x=15| =5
[2x+11| =6
Answer
Y
y=|2x+11| 210
< >
! g y="6
i |
§ i
3 i
i |
[ i
e L L] »
—15 —8.5 —2.5 5)

—10Y

x=-850rx=-25

? Exercise 3.5.18

I5x-21| = 7
? Exercise 3.5.19
x-12| = 6

Answer
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Yy
10 y=|z—12|

A
@Y " T T T
&“--

\j

=

—10Y

Xx=6orx=18

? Exercise 3.5.20

[x+11|=5

Use a strictly algebraic technique to solve each of the equations in Exercises 21-28. Do not use a calculator.

x+2|-3 = 4

Answer

x=-90rx=5

3x+5|=6

-2|3-2x| = -6

Answer

x=0orx=3

? Exercise 3.5.24

[4-x[+5 = 12
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3|x+2|-5 = |x+2|+7

Answer

x=-8orx=4

? Exercise 3.5.26

4-3J4—x| = 2}4-x-1

Use the technique of distance on the number line demonstrated in Examples 16 and 17 to solve each of the equations in Exercises
29-32. Provide number line sketches on your homework paper as shown in Examples 16 and 17 in the narrative.

? Exercise 3.5.29
[x-5|=8

Answer

3 5 13

x=-3orx=13

? Exercise 3.5.30

[x=2|=4
? Exercise 3.5.31

[x+4| =3

Answer
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x=-7o0rx=-1

[x+2| =11
Use the instructions provided in Exercises 5-8 to solve the equations in Exercises 33-34.

? Exercise 3.5.33

|z+2|=32+5
Answer
Y =|r+2
10 y=| |
y=x/3+5
i
i
< l » T

—10 —=5.25

—~10Y
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? Exercise 3.5.34

|m—3|:5—%a:

In Exercises 35-36, perform each of the following tasks.

1. Set up a coordinate system on graph paper. Label and scale each axis.

2. Without the use of a calculator, sketch the graphs of the left- and right-hand sides of the given equation. Label each graph with
its equation.

3. Drop dashed vertical lines from each point of intersection to the x-axis. Shade and label each solution on the x-axis (you will
have to approximate).

? Exercise 3.5.35

|z —2| :%z—i—Z

Answer

y=|z—2|

y=z/3+2

~10Y

? Exercise 3.5.36

|z +4| = %z—i—él
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Given that a < 0 and b > 0, prove that |ab| = |a||b].

Answer

If a is a negative real number and b is a positive real number, then ab is negative, so |ab| = —ab. On the other hand, a
negative also means that |a] = —a, and b positive means that |b| = b, so that |a||b|] = —a(b) = —ab. Comparing these results, we
see that |ab| and |a||b| equal the same thing, and so they must be equal to one another.

? Exercise 3.5.38

Given that a>0 and b<0, prove that |ab| = |a||b|.

? Exercise 3.5.39
la|

In the narrative, we proved that if a> 0 and b <0, then |%| =W Prove the remaining three cases.

Answer

Casel. (a, b > 0) If a and b are both positive real numbers, then % is positive and so |%| = %. On the other hand, a positive

also means that |a| = a, and b positive means that |b| = b, so that % = % . Comparing these two results, we see that |%\ and
|a|

Tl equal the same thing, and so they must be equal to one another.

Case II. (a, b < 0) If a and b are both negative real numbers, then % is positive and so |%| = % On the other hand, a

negative also means that |a| = —a, and b negative means that |b| = —b, so that % = (:Z) = % . Comparing these two results,
|a|

we see that | %| and Tl equal the same thing, and so they must be equal to one another.

Case III. (a <0, b > 0) If a is a negative real number and b is a positive real number, then - is negative and so [ 3| = —(3).
On the other hand, a negative also means that |a] = —a, and b positive means that |b| = b, so that % = —% =) —(%) .

Comparing these two results, we see that |%| and % equal the same thing, and so they must be equal to one another.

This page titled 3.5: Absolute Value Equations is shared under a CC BY-NC-SA 2.5 license and was authored, remixed, and/or curated by David
Arnold.

o 4.3: Absolute Value Equations by David Arnold is licensed CC BY-NC-SA 2.5. Original source:
https://web.archive.org/web/20200814023923/http://msenux2.redwoods.edu/IntAlg Text/.
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3.6: Break-Even Analysis (Sink or Swim)

Should you start up the Internet business described in the last section? Right now, all you have are some projected costs and a
forecasted level of sales. You imagine you are going to sell 400 units. Is that possible? Is it reasonable to forecast this many sales?

Now you may say to yourself, “400 units a month . . . that's about 13 per day. What's the big deal?” But let’s gather some more
information. What if you looked up your industry in Statistics Canada data and learned that the product in question sells just 1,000
units per month in total? Statistics Canada also indicates that there are eight existing companies selling these products. How does
that volume of 400 units per month sound now? Unless you are revolutionizing your industry, it is unlikely you will receive a 40%
market share in your first month of operations. With so few unit sales in the industry and too many competitors, you might be lucky
to sell 100 units. If this is the case, are you still profitable?

Simply looking at the fixed costs, variable costs, potential revenues, contribution margins, and typical net income is not enough.
Ultimately, all costs in a business need to be recovered through sales. Do you know how many units have to be sold to pay your
bills? The answer to this question helps assess the feasibility of your business idea.

What Is Break-Even Analysis?

If you are starting your own business and head to the bank to initiate a start-up loan, one of the first questions the banker will ask
you is your break-even point. You calculate this number through break-even analysis, which is the analysis of the relationship
between costs, revenues, and net income with the sole purpose of determining the point at which total revenue equals total cost.
This break-even point is the level of output (in units or dollars) at which all costs are paid but no profits are earned, resulting in a
net income equal to zero. To determine the break-even point, you can calculate a break-even analysis in two different ways,
involving either the number of units sold or the total revenue in dollars. Each of these two methods is discussed in this section.

Method 1: Break-Even Analysis in Units

In this method, your goal is to determine the level of output that produces a net income equal to zero. This method requires unit
information, including the unit selling price and unit variable cost.

It is helpful to see the relationship of total cost and total revenue on a graph. Assume that a company has the following
information:

TFC =$400 S=$100 VC =$60

The graph shows dollar information on the y-axis and the level of output on the z-axis.

Break-Even Point lllustrated through Total Cost
and Total Revenue
$1,600 Break-Even Point
$1,400 - (10,51000)
$1,200 l Point 2 ' Folnt 2
2,$520
» $1.000 | Point1 | (1.5460) 22520
= 4800 1105400)| e e
3 500 ~@=Total Cost (TFC + n(VC))
Point 6 —Total Revenue (TR)
A (2,6200)
5200 = points5 -
S0 &7 ————(1,$100) ————————— '
bointa 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
(0,50) Level of Output (Units)
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Here is how you construct such a graph:

1. Plot the total costs:

a. At zero output you incur the total fixed costs of $400. Denote this as Point 1 (0, $400).

b. As you add one level of output, the total cost rises in the amount of the unit variable cost. Therefore, total cost is
TFC +n(VC)=$400+1(360) = $460. Denote this as Point 2 (1, $460).

¢. As you add another level of output (2 units total), the total cost rises once again in the amount of the unit variable cost,
producing $400 4 2($60) = $520. Denote this as Point 3 (2, $520).

d. Repeat this process for each subsequent level of output and plot it onto the figure. The red line plots these total costs at all
levels of output.

2. Plot the total revenue:

a. At zero output, there is no revenue. Denote this as Point 4 (0, $0).

b. As you add one level of output, total revenue rises by the selling price of the product. Therefore, total revenue is
n(S) =1($100) = $100. Denote this as Point 5 (1, $100).

¢. As you add another level of output (2 units total), the total revenue rises once again in the amount of the selling price,
producing 2($100) = $200 Denote this as Point 6 (2, $200).

d. Repeat this process for each subsequent level of output and plot it onto the figure. The green line plots the total revenue at
all levels of output.

The purpose of break-even analysis is to determine the point at which total cost equals total revenue. The graph illustrates that the
break-even point occurs at an output of 10 units. At this point, the total cost is $400 +10($60) = $1, 00Q and the total revenue is
10($100) = $1, 000 Therefore, the net income is $1,000 — $1, 000 = $0; no money is lost or gained at this point.

The Formula

Recall that Formula 5.2 states that the net income equals total revenue minus total costs. In break-even analysis, net income is set to
zero, resulting in

0=n(S)— (TFC +n(VC))
Rearranging and solving this formula for n gives the following:
0 =n(S)—TFC —n(VC)
TFC =n(S)—n(VC)
TFC =n(S—-VC)

TFC
(S—VC)

=n

Formula 5.3 states that CM = S — V C'; therefore, the denominator becomes just C' M. The calculation of the break-even point
using this method is thus summarized in Formula 5.7.

/ n is Breakeven Level of Output (Units): This is TFC is Total Fixed Costs: The
the level of output in units that produces a net total of all costs that are not affected
income equal to zero. by the level of output.

TFC

Formula 5.7: Unit Break-Even: I1 —

CM is Unit Contribution Margin: The amount of money left over per unit after you have
recovered your variable costs. Calculate this by taking the unit selling price and subtracting the
\u.nit variable cost (Formula 5.3). You use this money to pay off your fixed costs.

Formula 5.7
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How It Works

Follow these steps to calculate the break-even point in units:

Step 1: Calculate or identify the total fixed costs (T'F'C).

Step 2: Calculate the unit contribution margin (C' M) by applying any needed techniques or formulas.
Step 3: Apply Formula 5.7.

Continuing with the example that created the graph on the previous page:

Step 1: Total fixed costs are known, T'F'C = $400.

Step 2: The unit contribution margin is $100 — $60 = $40. For each unit sold this is the amount left over that can be applied
against total fixed costs.

Step 3: Applying Formula 5.7 results in n = $400 = $40 = 10 units.

Break-Even Point lllustrated through Total Fixed
Cost and Total Contribution Margin
§700

@ $600 Break-Even Point
£ (10,5400)

a
@
8

b4
8

—4=Total Fixed Cost (TFC)

©
8

Total Contribution Margin
n(CM)

Total Contribution Margi
Rl v

(=)

8

3

8

01 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Level of Output (Units)

Important Notes

When you calculate the break-even units, the formula may produce a number with decimals. For example, a break-even point might
be 324.39 units. How should you handle the decimal? A partial unit cannot be sold, so the rule is always to round the level of
output up to the next integer, regardless of the decimal. Why? The main point of a break-even analysis is to show the point at which
you have recovered all of your costs. If you round the level of output down, you are 0.39 units short of recovering all of your costs.
In the long-run, you always operate at a loss, which ultimately puts you out of business. If you round the level of output up to 325,
all costs are covered and a tiny dollar amount, as close to zero as possible, is left over as profit. At least at this level of output you
can stay in business.

v Example 3.6.1: The Break-Even Units for Your Planned Internet Business

Recall from Section 5.1 the Internet business explored throughout Examples 5.1.1 to 5.1.4. Now let’s determine the break-even
point in units. As previously calculated, the total fixed costs are $638.03 and the unit contribution margin is $3.57.

Solution

Calculate the break-even point in units sold, or n at break-even.
What You Already Know

Step 1:

The total fixed costs are known: TFC' = $638.03

Step 2:

The contribution rate is known: C M = $3.57.
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How You Will Get There
Step 3:

Apply Formula 5.7.
Perform

Step 3:

~ $638.03

=178.719888
$3.57

Round this up to 179.

Calculator Instructions

FC VvC P PFT Q

638.03 6.43 10 0 Answer: 178.719888

In order for your Internet business to break even, you must sell 179 units. At a price of $10 per unit, that requires a total
revenue of $1,790. At this level of output your business realizes a net income of $1 because of the rounding.

Break-Even Point for Your Internet Business

m Total Fixed Costs --> §638.03

m Total Varable Costs .-> 179 % ($10 — §3.57) = $1,150 97
$1,790

m Net Income --> §1,790 ~ §638.03 ~ §1,150.97 =51

Method 2: Break-Even Analysis in Dollars

The income statement of a company does not display unit information. All information is aggregate, including total revenue, total
fixed costs, and total variable costs. Typically, no information is listed about unit selling price, unit variable costs, or the level of
output. Without this unit information, it is impossible to apply Formula 5.7.

The second method for calculating the break-even point relies strictly on aggregate information. As a result, you cannot calculate
the break-even point in units. Instead, you calculate the break-even point in terms of aggregate dollars expressed as total revenue.

The Formula

To derive the break-even point in dollars, once again start with Formula 5.2, where total revenue at break-even less total fixed costs
and total variable costs must equal a net income of zero:

NI=TR- (TFC+TVC)
0=TR- (TFC+TVC)

Rearranging this formula for total revenue gives:

0=TR-TFC-TVC
TR=TFC+TVC
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Thus, at the break-even point the total revenue must equal the total cost. Substituting this value into the numerator of Formula 5.6
gives you:

CR=(TR—-TVC)/TR x 100
CR=((TFC+TVC)-TVC)/TR %100
CR=TFC/TR x 100

A final rearrangement results in Formula 5.8, which expresses the break-even point in terms of total revenue dollars.

/ TR is Total Revenue at Break-even: The total amount of TEC is Total Fixed Costs: The \
dollars that the company must earn as revenue to pay for all of total of all costs that are not affected
the fixed and variable costs. At this level of revenue, the net by the level of output.
income equals zero.
TFC
Formula 5.8: Dollar Break-Even: TR - E

CR is Contribution Rate: The percentage of the selling price, expressed in decimal format,

\ available to pay for fixed costs. /

Formula 5.8

How It Works

Follow these steps to calculate the break-even point in total revenue dollars:
Step 1: Calculate or identify the total fixed costs (T'F'C).

Step 2: Calculate the contribution rate (C'R), by applying any needed techniques or formulas. If not provided, typically the CR is
calculated using Formula 5.6, which requires aggregate information only.

Step 3: Apply Formula 5.8 to calculate the break-even point in dollars.

Break-Even Point in Total Revenue Dollars

MW Total Fixed Costs -->
$420,000

m Total Variable Costs -->
$1,200,000 X (1—35%) =

$1,200,000 §780,000

1 Net Income --> §1,200,000 —
$420,000 — $780,000 = $0

Assume that you are looking at starting your own business. The fixed costs are generally easier to calculate than the variable costs.
After running through the numbers, you determine that your total fixed costs are $420,000, or TF'C = $420, 000. You are not sure
of your variable costs but need to gauge your break-even point. Many of your competitors are publicly traded companies, so you go
online and pull up their annual financial reports. After analyzing their financial statements, you see that your competitors have a
contribution rate of 35%, or CR = 0.35, on average. What is your estimate of your break-even point in dollars?
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Step 1: Total fixed costs are TF'C = $420, 000.
Step 2: The estimated contribution rate is CR = 0.35.
Step 3: Applying Formula 5.8 results in

TR =$420,000-+0.35 =$1,200,000Q If you average a similar contribution rate, you require total revenue of $1,200,000 to
cover all costs, which is your break-even point in dollars.

Important Notes

You need to be very careful with the interpretation and application of a break-even number. In particular, the break-even must have
a point of comparison, and it does not provide information about the viability of the business.

Break-Even Points Need to Be Compared. The break-even number by itself, whether in units or dollars, is meaningless. You
need to compare it against some other quantity (or quantities) to determine the feasibility of the number you have produced. The
other number needs to be some baseline that allows you to grasp the scope of what you are planning. This baseline could include
but is not limited to the following:

o Industry sales (in units or dollars)
o Number of competitors fighting for market share in your industry
e Production capacity of your business

For example, in your Internet business the break-even point is 179 units per month. Is that good? In the section opener, you
explored a possibility where your industry had total monthly sales of 1,000 units and you faced eight competitors. A basic analysis
shows that if you enter the industry and if everyone split the market evenly, you would have sales of 1,000 divided by nine
companies, equal to 111 units each. To just pay your bills, you would have to sell almost 61% higher than the even split and
achieve a 17.9% market share. This doesn't seem very likely, as these other companies are already established and probably have
satisfied customers of their own that would not switch to your business.

Break-Even Points Are Not Green Lights. A break-even point alone cannot tell you to do something, but it can tell you not to do
something. In other words, break-even points can put up red lights, but at no point does it give you the green light. In the above
scenario, your break-even of 179 units put up a whole lot of red lights since it does not seem feasible to obtain. However, what if
your industry sold 10,000 units instead of 1,000 units? Your break-even would now be a 1.79% market share (179 units out of
10,000 units), which certainly seems realistic and attainable. This does not mean “Go for it,” however. It just means that from a
strictly financial point of view breaking even seems possible. Whether you can actually sell that many units depends on a whole
range of factors beyond just a break-even number. For instance, if your Google ad is written poorly you might not be able to
generate that many sales. The break-even analysis cannot factor in this non-quantitative variable, and for that reason it cannot offer
a “go ahead.”

? Exercise 3.6.1: Give It Some Thought

What would happen to the break-even point in each of the following situations? Would it increase, decrease, or remain the
same?

a. The unit contribution margin increases.
b. The total fixed costs increase.
c. The contribution rate decreases.

Answer
a. Decrease. In Formula 5.7, the denominator is larger, producing a lower break-even.
b. Increase. In both Formula 5.7 and Formula 5.8, the numerator is larger, producing a higher break-even.
c. Increase. In Formula 5.8, the denominator is smaller, producing a higher break-even.

v/ Example 3.6.2: Determining the Break-Even Dollars

In the annual report to shareholders, Borland Manufacturing reported total gross sales of $7,200,000, total variable costs of
$4,320,000, and total fixed costs of $2,500,000. Determine Borland's break-even point in dollars.
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Solution
Calculate the dollar break-even point, which is the total revenue (7'R) at break-even.

What You Already Know

Step 1:

The total fixed costs are known: TFC = $2, 500,000
Other known information includes the following:

TR =2$7,200,000,TVC = $4, 320,000

How You Will Get There

Step 2:

Calculate the contribution rate by applying Formula 5.6.

Step 3:
Apply Formula 5.8.
Perform
Step 2:
o LA SO, ) LD, 1
Step 3:

~$2,500,000 52,500,000
O 40% 0.4

Borland Manufacturing achieves its break-even point at $6,250,000 in total revenue. At this point, total fixed costs are
$2,500,000 and total variable costs are $3,750,000, producing a net income of zero.

TR =$6, 250,000

Contributors and Attributions

This page titled 3.6: Break-Even Analysis (Sink or Swim) is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Jean-Paul Olivier via source content that was edited to the style and standards of the LibreTexts platform.

e 5.2: Break-Even Analysis (Sink or Swim) by Jean-Paul Olivier is licensed CC BY-NC-SA 4.0. Original source:
https://open.bccampus.ca/browse-our-collection/find-open-textbooks/?uuid=16301119-8ec4-4241-b0f7-cc87ffc942d6.
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3.7: Applications

4b Learning Objectives

In this section, you will learn to use linear functions to model real-world applications

Now that we have learned to determine equations of lines, we get to apply these ideas in a variety of real-life situations.

Read the problem carefully. Highlight important information. Keep track of which values correspond to the independent variable
(x) and which correspond to the dependent variable (y).

v/ Example 3.7.1

A taxi service charges $0.50 per mile plus a $5 flat fee. What will be the cost of traveling 20 miles? What will be cost of
traveling « miles?

Solution
x = distance traveled, in miles and y = cost in dollars

The cost of traveling 20 miles is
y=1(0.50)(20)+5=10+5=15
The cost of traveling = miles is
y=1(0.50)(z)+5=0.50z +5

In this problem, $0.50 per mile is referred to as the variable cost, and the flat charge $5 as the fixed cost. Now if we look at
our cost equation y = .50x + 5, we can see that the variable cost corresponds to the slope and the fixed cost to the y-intercept.

v/ Example 3.7.2

The variable cost to manufacture a product is $10 per item and the fixed cost $2500. If x represents the number of items
manufactured and y represents the total cost, write the cost function.

Solution
e The variable cost of $10 per item tells us that m = 10.
o The fixed cost represents the y-intercept. So b = 2500.

Therefore, the cost equation is y = 10z + 2500.

v/ Example 3.7.3

It costs $750 to manufacture 25 items, and $1000 to manufacture 50 items. Assuming a linear relationship holds, find the cost
equation, and use this function to predict the cost of 100 items.

Solution
We let = the number of items manufactured, and let y = the cost.
Solving this problem is equivalent to finding an equation of a line that passes through the points (25, 750) and (50, 1000).

1000 — 750
- 50-25 =10

Therefore, the partial equation is y = 10z +b

By substituting one of the points in the equation, we get b = 500

Therefore, the cost equation is y = 10z 4500

To find the cost of 100 items, substitute = 100 in the equation y = 10z 4500
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So the cost is
y =10(100) +500 = 1500

It costs $1500 to manufacture 100 items.

v/ Example 3.7.4

The freezing temperature of water in Celsius is 0 degrees and in Fahrenheit 32 degrees. And the boiling temperatures of water
in Celsius, and Fahrenheit are 100 degrees, and 212 degrees, respectively. Write a conversion equation from Celsius to
Fahrenheit and use this equation to convert 30 degrees Celsius into Fahrenheit.

Solution
Let us look at what is given.

Celsius Fahrenheit
0 32
100 212

Again, solving this problem is equivalent to finding an equation of a line that passes through the points (0, 32) and (100, 212).

Since we are finding a linear relationship, we are looking for an equation y = ma +b, or in this case F' =mC +b, where
or C represent the temperature in Celsius, and y or F the temperature in Fahrenheit.

Lo 31232 9
SOPEI T T00-0 5
The equation is F = 2C +b
Substituting the point (0, 32), we get
9
F= 30-1—32.

To convert 30 degrees Celsius into Fahrenheit, substitute C' = 30 in the equation
9
F= B C+32

F= %(30)+32 =86

v/ Example 3.7.5

The population of Canada in the year 1980 was 24.5 million, and in the year 2010 it was 34 million. The population of Canada
over that time period can be approximately modelled by a linear function. Let x represent time as the number of years after
1980 and let y represent the size of the population.

a. Write the linear function that gives a relationship between the time and the population.
b. Assuming the population continues to grow linearly in the future, use this equation to predict the population of Canada in
the year 2025.

Solution
The problem can be made easier by using 1980 as the base year, that is, we choose the year 1980 as the year zero. This will
mean that the year 2010 will correspond to year 30. Now we look at the information we have:

Year Population

0 (1980) 24.5 million
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30 (2010) 34 million

a. Solving this problem is equivalent to finding an equation of a line that passes through the points (0, 24.5) and (30, 34). We
use these two points to find the slope:

34—-245 9.5
~T30-0 30 ¥

The y-intercept occurs when z =0, so b =24.5
y=0.322+24.5
b. Now to predict the population in the year 2025, we let z = 2025 — 1980 =45

y=0.322 +24.5
y =0.32(45)+24.5 =38.9

In the year 2025, we predict that the population of Canada will be 38.9 million people.

Note that we assumed the population trend will continue to be linear. Therefore if population trends change and this
assumption does not continue to be true in the future, this prediction may not be accurate.

This page titled 3.7: Applications is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Rupinder Sekhon and
Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

o 1.4: Applications by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:
https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.
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3.7.1: Applications (Exercises)
SECTION 3.7 PROBLEM SET: APPLICATIONS

In the following application problems, assume a linear relationship holds.

1) The variable cost to manufacture a product is $25 per item, and
the fixed costs are $1200.

If x is the number of items manufactured and

y is the cost, write the cost function.

3) The variable cost to manufacture an item is

$20 per item, and it costs a total of $750 to produce 20 items. If x
represents the number

of items manufactured and y is the cost, write the cost function.

5) To manufacture 100 items, it costs $32,000, and to manufacture
200 items, it costs $40,000. If x is the number of items
manufactured and

y is the cost, write the cost function.

SECTION 3.7 PROBLEM SET: APPLICATIONS

2) It costs $90 to rent a car driven 100 miles and $140 for one
driven 200 miles. If x is the number of miles driven and y the total
cost of the rental, write the cost function.

4) To manufacture 30 items, it costs $2700, and to manufacture 50
items, it costs $3200. If x represents the number of items
manufactured and y the cost, write the cost function.

6) It costs $1900 to manufacture 60 items, and the fixed costs are
$700. If x represents the number of items manufactured and y the
cost, write the cost function.

In the following application problems, assume a linear relationship holds.

7) A person who weighs 150 pounds has 60 pounds of muscles; a
person that weighs 180 pounds has 72 pounds of muscles. If x
represents body weight and y is muscle weight, write an equation
describing their relationship. Use this relationship to determine
the muscle weight of a person that weighs 170 pounds.

9). A male college student who is 64 inches tall weighs 110
pounds. Another student who is 74 inches tall weighs 180 pounds.
Assuming the relationship between male students' heights (x), and
weights (y) is linear, write a function to express weights in terms
of heights, and use this function to predict the weight of a student
who is 68 inches tall.

11) The freezing temperatures for water for Celsius and
Fahrenheit scales are 0°C and 32°F. The boiling temperatures for
water are 100 °C and 212 °F. Let C denote the temperature in
Celsius and F in Fahrenheit. Write the conversion function from
Celsius to Fahrenheit. Use the function to convert 25 °C into °F.

SECTION 3.7 PROBLEM SET: APPLICATIONS

8) A spring on a door stretches 6 inches if a force of 30 pounds is
applied. It stretches 10 inches

if a 50 pound force is applied. If x represents the number of inches
stretched, and y is the force, write a linear equation describing the
relationship. Use it to determine the amount of force required to
stretch the spring 12 inches.

10) EZ Clean company has determined that if it spends $30,000 on
advertising, it can hope to sell 12,000 of its Minivacs a year, but if
it spends $50,000, it can sell 16,000. Write an equation that gives a
relationship between the number of dollars spent on advertising (x)
and the number of minivacs sold(y).

12) By reversing the coordinates in the previous problem, find a
conversion function that converts Fahrenheit into Celsius, and use
this conversion function to convert 72 °F into an equivalent Celsius
measure.

In the following application problems, assume a linear relationship holds.

13) California’s population was 29.8 million in the year 1990, and
37.3 million in 2010. Assume that the population trend was and
continues to be linear, write the population function. Use this
function to predict the population in 2025. Hint: Use 1990 as the
base year (year 0); then 2010 and 2025 are years 20, and 35,
respectively.)

14) Use the population function for California in the previous
problem to find the year in which the population will be 40 million
people.
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15) A college’s enrollment was 13,200 students in the year 2000,
and 15,000 students in 2015. Enrollment has followed a linear
pattern.

Write the function that models enrollment as a function of time.
Use the function to find the college’s enrollment in the year 2010.

Hint: Use year 2000 as the base year.

17) The cost of electricity in residential homes is a linear function
of the amount of energy used. In Grove City, a home using 250
kilowatt hours (kwh) of electricity per month pays $55.

A home using 600 kwh per month pays $118. Write the cost of
electricity as a function of the amount used. Use the function to
find the cost for a home using 400 kwh of electricity per month.

SECTION 3.7 PROBLEM SET: APPLICATIONS

16) If the college’s enrollment continues to follow this pattern, in
what year will the college have 16,000 students enrolled.

18) Find the level of electricity use that would correspond to a
monthly cost of $100.

In the following application problems, assume a linear relationship holds.

19) At ABC Co., sales revenue is $170,000 when it spends $5000
on advertising.

Sales revenue is $254,000 when $12,000 is spent on advertising.
a) Find a linear function for

y = amount of sales revenue as a function of

X = amount spent on advertising.

b) Find revenue if $10,000 is spent on advertising.

c¢) Find the amount that should be spent on advertising to achieve
$200,000 in revenue.

21) Mugs Café sells 1000 cups of coffee per week if it does not
advertise. For every $50 spent in advertising per week, it sells an
additional 150 cups of coffee.

a) Find a linear function that gives

y = number of cups of coffee sold per week

X = amount spent on advertising per week.

b) How many cups of coffee does Mugs Café expect to sell if
$100 per week is spent on advertising?

20) For problem 19, explain the following:

a. Explain what the slope of the line tells us about the effect on
sales revenue of money spent on advertising. Be specific,
explaining both the number and the sign of the slope in the
context of this problem.

b. Explain what the y intercept of the line tells us about the sales
revenue in the context of this problem

22) Party Sweets makes baked goods that can be ordered for
special occasions. The price is $24 to order one dozen (12
cupcakes) and $9 for each additional 6 cupcakes.
a. Find a linear function that gives the total price of a cupcake
order as a function of the number of cupcakes ordered
b. Find the price for an order of 5 dozen (60) cupcakes

This page titled 3.7.1: Applications (Exercises) is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Rupinder
Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

o 1.4.1: Applications (Exercises) by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:
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3.8: More Applications

4b Learning Objectives

In this section, you will learn to:

1. Solve a linear system in two variables.
2. Find the equilibrium point when a demand and a supply equation are given.
3. Find the break-even point when the revenue and the cost functions are given.

Finding the Point of Intersection of Two Lines

In this section, we will do application problems that involve the intersection of lines. Therefore, before we proceed any further, we
will first learn how to find the intersection of two lines.

v/ Example 3.8.1

Find the intersection of the line y =3z — 1 and theliney = —2 4 7.

Solution
We graph both lines on the same axes, as shown below, and read the solution (2, 5).

Finding an intersection of two lines graphically is not always easy or practical; therefore, we will now learn to solve these
problems algebraically.

At the point where two lines intersect, the x and y values for both lines are the same. So in order to find the intersection, we
either let the z-values or the y-values equal.

If we were to solve the above example algebraically, it will be easier to let the y-values equal. Since y =3z — 1 for the first
line, and y = —x 47 for the second line, by letting the y-values equal, we get

3r—1=—x+7
4r =8
T =2

By substituting = 2 in any of the two equations, we obtain y = 5.

Hence, the solution (2, 5).

A common algebraic method used to solve systems of equations is called the elimination method. The object is to eliminate one of
the two variables by adding the left and right sides of the equations together. Once one variable is eliminated, we have an equation
with only one variable for can be solved. Finally, by substituting the value of the variable that has been found in one of the original
equations, we get the value of the other variable.
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Find the intersection of the lines 2z +y =7 and 32 —y = 3 by the elimination method.

Solution
We add the left and right sides of the two equations.

20 +y =7
3x—y =3
5z =10
T =2

Now we substitute = 2 in any of the two equations and solve for y.

212)+y =7
y=3

Therefore, the solution is (2, 3).

v/ Example 3.8.3

Solve the system of equations « + 2y = 3 and 2z + 3y = 4 by the elimination method.

Solution
If we add the two equations, none of the variables are eliminated. But the variable z can be eliminated by multiplying the first
equation by -2, and leaving the second equation unchanged.

—2z —4y =—6
20 +3y =4
y=2
Substituting y = 2 in £ 4+ 2y = 3, we get
2(2)=3
@ e (3.8.1)
13 = =il

Therefore, the solution is (-1, 2).

v/ Example 3.8.4

Solve the system of equations 3z —4y =5 and 4z — 5y =6.

Solution
This time, we multiply the first equation by - 4 and the second by 3 before adding. (The choice of numbers is not unique.)

—12z +16y = —20
122 — 15y =18
y=-2

By substituting y = - 2 in any one of the equations, we get x = -1.
Hence the solution is (-1, -2).

SUPPLY, DEMAND AND THE EQUILIBRIUM MARKET PRICE

In a free market economy the supply curve for a commodity is the number of items of a product that can be made available at
different prices, and the demand curve is the number of items the consumer will buy at different prices.
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As the price of a product increases, its demand decreases and supply increases. On the other hand, as the price decreases the
demand increases and supply decreases. The equilibrium price is reached when the demand equals the supply.

v/ Example 3.8.5

The supply curve for a product is y = 3.5 — 14 and the demand curve for the same product is y = —2.5z + 34, where x is
the price and y the number of items produced. Find the following.

a. How many items will be supplied at a price of $10?

b. How many items will be demanded at a price of $10?

c. Determine the equilibrium price.
d. How many items will be produced at the equilibrium price?

Solution

a) We substitute = 10 in the supply equation, y = 3.5z — 14; the answer is y = 3.5(10) — 14 = 21.

b) We substitute = 10 in the demand equation, y = —2.5z + 34; the answer is y = —2.5(10) +34 =9.
¢) By letting the supply equal the demand, we get

3.5r—14 =25z +34
6x =48
z =88

d) We substitute = = 8 in either the supply or the demand equation; we get y = 14.

¥
354 Demand
¥ =34-2.5x

Supply
y==14+35x

54 6 8 10 12 04"
The graph shows the intersection of the supply and the demand functions and their point of intersection, (8,14).

Interpretation: At equilibrium, the price is $8 per item, and 14 items are produced by suppliers and purchased by consumers.

The Break-Even Point
In a business, the profit is generated by selling products.

o If a company sells x number of items at a price P, then the revenue R is the price multiplied by number of items sold:
R=P-zx.

e The production costs C are the sum of the variable costs and the fixed costs, and are often written as C = mx + b, where x is
the number of items manufactured.

e o The slope m is the called marginal cost and represents the cost to produce one additional item or unit.
o The variable cost, mx, depends on how much is being produced
o The fixed cost b is constant; it does not change no matter how much is produced.

o Profit is equal to Revenue minus Cost: Profit=R — C

A company makes a profit if the revenue is greater than the cost. There is a loss if the cost is greater than the revenue. The point on
the graph where the revenue equals the cost is called the break-even point. At the break-even point, profit is 0.
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If the revenue function of a product is R = 5z and the cost function is y = 3z + 12, find the following.

a. If 4 items are produced, what will the revenue be?

b. What is the cost of producing 4 items?

c. How many items should be produced to break even?

d. What will be the revenue and the cost at the break-even point?

Solution
a) We substitute = 4 in the revenue equation R = bz, and the answer is R = 20.
b) We substitute = 4 in the cost equation C' = 3z + 12, and the answer is C' = 24.

¢) By letting the revenue equal the cost, we get

5z =3x+12
=06

d) Substitute = 6 in either the revenue or the cost equation: we get R = C = 30.

The graph below shows the intersection of the revenue and cost functions and their point of intersection, (6, 30).

This page titled 3.8: More Applications is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Rupinder Sekhon and
Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

o 1.5: More Applications by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:
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3.8.1: More Applications (Exercises)

SECTION 3.8 PROBLEM SET: MORE APPLICATIONS

Solve the following problems.

1) Solve for x and y.
y=3x+4
y=5x-2

3) The supply and demand curves for a product are: Supply y =
2000x - 6500

Demand y = - 1000x + 28000,

where x is price and y is the number of items. At what price will
supply equal demand and how many items will be produced at
that price?

5) A car rental company offers two plans for one way rentals.

2) Solve for x and y.
2x-3y=4
3x-4y=5

4) The supply and demand curves for a product are

Supply y = 300x - 18000 and

Demand y = - 100x + 14000,

where x is price and y is the number of items. At what price will
supply equal demand, and how many items will be produced at
that price?

Plan I charges $36 per day and 17 cents per mile. Plan II charges $24 per day and 25 cents per mile.

a. If you were to drive 300 miles in a day, which plan is better?
b. For what mileage are both rates equal?

SECTION 3.8 PROBLEM SET: MORE APPLICATIONS

Solve the following problems.

6) A demand curve for a product is the number of items the
consumer will buy at different prices. At a price of $2 a store can
sell 2400 of a particular type of toy truck. At a price of $8 the
store can sell 600 such trucks. If x represents the price of trucks
and y the number of items sold, write an equation for the demand
curve.

8) The equilibrium price is the price where the supply equals the
demand. From the demand and supply curves obtained in the
previous two problems, find the equilibrium price, and determine
the number of items that can be sold at that price.

SECTION 3.8 PROBLEM SET: MORE APPLICATIONS

Solve the following problems.

10) A company's revenue and cost in dollars are given by R =
225x and C = 75x + 6000, where x is the number of items. Find
the number of items that must be produced to break-even.

7) A supply curve for a product is the number of items that can be
made available at different prices. A manufacturer of toy trucks
can supply 2000 trucks if they are sold for $8 each; it can supply
only 400 trucks if they are sold for $4 each. If x is the price and y
the number of items, write an equation for the supply curve.

9) A break-even point is the intersection of the cost function and
the revenue function, that is, where total cost equals revenue, and
profit is zero. Mrs. Jones Cookies Store's cost and revenue, in
dollars, for x number of cookies is given by C = .05x + 3000 and R
= .80x. Find the number of cookies that must be sold to break
even.

11) A firm producing socks has a fixed cost of

$20,000 and variable cost of $2 per pair of socks. Let x = the
number of pairs of socks. Find the break-even point if the socks
sell for $4.50 per pair.
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13) It costs $1,200 to produce 50 pounds of a chemical and it costs

12) Whackemhard Sports is planning to introduce a new line of $2,200 to produce 150 pounds. The chemical sells for $15 per
tennis rackets. The fixed costs for the new line are $25,000 and pound

the variable cost of producing each racket is $60. x is the amount of chemical; y is in dollars.

x is the number of rackets; y is in dollars. a. Find the cost function.

If the racket sells for $80, how many rackets must be sold in order ~b. What is the fixed cost?
c. How many pounds must be sold to break even?

d. Find the cost and revenue at the break-even point.

to break even?

This page titled 3.8.1: More Applications (Exercises) is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Rupinder
Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.
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3.9: Quadratic Functions

In this section, we will explore the family of 2"? degree polynomials, the quadratic functions. While they share many
characteristics of polynomials in general, the calculations involved in working with quadratics is typically a little simpler, which
makes them a good place to start our exploration of short run behavior. In addition, quadratics commonly arise from problems
involving area and projectile motion, providing some interesting applications.

Example 3.9.1

A backyard farmer wants to enclose a rectangular space for a new garden. She has purchased 80 feet of wire fencing to enclose
3 sides, and will put the 4% side against the backyard fence. Find a formula for the area enclosed by the fence if the sides of
fencing perpendicular to the existing fence have length L.

Garden L

w

Backyard

Solution

In a scenario like this involving geometry, it is often helpful to draw a picture. It might also be helpful to introduce a temporary
variable, W, to represent the side of fencing parallel to the 4t" side or backyard fence.

Since we know we only have 80 feet of fence available, we know that L + W + L = 80, or more simply, 2L + W = 80. This
allows us to represent the width, W, in terms of L:

W =80—-2L

Now we are ready to write an equation for the area the fence encloses. We know the area of a rectangle is length multiplied by

width, so
A=LW =L(80—2L)
A(L)=80L— 212

This formula represents the area of the fence in terms of the variable length L.

Short run Behavior: Vertex

We now explore the interesting features of the graphs of quadratics. In addition to intercepts, quadratics have an interesting feature
where they change direction, called the vertex. You probably noticed that all quadratics are related to transformations of the basic

quadratic function f(z) = z2.

Example 3.9.2

Write an equation for the quadratic graphed below as a transformation of f(x) = x2, then expand the formula and simplify
terms to write the equation in standard polynomial form.
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Solution

We can see the graph is the basic quadratic shifted to the left 2 and down 3, giving a formula in the form
g(z) = a(z +2)% — 3 . By plugging in a point that falls on the grid, such as (0,-1), we can solve for the stretch factor:

—-1=a(0+2)2-3
2 =4a

a =

N | =

1
Written as a transformation, the equation for this formula is g(z) = 3 (z +2)% — 3 . To write this in standard polynomial form,

we can expand the formula and simplify terms:
9(x) =5 (x+2)* -3

(z+2)(z+2)—3

Q
—~
8
SN—
|
NP ORI, N~ -

9(z)
(% +4z +4)-3

242z +2-3

)
—
8
SN—"

|

22 +2z—1

Q
—
8
~
|

Notice that the horizontal and vertical shifts of the basic quadratic determine the location of the vertex of the parabola; the vertex is

unaffected by stretches and compressions.

Exercise 3.9.1

A coordinate grid has been superimposed over the quadratic path of a basketball(From http://blog.mrmeyer.com/?p=4778, ©
Dan Meyer, CC-BY). Find an equation for the path of the ball. Does he make the basket?

Answer
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The path passes through the origin with vertex at (-4, 7).
h(z) = —l(:c +4)?2 47
16

To make the shot, h(—7.5) would need to be about 4. h(—7.5) ~ 1.64; he doesn't make it.

o
. see,

-

forms of quadratic function

The standard form of a quadratic function is

f(z) =az’® +bz +c (3.9.1)
The transformation form of a quadratic function is

f(@)=a(z—h)?+k (3.9.2)

The vertex of the quadratic function is located at (h, k), where h and k are the numbers in the transformation form of the
function. Because the vertex appears in the transformation form, it is often called the vertex form.

In the previous example, we saw that it is possible to rewrite a quadratic function given in transformation form and rewrite it in
standard form by expanding the formula. It would be useful to reverse this process since the transformation form reveals the vertex.

Expanding out the general transformation form of a quadratic gives:
f(z)=a(x—h)?+k=a(x—h)(z—h)+k
f(z) =a(x? —2zh +h?) + k= az® —2ahx +ah® +k
This should be equal to the standard form of the quadratic:
az? —2ahz +ah® +k=azx® +bzx+c

The second degree terms are already equal. For the linear terms to be equal, the coefficients must be equal:

—2ah =b,s0 h = —i
2a

This provides us a method to determine the horizontal shift of the quadratic from the standard form. We could likewise set the
constant terms equal to find:

b\’ b? b
2 g g2 SN0 5
ah®+k=c,s0k=c—ah” =c a( 2a) c a4a2 c 1a

In practice, though, it is usually easier to remember that & is the output value of the function when the input is k, so k = f(h).

finding the vertex of a quadratic

For a quadratic given in standard form, the vertex (h, k) is located at:

h:_%,k:f(h):f<;—s> (3.9.3)
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Find the vertex of the quadratic f(z) = 222 —6x + 7 . Rewrite the quadratic into transformation form (vertex form).
Solution

The horizontal coordinate of the vertex will be at

The vertical coordinate of the vertex will be at

Rewriting into transformation form, the stretch factor will be the same as the a in the original quadratic. Using the vertex to
determine the shifts,

Exercise 3.9.2

Given the equation g(z) = 13 4+ 2 — 6z write the equation in standard form and then in transformation/vertex form.

Answer

g(z) =x* —6z +13 in Standard form (Equation 3.9.1

Finding the vertex, h =

k=g(3)=3"—-6(3)+13=4

g(z) = (z —3)*+4 in Transformation form (Equation 3.9.9)

As an alternative to using a formula for finding the vertex, the equation can also be written into vertex form by completing the
square. This process is most easily explained through example. In most cases, using the formula for finding the vertex will be
quicker and easier than completing the square, but completing the square is a useful technique when faced with some other
algebraic problems.

Example 3.9.4

Rewrite f(z) = 222 — 12z + 14 into vertex form by completing the square.
Solution

We start by factoring the leading coefficient from the quadratic and linear terms.
2(x? —62)+14

Next, we are going to add something inside the parentheses so that the quadratic inside the parentheses becomes a perfect
square. In other words, we are looking for values p and g so that (z2 — 6z +p) = (z —q)? .

Notice that if multiplied out on the right, the middle term would be -2q, so q must be half of the middle term on the left;
g = —3. In that case, p must be (-3)? = 9.

(2 —6z+9) = (z —3)2

Now, we can’t just add 9 into the expression — that would change the value of the expression. In fact, adding 9 inside the
parentheses actually adds 18 to the expression, since the 2 outside the parentheses will distribute. To keep the expression
balanced, we can subtract 18.
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Simplifying, we are left with vertex form.

2(z> —6x+9)+14 18

2(z—3)* -4

In addition to enabling us to more easily graph a quadratic written in standard form, finding the vertex serves another important
purpose — it allows us to determine the maximum or minimum value of the function, depending on which way the graph opens.

Example 3.9.5

Returning to our backyard farmer from the beginning of the section, what dimensions should she make her garden to maximize
the enclosed area?

Solution

Earlier we determined the area she could enclose with 80 feet of fencing on three sides was given by the equation
A(L) =80L —2L* . Notice that quadratic has been vertically reflected, since the coefficient on the squared term is negative,
so the graph will open downwards, and the vertex will be a maximum value for the area.

In finding the vertex, we take care since the equation is not written in standard polynomial form with decreasing powers. But
we know that a is the coefficient on the squared term, so a = —2, b =280, and ¢ =0.

Finding the vertex:
8

i TEr)

=20,k = A(20) =80(20) — 2(20)2 =800

The maximum value of the function is an area of 800 square feet, which occurs when L = 20 feet. When the shorter sides are
20 feet, that leaves 40 feet of fencing for the longer side. To maximize the area, she should enclose the garden so the two
shorter sides have length 20 feet, and the longer side parallel to the existing fence has length 40 feet.

Example 3.9.6

A local newspaper currently has 84,000 subscribers, at a quarterly charge of $30. Market research has suggested that if they
raised the price to $32, they would lose 5,000 subscribers. Assuming that subscriptions are linearly related to the price, what
price should the newspaper charge for a quarterly subscription to maximize their revenue?

Solution

Revenue is the amount of money a company brings in. In this case, the revenue can be found by multiplying the charge per
subscription times the number of subscribers. We can introduce variables, C' for charge per subscription and S for the number
subscribers, giving us the equation

Revenue =CS

Since the number of subscribers changes with the price, we need to find a relationship between the variables. We know that
currently S = 84,000 and C' = 30, and that if they raise the price to $32 they would lose 5,000 subscribers, giving a second
pair of values, C' =32 and S = 79, 000. From this we can find a linear equation relating the two quantities. Treating C' as the
input and S as the output, the equation will have form S =mC +b . The slope will be

79,000 —84,000 —5,000
- 32-30 T2

=—2,500
This tells us the paper will lose 2,500 subscribers for each dollar they raise the price. We can then solve for the vertical
intercept
S =-2500C"+b
Plug in the point S = 84,000 and C' = 30
84,000 = —2500(30) +b
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Solve for b
b=159,000

This gives us the linear equation S = —2,500C + 159,000 relating cost and subscribers. We now return to our revenue
equation.

Revenue =CS
Substituting the equation for S from above
Revenue = C(—2,500C +159,000)
Expanding
Revenue = —2,500C? +159,000C

We now have a quadratic equation for revenue as a function of the subscription charge. To find the price that will maximize
revenue for the newspaper, we can find the vertex:

159,000

h=———
2(—2,500)

=31.8

The model tells us that the maximum revenue will occur if the newspaper charges $31.80 for a subscription. To find what the
maximum revenue is, we can evaluate the revenue equation:

Maximum Revenue = —2, 500(31.8)2 + 159, 000(31.8) = $2, 528, 100

Short run Behavior: Intercepts

As with any function, we can find the vertical intercepts of a quadratic by evaluating the function at an input of zero, and we can
find the horizontal intercepts by solving for when the output will be zero. Notice that depending upon the location of the graph, we
might have zero, one, or two horizontal intercepts.

Y

4_.
3_
2_
]_
I 1 2 3 4° 1 3 4° 47
-1+
2+ 2
Zero horizontal intercepts one horizontal intercept two horizontal intercepts

Example 3.9.7

Find the vertical and horizontal intercepts of the quadratic f(z) = 322+ 5z —2
Solution
We can find the vertical intercept by evaluating the function at an input of zero:

£(0) =3(0)*+5(0) —2 = —2
Vertical intercept at (0,-2)
For the horizontal intercepts, we solve for when the output will be zero

0=3z"+5z—2

In this case, the quadratic can be factored easily, providing the simplest method for solution

0=(3z—1)(z+2)
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1
Horizontal intercepts at (g, O) and (-2,0)

Notice that in the standard form of a quadratic, the constant term c reveals the vertical intercept of the graph.

Example 3.9.8

Find the horizontal intercepts of the quadratic f(z) = 2z* + 4z —4
Solution
Again we will solve for when the output will be zero

0=2z%+4z —4

Since the quadratic is not easily factorable in this case, we solve for the intercepts by first rewriting the quadratic into
transformation form.

== =1 k= f(-1)=2(~1)! +4(-1) ~4 = -6
f(@) =2 +1)* 6

Now we can solve for when the output will be zero

0=2(z+1)2—6

6=2(z+1)?
3=(z+1)?
z+1==+3

z=-14++3

The graph has horizontal intercepts at (—1 —+/3,0)and (—1 ++/3,0)

Exercise 3.9.3

In Try it Now problem 2 we found the standard & transformation form for the function g(z) = 13 +x2 — 6z . Now find the
Vertical & Horizontal intercepts (if any).

Answer

Vertical intercept at (0, 13), No horizontal intercepts since the vertex is above the z-axis and the graph opens upwards.

The process in the last example is done commonly enough that sometimes people find it easier to solve the problem once in general
and remember the formula for the result, rather than repeating the process each time. Based on our previous work we showed that
any quadratic in standard form can be written into transformation form as:

b b?
fla)=ale+5)" +e— o= (3.9.4)
Solving for the horizontal intercepts using this general equation gives:
b ., b?
O—a(x+2—a) +C—E

start to solve for z by moving the constants to the other side
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b b .,

Pl a(z+ %)
divide both sides by a

bZ C b 2

4a2 a =(=+ 2a)

find a common denominator to combine fractions

take the square root of both sides

n b? —4ac _ b
4q? 2a
subtract b/2a from both sides
b Vb2 —4ac
e
2a 2a
combining the fractions
—b+ Vb —4ac
r=——
2a

Notice that this can yield two different answers for

Quadratic Formula

For a quadratic function given in standard form f(z) = az? + bz +c , the quadratic formula gives the horizontal intercepts
of the graph of this function.

—bt/B—4
2= —— ac (3.9.5)
a

Example 3.9.9

A ball is thrown upwards from the top of a 40-foot-tall building at a speed of 80 feet per second. The ball’s height above
ground can be modeled by the equation H(t) = —16t> + 80t +40 .

What is the maximum height of the ball?
When does the ball hit the ground?
Solution

To find the maximum height of the ball, we would need to know the vertex of the quadratic.

2
80 80 5 5 5 5

—— =—k=H((=)=-16( = — 40=14
2(-16) 32 2 (2) 6(2) +80<2)+0 "

The ball reaches a maximum height of 140 feet after 2.5 seconds.

To find when the ball hits the ground, we need to determine when the height is zero — when H (¢) = 0. While we could do this
using the transformation form of the quadratic, we can also use the quadratic formula:
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| 80 /80°—4(-16)40) g0+ /550
- 2(—16) - 32

Since the square root does not simplify nicely, we can use a calculator to approximate the values of the solutions:

_ —80—+/8960 —80+v8960
= " " 3 =

t ~5.458 ort = —————— ~ —0.458

—32 -3

The second answer is outside the reasonable domain of our model, so we conclude the ball will hit the ground after about 5.458
seconds.

Exercise 3.9.4

For these two equations determine if the vertex will be a maximum value or a minimum value.
a g(x)=—-8z+22+7
b.g(z) =-3(8—z)% +2
Answer
a. Vertex is a minimum value, since @ > 0 and the graph opens upwards

b. Vertex is a maximum value, since @ < 0 and the graph opens downwards

Important Topics of this Section

e Quadratic functions

¢ Standard form

o Transformation form/Vertex form

e Vertex as a maximum / Vertex as a minimum
o Short run behavior

o Vertex / Horizontal & Vertical intercepts

e Quadratic formula

This page titled 3.9: Quadratic Functions is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by David Lippman
& Melonie Rasmussen (The OpenTextBookStore) via source content that was edited to the style and standards of the LibreTexts platform.

e 3.2: Quadratic Functions by David Lippman & Melonie Rasmussen is licensed CC BY-SA 4.0. Original source:
http://www.opentextbookstore.com/details.php?id=30.
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3.9E: Quadratic Functions (Exercises)

section 3.9 exercise

Write an equation for the quadratic function graphed.
¥ - 7
ot

§
4
k)

1 2. :
¥ !
B+ 3
T 2
: A
5T + - + .
4+ -4 -3 -2 -1 1 2 3 4
3 =1
gl -2
i+ -3
432 .
.1] '
3. 4.
v
r
b
4
3 3
. ! 1__
| A | \ .
. -5f 4 -3 -2 -1 1 3 3
] 1 3 56 k
1 2
2 3
5. 6.

For each of the follow quadratic functions, find a) the vertex, b) the vertical intercept, and c) the horizontal intercepts.
7.y(z) =22% + 10z + 12

8. 2(p) =3x* + 62 —9

9. f(z) =2z% — 10z +4

10. g(z) = —22% — 14z +12

11.h(t) = -4t +6t — 1

12. k(t) =222 +4z — 15

Rewrite the quadratic function into vertex form.

13. (z) = 2% — 12z +32

14. g(z) =% +2z -3

15. h(z) = 22% + 8z — 10

16. k(z) =322 — 6z —9

17. Find the values of b and ¢ so f(z) = —8z2 + bz +c has vertex 2, —7)
18. Find the values of b and ¢ so f(z) = 62 +bx +c has vertex (7, —9)

Write an equation for a quadratic with the given features
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19. z-intercepts (-3, 0) and (1, 0), and y intercept (0, 2)
20. z-intercepts (2, 0) and (-5, 0), and y intercept (0, 3)
21. z-intercepts (2, 0) and (5, 0), and y intercept (0, 6)
22. z-intercepts (1, 0) and (3, 0), and y intercept (0, 4)
23. Vertex at (4, 0), and y intercept (0, -4)

24. Vertex at (5, 6), and y intercept (0, -1)

25. Vertex at (-3, 2), and passing through (3, -2)

26. Vertex at (1, -3), and passing through (-2, 3)

27. A rocket is launched in the air. Its height, in meters above sea level, as a function of time, in seconds, is given by
h(t) = —4.9t% 4229t +234 .

a. From what height was the rocket launched?
b. How high above sea level does the rocket reach its peak?
c. Assuming the rocket will splash down in the ocean, at what time does splashdown occur?

28. A ball is thrown in the air from the top of a building. Its height, in meters above ground, as a function of time, in seconds,
is given by h(t) = —4.9¢> + 24t +8 .

a. From what height was the ball thrown?
b. How high above ground does the ball reach its peak?
c. When does the ball hit the ground?

1
29. The height of a ball thrown in the air is given by h(z) = —Emz + 62 + 3 , where x is the horizontal distance in feet from

the point at which the ball is thrown.

a. How high is the ball when it was thrown?
b. What is the maximum height of the ball?
c. How far from the thrower does the ball strike the ground?

1
30. A javelin is thrown in the air. Its height is given by h(z) = — 2—01‘2 48z +6 , where x is the horizontal distance in feet

from the point at which the javelin is thrown.

a. How high is the javelin when it was thrown?
b. What is the maximum height of the javelin?
c. How far from the thrower does the javelin strike the ground?

31. A box with a square base and no top is to be made from a square piece of cardboard by cutting 6 in. squares out of each
corner and folding up the sides. The box needs to hold 1000 in3. How big a piece of cardboard is needed?

32. A box with a square base and no top is to be made from a square piece of cardboard by cutting 4 in. squares out of each
corner and folding up the sides. The box needs to hold 2700 in®. How big a piece of cardboard is needed?

33. A farmer wishes to enclose two pens with fencing, as shown. If the farmer has 500 feet of fencing
to work with, what dimensions will maximize the area enclosed?

34. A farmer wishes to enclose three pens with fencing, as shown. If the
farmer has 700 feet of fencing to work with, what dimensions will
maximize the area enclosed?

35. You have a wire that is 56 cm long. You wish to cut it into two pieces. One piece will be bent into the shape of a square.
The other piece will be bent into the shape of a circle. Let A represent the total area enclosed by the square and the circle.
What is the circumference of the circle when A is a minimum?

36. You have a wire that is 71 cm long. You wish to cut it into two pieces. One piece will be bent into the shape of a right
triangle with legs of equal length. The other piece will be bent into the shape of a circle. Let A represent the total area enclosed
by the triangle and the circle. What is the circumference of the circle when A is a minimum?
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37. A soccer stadium holds 62,000 spectators. With a ticket price of $11, the average attendance has been 26,000. When the
price dropped to $9, the average attendance rose to 31,000. Assuming that attendance is linearly related to ticket price, what
ticket price would maximize revenue?

38. A farmer finds that if she plants 75 trees per acre, each tree will yield 20 bushels of fruit. She estimates that for each
additional tree planted per acre, the yield of each tree will decrease by 3 bushels. How many trees should she plant per acre to
maximize her harvest?

39. A hot air balloon takes off from the edge of a mountain lake. Impose a coordinate

..ln- shi above lake
system as pictured and assume that the path of the balloon follows the graph of B e

.-.— balloon

200 ! A _ - balloon path

4
f(z)=— 250 0m2 + g:z: . The land rises at a constant incline from the lake at the rate T

of 2 vertical feet for each 20 horizontal feet. [UW] 100 ‘
a. What is the maximum height of the balloon above water level? - L _ -
Ml 1
b. What is the maximum height of the balloon above ground level? : s ot

c. Where does the balloon land on the ground?
d. Where is the balloon 50 feet above the ground?

40. A hot air balloon takes off from the edge of a plateau. Impose a

coordinate system as pictured below and assume that the path the balloon ~"¢'#h above platcau (feet)
4 @ balloon
follows is the graph of the quadratic function f(z)=— 550 0w2 + T .
The land drops at a constant incline from the plateau at the rate of 1 vertical
foot for each 5 horizontal feet. [UW] _—
AKCO . f
a. What is the maximum height of the balloon above plateau level? =t =— \ ]E‘:,iflollﬂ:l,:;:\&m?
b. What is the maximum height of the balloon above ground level? R o ground incline
c. Where does the balloon land on the ground? g
d. Where is the balloon 50 feet above the ground?
Answer
L f(z)=(x—2)2-3
3. f(z) = —2(x —2)2+7
1
5. f(z) = E(a: -3)2-1
Vertex Vertical Intercept Horizontal Intercepts
7. (-2.5,-0.5) (0,12) (-2, 0). (-3, 0)
9. (2.5, -8.5) (0,4) (0.438, 0). (4.562, 0)
11. (0.75, 1.25) (0, -1) (0.191, 0). (1.309, 0)

13. f(z) = (z —6)2 —4
15. f(z_2(z +2)? - 18
17.b=32and c = -39

19. f(@) ~ = (2 +3)(z 1)

21. f(z) = %(m —92)(z —5)
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27a. 234m
b. 2909.561 ft
c. 47.735 seconds

29a. 3 ft
b. 111 ft
c. 72.497 ft

31.24.91 in by 24.91 in
1
33.125 ftby 835 ft

35. 24.6344 cm
37.$10.70

This page titled 3.9E: Quadratic Functions (Exercises) is shared under a CC BY-SA 4.0 license and was authored, remixed, and/or curated by
David Lippman & Melonie Rasmussen (The OpenTextBookStore) via source content that was edited to the style and standards of the LibreTexts
platform.

e 3.2E: Quadratic Functions (Exercises) by David Lippman & Melonie Rasmussen is licensed CC BY-SA 4.0. Original source:
http://www.opentextbookstore.com/details.php?id=30.
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3.10: Power Functions and Polynomial Functions

Learning Objectives

o Identify power functions.

o Identify end behavior of power functions.

o Identify polynomial functions.

o Identify the degree and leading coefficient of polynomial functions.

Suppose a certain species of bird thrives on a small island. Its population over the last few years is shown in Table 3.10.1
Table 3.10.1

Year 2009 2010 2011 2012 2013

Bird Population 800 897 992 1,083 1,169

The population can be estimated using the function P(t) = —0.3¢> +97¢ + 800 , where P(t) represents the bird population on the
island ¢ years after 2009. We can use this model to estimate the maximum bird population and when it will occur. We can also use
this model to predict when the bird population will disappear from the island. In this section, we will examine functions that we can
use to estimate and predict these types of changes.

Figure 3.10.1 (credit: Jason Bay, Flickr)

Identifying Power Functions

In order to better understand the bird problem, we need to understand a specific type of function. A power function is a function
with a single term that is the product of a real number, a coefficient, and a variable raised to a fixed real number. (A number that
multiplies a variable raised to an exponent is known as a coefficient.)

As an example, consider functions for area or volume. The function for the area of a circle with radius 7 is

A(r) =7r?
and the function for the volume of a sphere with radius r is
4
V(r) = gm’?’

4
Both of these are examples of power functions because they consist of a coefficient, 7 or gﬂ', multiplied by a variable r raised to a

power.
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Definition: Power Function

A power function is a function that can be represented in the form
f(z) = ka” (3.10.1)

where k and p are real numbers, and & is known as the coefficient.

Q&A: Is f(z) = 2" a power function?

No. A power function contains a variable base raised to a fixed power (Equation 3.10.1). This function has a constant base
raised to a variable power. This is called an exponential function, not a power function. This function will be discussed later.

Example 3.10.1: Identifying Power Functions

Which of the following functions are power functions?

f(z)

Constant function

Identify function

~_~~ Y~
8 8

~—  — — —
|

8

Quadratic function
Cubic function

by

~—~

8

SN—

|

o 8 8 8 &
EEREEL

8

-

Reciprocal function

Reciprocal squared function

By
—~
8
SN—
|

Square root function
Cube root function

~»

—~
8

SN—r
I

Solution

All of the listed functions are power functions.

The constant and identity functions are power functions because they can be written as f(z) = z° and f(z) = ' respectively.
The quadratic and cubic functions are power functions with whole number powers f(z) = z? and f(z) = z3.

The reciprocal and reciprocal squared functions are power functions with negative whole number powers because they can be

written as f(z) =z ! and f(z) =z 2.

The square and cube root functions are power functions with fractional powers because they can be written as f(z) = z'/? or

f(z) =23,

Exercise 3.10.1

Which functions are power functions?
o f(z) =222 423

o g(z)=—a°+52°—4z

o h(z)= Z:—;}l

Answer

f(z) is a power function because it can be written as f(z) = 8x®. The other functions are not power functions.

Identifying End Behavior of Power Functions

Figure 3.10.2 shows the graphs of f(z) =z?2, g(z) = z* and and h(z) = z°, which are all power functions with even, whole-
number powers. Notice that these graphs have similar shapes, very much like that of the quadratic function in the toolkit. However,
as the power increases, the graphs flatten somewhat near the origin and become steeper away from the origin.
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f(x) = x8
g(x) = x*
h(x) = x2

Figure 3.10.2 Even-power functions

To describe the behavior as numbers become larger and larger, we use the idea of infinity. We use the symbol co for positive
infinity and —oo for negative infinity. When we say that “x approaches infinity,” which can be symbolically written as x—o0, we
are describing a behavior; we are saying that z is increasing without bound.

With the even-power function, as the input increases or decreases without bound, the output values become very large, positive
numbers. Equivalently, we could describe this behavior by saying that as & approaches positive or negative infinity, the f(z) values
increase without bound. In symbolic form, we could write

as z—+o0, f(z)—o0

Figure 3.10.3 shows the graphs of f(z) =3, g(z) =%, and h(z) = z7, which are all power functions with odd, whole-number
powers. Notice that these graphs look similar to the cubic function in the toolkit. Again, as the power increases, the graphs flatten
near the origin and become steeper away from the origin.

]l{ h(x) = x7

BN W A

Figure 3.10.3 Odd-power function

These examples illustrate that functions of the form f(z) = 2™ reveal symmetry of one kind or another. First, in Figure 3.10.2we
see that even functions of the form f(z) = ", n even, are symmetric about the y-axis. In Figure 3.10.3 we see that odd functions
of the form f(z) = z™, n odd, are symmetric about the origin.

For these odd power functions, as x approaches negative infinity, f(z) decreases without bound. As z approaches positive infinity,
f(z) increases without bound. In symbolic form we write

asz— — 00, f(z)——o00
as z—o00, f(z)—oo

The behavior of the graph of a function as the input values get very small (z— — co) and get very large z— o0 is referred to as the
end behavior of the function. We can use words or symbols to describe end behavior.

Figure 3.10.4 shows the end behavior of power functions in the form f(z) = kz™ where n is a non-negative integer depending on
the power and the constant.
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Even power Odd power
Positive y y
constant [
k=0
-X X
1
X ——=, f(x) > = X — -, f(x) > —=
and x — =, f(x) — = and x — =, f(x) -» =
Negative y y
constant [
k=0
'¢ X
1
X = =, f(X) = —= X — -, f(X) — =
and x — =, f(x) - —= and x — =, f(x) — -=
Figure 3.10.4

How To: Given a power function f(z) = kz" where n is a non-negative integer, identify the end behavior.

1. Determine whether the power is even or odd.
2. Determine whether the constant is positive or negative.
3. Use Figure 3.10.4to identify the end behavior.

Example 3.10.2: Identifying the End Behavior of a Power Function

Describe the end behavior of the graph of f(z) = 8.
Solution

The coefficient is 1 (positive) and the exponent of the power function is 8 (an even number). As = approaches infinity, the
output (value of f(x) ) increases without bound. We write as z — oo, f(z) — co. As z approaches negative infinity, the
output increases without bound. In symbolic form, as z — —oo, f(z) — co. We can graphically represent the function as
shown in Figure 3.10.5
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Figure 3.10.5 Graph of f(z) =z®.

Example 3.10.3: Identifying the End Behavior of a Power Function.

Describe the end behavior of the graph of f(z) = —z°.

Solution

The exponent of the power function is 9 (an odd number). Because the coefficient is —1 (negative), the graph is the reflection
about the z-axis of the graph of f(z) = z°. Figure 3.10.6 shows that as = approaches infinity, the output decreases without
bound. As z approaches negative infinity, the output increases without bound. In symbolic form, we would write

asz— — 00, f(z)—oo
as z—00, f(z)——o0

<

el SR~ e B

A
w+
|
SRS
|
=
=
SRS
W+
J
*

Figure 3.10.6 Graph of f(z) = —z°.
Analysis
We can check our work by using the table feature on a graphing utility.

Table 3.10.2
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-10 1,000,000,000
-5 1,953,125

0 0

5 -1,953,125
10 -1,000,000,000

We can see from Table 3.10.2that, when we substitute very small values for z, the output is very large, and when we substitute
very large values for x, the output is very small (meaning that it is a very large negative value).

Exercise 3.10.2
4

Describe in words and symbols the end behavior of f(z) = —5z*.

Answer

As x approaches positive or negative infinity, f(z) decreases without bound: as z—=+o0, f(z)— — oo because of the
negative coefficient.

Identifying Polynomial Functions

An oil pipeline bursts in the Gulf of Mexico, causing an oil slick in a roughly circular shape. The slick is currently 24 miles in
radius, but that radius is increasing by 8 miles each week. We want to write a formula for the area covered by the oil slick by
combining two functions. The radius 7 of the spill depends on the number of weeks w that have passed. This relationship is linear.

r(w) =24+8w
We can combine this with the formula for the area A of a circle.
A(r) =nr?
Composing these functions gives a formula for the area in terms of weeks.

A(w) = A(r(w))
= A(24+8w)
= 7(24 +8w)?

Multiplying gives the formula.
A(w) = 5767 + 3847w + 64mw?

This formula is an example of a polynomial function. A polynomial function consists of either zero or the sum of a finite number of
non-zero terms, each of which is a product of a number, called the coefficient of the term, and a variable raised to a non-negative
integer power.

Definition: Polynomial Functions
Let n be a non-negative integer. A polynomial function is a function that can be written in the form
f(z) =a,z"+. .. +az’ + a1z +ag (3.10.2)

This is called the general form of a polynomial function. Each a; is a coefficient and can be any real number. Each product
a;x’ is a term of a polynomial function.
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Example 3.10.4: Identifying Polynomial Functions

Which of the following are polynomial functions?

e f(z)=223-3z+4

o g(z)=—z(a® —4)

o h(z)=5yxz+2

Solution

The first two functions are examples of polynomial functions because they can be written in the form of Equation 3.10.2
where the powers are non-negative integers and the coefficients are real numbers.

e f(z) can be written as f(z) = 6z* +4.

e g(z) can be written as g(z) = —x3 +4z .
e h(z) cannot be written in this form and is therefore not a polynomial function.

Identifying the Degree and Leading Coefficient of a Polynomial Function

Because of the form of a polynomial function, we can see an infinite variety in the number of terms and the power of the variable.
Although the order of the terms in the polynomial function is not important for performing operations, we typically arrange the
terms in descending order of power, or in general form. The degree of the polynomial is the highest power of the variable that
occurs in the polynomial; it is the power of the first variable if the function is in general form. The leading term is the term
containing the highest power of the variable, or the term with the highest degree. The leading coefficient is the coefficient of the

leading term.

Terminology of Polynomial Functions

We often rearrange polynomials so that the powers are descending.

Leading coefficient Degree

flx) =ax" + ... + ax? + ax + a,

Leading term Figure 3.10.7

When a polynomial is written in this way, we say that it is in general form.

How To: Given a polynomial function, identify the degree and leading coefficient

1. Find the highest power of  to determine the degree function.
2. Identify the term containing the highest power of z to find the leading term.
3. Identify the coefficient of the leading term.

Example 3.10.5: Identifying the Degree and Leading Coefficient of a Polynomial Function

Identify the degree, leading term, and leading coefficient of the following polynomial functions.
f(z) =3+222 —4a3
g(t) =5t5 — 2> + 7t
h(p) =6p—p* 2
Solution

For the function f(z), the highest power of z is 3, so the degree is 3. The leading term is the term containing that degree,
—4z3. The leading coefficient is the coefficient of that term, —4.

For the function g(t), the highest power of ¢ is 5, so the degree is 5. The leading term is the term containing that degree, 5¢°.
The leading coefficient is the coefficient of that term, 5.
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For the function h(p), the highest power of p is 3, so the degree is 3. The leading term is the term containing that degree, —p3;
the leading coefficient is the coefficient of that term, —1.

Exercise 3.10.3

Identify the degree, leading term, and leading coefficient of the polynomial f(z) = 422 — 2% + 2z — 6 .

Answer

The degree is 6. The leading term is —%. The leading coefficient is —1.

Identifying End Behavior of Polynomial Functions

Knowing the degree of a polynomial function is useful in helping us predict its end behavior. To determine its end behavior, look at
the leading term of the polynomial function. Because the power of the leading term is the highest, that term will grow significantly
faster than the other terms as x gets very large or very small, so its behavior will dominate the graph. For any polynomial, the end
behavior of the polynomial will match the end behavior of the term of highest degree (Table 3.10.3).

Table 3.10.3

Polynomial Function Leading Term Graph of Polynomial Function

y

L I . A2

— Bt 3 4
flz) =5z" +2z° —x—4 5z S I T

f(z) = —225 — 2% + 32* + 23 225 . o ex
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Polynomial Function Leading Term Graph of Polynomial Function

y

6

5

a4

3

2

f(z) = 32° —dz* + 222 + 1 3z° “— 7‘[1; e

1

-2

-3

-4

-5

-6

y

6

5

4

3

2

2
f(z) =62 +72% + 3z +1 —62° S e P o

+

-2

-3

-4

-5

N y

Example 3.10.6: Identifying End Behavior and Degree of a Polynomial Function

Describe the end behavior and determine a possible degree of the polynomial function in Figure 3.10.8

y
5

4

Figure 3.10.8
Solution

As the input values z get very large, the output values f(z) increase without bound. As the input values z get very small, the
output values f(z) decrease without bound. We can describe the end behavior symbolically by writing
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as z—00, f(z)—oo
asz— — oo, f(z)— — oo

In words, we could say that as a values approach infinity, the function values approach infinity, and as « values approach
negative infinity, the function values approach negative infinity.

We can tell this graph has the shape of an odd degree power function that has not been reflected, so the degree of the
polynomial creating this graph must be odd and the leading coefficient must be positive.

Exercise 3.10.1

Describe the end behavior, and determine a possible degree of the polynomial function in Figure 3.10.9.

y
A

=X

Figure 3.10.9

Answer
As z—00, f(z)— —o00; as x—— 00, f(z)— — oo . It has the shape of an even degree power function with a negative
coefficient.

Example 3.10.7: Identifying End Behavior and Degree of a Polynomial Function

Given the function f(z) = —3z%(z —1)(x +4), express the function as a polynomial in general form, and determine the
leading term, degree, and end behavior of the function.

Solution

Obtain the general form by expanding the given expression for f(x).

flz) = —3a*(z —1)(x +4)
= —32%(z® + 3z —4)
=3z —92° +122°

The general form is f(z) = —3z* —92% + 1222 . The leading term is —3z*; therefore, the degree of the polynomial is 4. The
degree is even (4) and the leading coefficient is negative (-3), so the end behavior is

asz— — 0o, f(z)— —o0

as z—00, f(z)— —o0
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Given the function f(z) =0.2(z —2)(z +1)(z —5) , express the function as a polynomial in general form and determine the
leading term, degree, and end behavior of the function.
Answer

The leading term is 0.2z3, so it is a degree 3 polynomial. As = approaches positive infinity, f(z) increases without bound;
as = approaches negative infinity, f(z) decreases without bound.

Identifying Local Behavior of Polynomial Functions

In addition to the end behavior of polynomial functions, we are also interested in what happens in the “middle” of the function. In
particular, we are interested in locations where graph behavior changes. A turning point is a point at which the function values
change from increasing to decreasing or decreasing to increasing.

We are also interested in the intercepts. As with all functions, the y-intercept is the point at which the graph intersects the vertical
axis. The point corresponds to the coordinate pair in which the input value is zero. Because a polynomial is a function, only one
output value corresponds to each input value so there can be only one y-intercept (0, ag). The z-intercepts occur at the input values
that correspond to an output value of zero. It is possible to have more than one z-intercept. See Figure 3.10.10Q

y

x-intercepts | ;}

y-intercept

2 turning
points

Figure 3.10.10

Defintion: Intercepts and Turning Points of Polynomial Functions

A turning point of a graph is a point at which the graph changes direction from increasing to decreasing or decreasing to
increasing. The y-intercept is the point at which the function has an input value of zero. The z-intercepts are the points at
which the output value is zero.

How!
Given a polynomial function, determine the intercepts.

1. Determine the y-intercept by setting « = 0 and finding the corresponding output value.
2. Determine the z-intercepts by solving for the input values that yield an output value of zero.
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Example 3.10.8: Determining the Intercepts of a Polynomial Function

Given the polynomial function f(z) = (z —2)(z +1)(z —4) , written in factored form for your convenience, determine the
y- and z-intercepts.

Solution

The y-intercept occurs when the input is zero, so substitute 0 for z.

f(0) =(0-2)(0+1)(0—4)
=(=2)1)(-4)

The y-intercept is (0, 8).
The z-intercepts occur when the output is zero.
0=(z—2)(z+1)(z—4)

z—2 =0 or z+1=0 or z—4 =0
=2 or rz=-1 or r =4

The z-intercepts are (2,0),(-1,0), and (4, 0).

We can see these intercepts on the graph of the function shown in Figure 3.10.11

4 5 b ]

(—1,0). (2,0), and (4, 0)
' Figure 3.10.11 Graph of f(z) = (z —2)(z +1)(z —4) .

J 5t x-intercepts

Example 3.10.9: Determining the Intercepts of a Polynomial Function with Factoring

Given the polynomial function f(z) = z* — 422 — 45 , determine the y- and z-intercepts.
Solution

The y-intercept occurs when the input is zero.
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The y-intercept is (0, —45).
The z-intercepts occur when the output is zero. To determine when the output is zero, we will need to factor the polynomial.
f(z) =z* — 42> —45
= (z —9)(z?+5)
=(z—3)(z +3)(z* +5)
0=(z—3)(z+3)(*+5)
z—-3=0 or z+3=0 or > +5 =0
z=3 or z=-3 or (no real solution)

The z-intercepts are (3,0) and (-3, 0).

We can see these intercepts on the graph of the function shown in Figure 3.10.12 We can see that the function is even because
f(@) = f(—=).
y

x-intercepts
- (—3,0) and
(3.0)

; ; X
-5 4 5
! \ y-intercept
(0. —45) Figure 3.10.12 Graph of f(z) = z* — 42 — 45 .

Exercise 3.10.5

3.10.5: Given the polynomial function f(z) = 22® — 6% — 20z , determine the y- and z-intercepts.

Solution

y-intercept (0, 0); z-intercepts (0, 0),(—2,0), and (5, 0)

Comparing Smooth and Continuous Graphs

The degree of a polynomial function helps us to determine the number of z-intercepts and the number of turning points. A
polynomial function of n*® degree is the product of n factors, so it will have at most 7 roots or zeros, or z-intercepts. The graph of
the polynomial function of degree n must have at most n—1 turning points. This means the graph has at most one fewer turning
point than the degree of the polynomial or one fewer than the number of factors.

A continuous function has no breaks in its graph: the graph can be drawn without lifting the pen from the paper. A smooth curve
is a graph that has no sharp corners. The turning points of a smooth graph must always occur at rounded curves. The graphs of
polynomial functions are both continuous and smooth.

Intercepts and Turning Points of Polynomials

A polynomial of degree n will have, at most, n z-intercepts and n — 1 turning points.
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Example 3.10.10: Determining the Number of Intercepts and Turning Points of a Polynomial

Without graphing the function, determine the local behavior of the function by finding the maximum number of z-intercepts
and turning points for f(z) = —3z10 +4z7 —z* +2z° .

Solution

The polynomial has a degree of 10, so there are at most n z-intercepts and at most n — 1 turning points.

Exercise 3.10.6

Without graphing the function, determine the maximum number of z-intercepts and

turning points for
f(z) =108 —132° — 8z* + 1422 4 22°

Answer

There are at most 12 z-intercepts and at most 11 turning points.

Example 3.10.11: Drawing Conclusions about a Polynomial Function from the Graph

What can we conclude about the polynomial represented by the graph shown in Figure 3.10.12based on its intercepts and
turning points?

y
3-
2_
14

: | X

5 4 1 23 4 5
5

Figure 3.10.13
Solution

The end behavior of the graph tells us this is the graph of an even-degree polynomial. See Figure 3.10.14

x-intercepts

turning points Figure 3.10.14 Graph of an even-degree polynomial.

The graph has 2 z-intercepts, suggesting a degree of 2 or greater, and 3 turning points, suggesting a degree of 4 or greater.
Based on this, it would be reasonable to conclude that the degree is even and at least 4.
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What can we conclude about the polynomial represented by the graph shown in Figure 3.10.15based on its intercepts and
turning points?

10

Figure 3.10.15.

Answer

Add texts here. Do not delete this text first.

Solution

The end behavior indicates an odd-degree polynomial function; there are 3 z-intercepts and 2 turning points, so the degree is odd
and at least 3. Because of the end behavior, we know that the lead coefficient must be negative.

Example 3.10.12: Drawing Conclusions about a Polynomial Function from the Factors

Given the function f(z) = —4z(z +3)(z —4), determine the local behavior.
Solution

The y-intercept is found by evaluating f(0).
£(0) =—4(0)(0+3)(0—4)
=0
The y-intercept is (0, 0).
The z-intercepts are found by determining the zeros of the function.
0 =—4z(z+3)(z—4)

z=0 or z+3 =0 or z—4=0
z=0 or r=-3 or =4

The z-intercepts are (0,0),(-3,0), and (4, 0).

The degree is 3 so the graph has at most 2 turning points.
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Exercise 3.10.8

Given the function f(z) =0.2(z —2)(z +1)(z —5) , determine the local behavior.

Answer

The z-intercepts are (2,0), (—1,0), and (5, 0), the y-intercept is (0, 2), and the graph has at most 2 turning points.

Key Equations

« general form of a polynomial function: f(z) = a,z" + 12"t . Hasz? +arz + agp

Key Concepts

o A power function is a variable base raised to a number power.

o The behavior of a graph as the input decreases without bound and increases without bound is called the end behavior.

e The end behavior depends on whether the power is even or odd.

¢ A polynomial function is the sum of terms, each of which consists of a transformed power function with positive whole number
power.

o The degree of a polynomial function is the highest power of the variable that occurs in a polynomial. The term containing the
highest power of the variable is called the leading term. The coefficient of the leading term is called the leading coefficient.

e The end behavior of a polynomial function is the same as the end behavior of the power function represented by the leading
term of the function.

¢ A polynomial of degree n will have at most n x-intercepts and at most n — 1 turning points.

Glossary

coefficient

a nonzero real number that is multiplied by a variable raised to an exponent (only the number factor is the coefficient)
continuous function

a function whose graph can be drawn without lifting the pen from the paper because there are no breaks in the graph
degree

the highest power of the variable that occurs in a polynomial

end behavior

the behavior of the graph of a function as the input decreases without bound and increases without bound

leading coefficient

the coefficient of the leading term

leading term

the term containing the highest power of the variable

polynomial function

a function that consists of either zero or the sum of a finite number of non-zero terms, each of which is a product of a number,
called the coefficient of the term, and a variable raised to a non-negative integer power.

power function

a function that can be represented in the form f(z) = kaP where k is a constant, the base is a variable, and the exponent, p, is a
constant

smooth curve
a graph with no sharp corners

term of a polynomial function
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any a;z’ of a polynomial function in the form f(z) = a,z" +a, 12" 1... +asz® + a1z +ag
turning point
the location at which the graph of a function changes direction

This page titled 3.10: Power Functions and Polynomial Functions is shared under a CC BY 4.0 license and was authored, remixed, and/or curated
by OpenStax via source content that was edited to the style and standards of the LibreTexts platform.

o 3.3: Power Functions and Polynomial Functions by OpenStax is licensed CC BY 4.0. Original source:
https://openstax.org/details/books/precalculus.
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3.11: Graphs of Polynomial Functions

Learning Objectives

e Recognize characteristics of graphs of polynomial functions.

o Use factoring to find zeros of polynomial functions.

o Identify zeros and their multiplicities.

o Determine end behavior.

e Understand the relationship between degree and turning points.
o Graph polynomial functions.

e Use the Intermediate Value Theorem.

The revenue in millions of dollars for a fictional cable company from 2006 through 2013 is shown in Table 3.11.1

Table 3.11.1
Year 2006 2007 2008 2009 2010 2011 2012 2013
Revenues 52.4 52.8 51.2 49.5 48.6 48.6 48.7 47.1
The revenue can be modeled by the polynomial function
R(t) = —0.037¢* +1.414¢3 —19.777¢> + 118.696¢ — 205.332 (3.11.1)

where R represents the revenue in millions of dollars and ¢ represents the year, with ¢ =6 corresponding to 2006. Over which
intervals is the revenue for the company increasing? Over which intervals is the revenue for the company decreasing? These
questions, along with many others, can be answered by examining the graph of the polynomial function. We have already explored
the local behavior of quadratics, a special case of polynomials. In this section we will explore the local behavior of polynomials in
general.

Recognizing Characteristics of Graphs of Polynomial Functions

Polynomial functions of degree 2 or more have graphs that do not have sharp corners; recall that these types of graphs are called
smooth curves. Polynomial functions also display graphs that have no breaks. Curves with no breaks are called continuous. Figure
3.11.1shows a graph that represents a polynomial function and a graph that represents a function that is not a polynomial.

¥

y
I
f

Example 3.11.1: Recognizing Polynomial Functions

Which of the graphs in Figure 3.11.2represents a polynomial function?

Figure 3.11.1 Graph of f(z) = z® —0.01z .
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Figure 3.11.2
Solution

e The graphs of f and h are graphs of polynomial functions. They are smooth and continuous.
o The graphs of g and k are graphs of functions that are not polynomials. The graph of function g has a sharp corner. The
graph of function k is not continuous.

Q&A
Do all polynomial functions have as their domain all real numbers?

e Yes. Any real number is a valid input for a polynomial function.

Using Factoring to Find Zeros of Polynomial Functions

Recall that if f is a polynomial function, the values of z for which f(z) =0 are called zeros of f. If the equation of the
polynomial function can be factored, we can set each factor equal to zero and solve for the zeros.

We can use this method to find x-intercepts because at the x-intercepts we find the input values when the output value is zero. For
general polynomials, this can be a challenging prospect. While quadratics can be solved using the relatively simple quadratic
formula, the corresponding formulas for cubic and fourth-degree polynomials are not simple enough to remember, and formulas do
not exist for general higher-degree polynomials. Consequently, we will limit ourselves to three cases in this section:

The polynomial can be factored using known methods: greatest common factor and trinomial factoring.
The polynomial is given in factored form.
Technology is used to determine the intercepts.

HOwTO: Given a polynomial function £, find the x-intercepts by factoring

1. Set f(z) = 0.
2. If the polynomial function is not given in factored form:

a. Factor out any common monomial factors.
b. Factor any factorable binomials or trinomials.

3. Set each factor equal to zero and solve to find the x-intercepts.
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Example 3.11.2: Finding the x-Intercepts of a Polynomial Function by Factoring

Find the x-intercepts of f(z) = 2% — 3z + 222 .
Solution

We can attempt to factor this polynomial to find solutions for f(z) =0.

2 —3z* +22% =0 Factor out the greatest common factor.
z?(z* - 322 +2) =0 Factor the trinomial.
z?(z? —1)(z> —2) =0  Set each factor equal to zero.
> =0 (1) =0 (*—2) =0
z2 =0 or z2 =1 or z? =2
z=0 T =1 T =242

This gives us five x-intercepts: (0, 0), (1,0), (—1,0), (v/2,0),and (—+/2,0) (Figure 3.11.3). We can see that this is an even
function.

Figure 3.11.3

Example 3.11.3: Finding the x-Intercepts of a Polynomial Function by Factoring

Find the x-intercepts of f(z) =2® —5z* —z +5 .
Solution

Find solutions for f(z) = 0 by factoring.

23 -5z —z+5 =0 Factor by grouping.
2’ (x—5)—(z—5) =0 Factor out the common factor.
(2 —1)(z—5) =0 Factor the difference of squares.
(z+1)(z—1)(z—5) =0 Set each factor equal to zero.
z+1=0 or z—1=0 or z—5=0
B = =il 3 =l =5

There are three x-intercepts: (—1,0), (1, 0), and (5, 0) (Figure 3.11.4).

Figure 3.11.4 Graph of f(z).
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Example 3.11.4: Finding the y- and x-Intercepts of a Polynomial in Factored Form

Find the y- and x-intercepts of g(z) = (z —2)%(2z + 3) .
Solution

The y-intercept can be found by evaluating g(0).

=12
So the y-intercept is (0, 12).
The x-intercepts can be found by solving g(z) =0.
(x—2)*2z+3)=0 (3.11.2)
(z—2)* =0 (2z+3) =0
3
z—2=0 or T=—7

=2
. 3
So the x-intercepts are (2, 0) and — 0.

Analysis

We can always check that our answers are reasonable by using a graphing calculator to graph the polynomial as shown in
Figure 3.11.5

(-15,0)
-4 -3 -2

Figure 3.11.5 Graph of g(z).

Example 3.11.5: Finding the x-Intercepts of a Polynomial Function Using a Graph

Find the x-intercepts of h(z) = 2° + 42> +x —6 .
Solution

This polynomial is not in factored form, has no common factors, and does not appear to be factorable using techniques
previously discussed. Fortunately, we can use technology to find the intercepts. Keep in mind that some values make graphing
difficult by hand. In these cases, we can take advantage of graphing utilities.

Looking at the graph of this function, as shown in Figure 3.11.6 it appears that there are x-intercepts at x = —3,—2, and 1.
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Figure 3.11.6 Graph of h(z).
We can check whether these are correct by substituting these values for x and verifying that
h(=3)=h(—2)=h(1)=0.
Since h(z) = 23 +42% +z — 6 , we have:
h(=3) =(-3)3+4(-3)*+(-3)—-6=-27+36-3—-6=0
h(=2) =(-2°+4(-22+(-2)—6=-8+16—-2—-6=10
(1) =(1)°*+4(1)*+(1)-6=1+4+1-6=0

Each x-intercept corresponds to a zero of the polynomial function and each zero yields a factor, so we can now write the
polynomial in factored form.

h(z) =x%+422 +z—6
=(x+3)(z+2)(x—1)

Exercise 3.11.1

Find the y-and x-intercepts of the function f(z) = z* — 1922 + 30z .

Answer
o y-intercept (0, 0);
« x-intercepts (0,0), (—5,0), (2,0), and (3,0)

Identifying Zeros and Their Multiplicities

Graphs behave differently at various x-intercepts. Sometimes, the graph will cross over the horizontal axis at an intercept. Other
times, the graph will touch the horizontal axis and bounce off. Suppose, for example, we graph the function

f(z)=(z+3)(z —2)%(z +1)%. (3.11.3)

Notice in Figure 3.11.7that the behavior of the function at each of the x-intercepts is different.
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; Figure 3.11.7 Identifying the behavior of the graph at an x-intercept by
examining the multiplicity of the zero.

The x-intercept -3 is the solution of equation (z +3) = 0. The graph passes directly through thex-intercept at = —3. The factor
is linear (has a degree of 1), so the behavior near the intercept is like that of a line—it passes directly through the intercept. We call
this a single zero because the zero corresponds to a single factor of the function.

The x-intercept 2 is the repeated solution of equation (z —2)2 =0. The graph touches the axis at the intercept and changes
direction. The factor is quadratic (degree 2), so the behavior near the intercept is like that of a quadratic—it bounces off of the
horizontal axis at the intercept.

(x—2)*=(z—2)(z—2) (3.11.4)

The factor is repeated, that is, the factor (z —2) appears twice. The number of times a given factor appears in the factored form of
the equation of a polynomial is called the multiplicity. The zero associated with this factor, = 2, has multiplicity 2 because the
factor (z — 2) occurs twice.

The x-intercept —1 is the repeated solution of factor (z 4+ 1) = 0.The graph passes through the axis at the intercept, but flattens
out a bit first. This factor is cubic (degree 3), so the behavior near the intercept is like that of a cubic—with the same S-shape near
the intercept as the toolkit function f(z) = 3. We call this a triple zero, or a zero with multiplicity 3.

For zeros with even multiplicities, the graphs touch or are tangent to the x-axis. For zeros with odd multiplicities, the graphs cross
or intersect the x-axis. See Figure 3.11.8for examples of graphs of polynomial functions with multiplicity 1, 2, and 3.

y y y
[ A

1 1
Single zero Zera with multiplicity 2 Zero with multiplicity 3 Figure 3.11.8
Three graphs showing three different polynomial functions with multiplicity 1, 2, and 3.

For higher even powers, such as 4, 6, and 8, the graph will still touch and bounce off of the horizontal axis but, for each increasing
even power, the graph will appear flatter as it approaches and leaves the x-axis.

For higher odd powers, such as 5, 7, and 9, the graph will still cross through the horizontal axis, but for each increasing odd power,
the graph will appear flatter as it approaches and leaves the x-axis.
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Graphical Behavior of Polynomials at x-Intercepts

If a polynomial contains a factor of the form (z — h)P, the behavior near the x-intercepth is determined by the power p. We
say that = h is a zero of multiplicity p.

The graph of a polynomial function will touch the x-axis at zeros with even multiplicities. The graph will cross the x-axis at
zeros with odd multiplicities.

The sum of the multiplicities is the degree of the polynomial function.

HOWTO: Given a graph of a polynomial function of degree n, identify the zeros and their multiplicities

1. If the graph crosses the x-axis and appears almost linear at the intercept, it is a single zero.
2. If the graph touches the x-axis and bounces off of the axis, it is a zero with even multiplicity.
3. If the graph crosses the x-axis at a zero, it is a zero with odd multiplicity.

4. The sum of the multiplicities is n.

Example 3.11.6: Identifying Zeros and Their Multiplicities

Use the graph of the function of degree 6 in Figure 3.11.9to identify the zeros of the function and their possible multiplicities.

y
100

80+
60+
40

Figure 3.11.9 Graph of a polynomial function with degree 5.
Solution
The polynomial function is of degree n. The sum of the multiplicities must be 7.

Starting from the left, the first zero occurs at * = —3. The graph touches the x-axis, so the multiplicity of the zero must be
even. The zero of —3 has multiplicity 2.

The next zero occurs at z = —1. The graph looks almost linear at this point. This is a single zero of multiplicity 1.

The last zero occurs at £ =4.The graph crosses the x-axis, so the multiplicity of the zero must be odd. We know that the
multiplicity is likely 3 and that the sum of the multiplicities is likely 6.

Exercise 3.11.2

Use the graph of the function of degree 5 in Figure 3.11.10to identify the zeros of the function and their multiplicities.
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Figure 3.11.10: Graph of a polynomial function with degree 5.

Answer

The graph has a zero of -5 with multiplicity 1, a zero of —1 with multiplicity 2, and a zero of 3 with even multiplicity.

Determining End Behavior

As we have already learned, the behavior of a graph of a polynomial function of the form
f(@) = anz" +an 12" ' +. .. a1z +ag (3.11.5)

will either ultimately rise or fall as « increases without bound and will either rise or fall as = decreases without bound. This is
because for very large inputs, say 100 or 1,000, the leading term dominates the size of the output. The same is true for very small
inputs, say —100 or —1,000.

Recall that we call this behavior the end behavior of a function. As we pointed out when discussing quadratic equations, when the
leading term of a polynomial function, a, ", is an even power function, as x increases or decreases without bound, f(x) increases
without bound. When the leading term is an odd power function, as = decreases without bound, f(z) also decreases without bound;
as z increases without bound, f(x) also increases without bound. If the leading term is negative, it will change the direction of the
end behavior. Figure 3.11.11summarizes all four cases.
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Even Degree

Odd Degree

N\

Positive Leading
Coefficient, a, > 0

y
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S

Positive Leading
Coefficient, a, > 0

/

y
[

/

L

End Behavior:

N

X — 0o, f(X) = —
X = -, f(X) = —=

X '¢
¥ / L
End Behavior: End Behavior:
X —= =, f(X) = X =, f(x) = =
X — =0, f(X) =5 = X = =2, f(x) = —=
Negative Leading Negative Leading
Coefficient,a, <0 Coefficient, a, <0
y y
[ \ [
- X -X

\

End Behavior:
X = oo, f(x) > —o
X ===, f(X) ==

L

Figure 3.11.11

Understanding the Relationship between Degree and Turning Points
In addition to the end behavior, recall that we can analyze a polynomial function’s local behavior. It may have a turning point
where the graph changes from increasing to decreasing (rising to falling) or decreasing to increasing (falling to rising). Look at the

graph of the polynomial function f(z) =z
Increasing

Decreasing

y

§

Decreasing

=X

Increasing

N/

Turning points

— 3 —42? + 42 in Figure 3.11.12 The graph has three turning points.

Figure 3.11.12 Graph of f(z) =z* — 2% —42? + 4z

This function f is a 4th degree polynomial function and has 3 turning points. The maximum number of turning points of a

polynomial function is always one less than the degree of the function.

@0
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Definition: Interpreting Turning Points

A turning point is a point of the graph where the graph changes from increasing to decreasing (rising to falling) or decreasing
to increasing (falling to rising). A polynomial of degree n will have at most n — 1 turning points.

Example 3.11.7: Finding the Maximum Number of Turning Points Using the Degree of a Polynomial Function

Find the maximum number of turning points of each polynomial function.

a f(z)=—-2%+42° - 322 +1
b. f(z) = —(z —1)%(1 +2z?%)

Solution
a. f(z) = —=z3 +42° - 322 +1
First, rewrite the polynomial function in descending order: f(z) = 4z° —2® — 322 +1
Identify the degree of the polynomial function. This polynomial function is of degree 5.
The maximum number of turning pointsis 5 —1 =4.
b. f(z) = —(z —1)2(1 +22?)

First, identify the leading term of the polynomial function if the function were expanded.

fx) = —(x — 1)? (1 + 2x3)
a, = (%) (26%) -2¢*
Then, identify the degree of the polynomial function. This polynomial function is of degree 4.

The maximum number of turning pointsis 4 —1 =3.

Graphing Polynomial Functions

We can use what we have learned about multiplicities, end behavior, and turning points to sketch graphs of polynomial functions.
Let us put this all together and look at the steps required to graph polynomial functions.

Howto: Given a polynomial function, sketch the graph

1. Find the intercepts.

2. Check for symmetry. If the function is an even function, its graph is symmetrical about the y-axis, that is, f(—z) = f(z). If
a function is an odd function, its graph is symmetrical about the origin, that is, f(—z) = —f(z).

3. Use the multiplicities of the zeros to determine the behavior of the polynomial at the x-intercepts.

4. Determine the end behavior by examining the leading term.

5. Use the end behavior and the behavior at the intercepts to sketch a graph.

6. Ensure that the number of turning points does not exceed one less than the degree of the polynomial.

7. Optionally, use technology to check the graph.

Example 3.11.8: Sketching the Graph of a Polynomial Function

Sketch a graph of f(z) = —2(z +3)%(z —5).
Solution

This graph has two x-intercepts. At = —3, the factor is squared, indicating a multiplicity of 2. The graph will bounce at this
x-intercept. At z = 5,the function has a multiplicity of one, indicating the graph will cross through the axis at this intercept.

The y-intercept is found by evaluating f(0).
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£(0) =—2(0+3)*(0—5)
=-2.9-(=5)
=90
The y-intercept is (0, 90).
Additionally, we can see the leading term, if this polynomial were multiplied out, would be —2z3, so the end behavior is that

of a vertically reflected cubic, with the outputs decreasing as the inputs approach infinity, and the outputs increasing as the
inputs approach negative infinity. See Figure 3.11.13

N

N

e Asz— — oo the function f(z)—00,s0 we know the graph starts in the second quadrant and is decreasing toward the x-
axis.
e Since f(—x) = —2(—z +3)?(—x—5) is not equal to f(z), the graph does not display symmetry.
e At (—3,0), the graph bounces off of thex-axis, so the function must start increasing.
o At (0,90), the graph crosses the y-axis at the y-intercept. See Figure 3.11.14
y

\ * (0, 90)

. -X

\

for the function f(z) = —2(z +3)2(z —5) .

Figure 3.11.13 Showing the distribution for the leading term.

To sketch this, we consider that:

Figure 3.11.14 Graph of the end behavior and intercepts, (—3, 0) and (0, 90),

Somewhere after this point, the graph must turn back down or start decreasing toward the horizontal axis because the graph
passes through the next intercept at (5, 0). See Figure 3.11.15
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\ * (0, 90)

(-3,0) (5.0

Figure 3.11.15 Graph of the end behavior and intercepts, (—3, 0), (0,90) and
(5,0), for the function f(z) = —2(z +3)*(z —5) .

As z—oo0 the function f(z)— — oo,
so we know the graph continues to decrease, and we can stop drawing the graph in the fourth quadrant.

Using technology, we can create the graph for the polynomial function, shown in Figure 3.11.16 and verify that the resulting
graph looks like our sketch in Figure 3.11.14

Yy
180+

150+
120+

60+

Figure 3.11.16: The complete graph of the polynomial function f(z) = —2(z +3)*(z —5).

Exercise 3.11.8

1
Sketch a graph of f(z) = Zm(a: —1)4(z+3)3.

Answer

' Figure 3.11.17 Graph of f(w):iz(:v—l)“(m +3)3
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Using the Intermediate Value Theorem

In some situations, we may know two points on a graph but not the zeros. If those two points are on opposite sides of the x-axis, we
can confirm that there is a zero between them. Consider a polynomial function f whose graph is smooth and continuous. The
Intermediate Value Theorem states that for two numbers a and b in the domain of f,if a < b and f(a)#f(b),then the function f
takes on every value between f(a) and f(b). We can apply this theorem to a special case that is useful in graphing polynomial
functions. If a point on the graph of a continuous function f at z = a lies above the x-axis and another point at x = b lies below
thex-axis, there must exist a third point between & = a and z = b where the graph crosses the x-axis. Call this point (¢, f(c)).This
means that we are assured there is a solution ¢ where f(c) =0.

In other words, the Intermediate Value Theorem tells us that when a polynomial function changes from a negative value to a
positive value, the function must cross the x-axis. Figure 3.11.18shows that there is a zero between a and b.

f(b) is
fle)=0 / positive

f(a) is
negative Figure 3.11.18 Using the Intermediate Value Theorem to show there

exists a zero.

Definition: Intermediate Value Theorem

Let f be a polynomial function. The Intermediate Value Theorem states that if f(a) and f(b) have opposite signs, then there
exists at least one value ¢ between a and b for which f(c) = 0.

Example 3.11.9: Using the Intermediate Value Theorem

Show that the function f(z) =2® — 52+ 3z +6 has at least two real zeros between z = 1 and z = 4.
Solution

As a start, evaluate f(z) at the integer values z =1, 2, 3, and 4 (Table 3.11.2).

Table 3.11.2
z 1 2 3 4
f(z) 5 0 3 2

We see that one zero occurs at ¢ = 2. Also, since f(3) is negative and f(4) is positive, by the Intermediate Value Theorem,
there must be at least one real zero between 3 and 4.

‘We have shown that there are at least two real zeros between x =1 and z = 4.
Analysis

We can also see on the graph of the function in Figure 3.11.19that there are two real zeros between x =1 and x = 4.
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f(1)=5
positive

f(4) =2
“/positi\re
-t R ¢
-3 2 1 3 M4 5
o]
)
| /
| f3) = -3
5] negative

! Figure 3.11.19

Exercise 3.11.4

Show that the function f(z) =7z —9z* — 2 has at least one real zero between z =1 and = 2.

Answer

Because f is a polynomial function and since f(1) is negative and f(2) is positive, there is at least one real zero between
z=1andz =2.

Writing Formulas for Polynomial Functions

Now that we know how to find zeros of polynomial functions, we can use them to write formulas based on graphs. Because a
polynomial function written in factored form will have an x-intercept where each factor is equal to zero, we can form a function
that will pass through a set of x-intercepts by introducing a corresponding set of factors.

Note: Factored Form of Polynomials

If a polynomial of lowest degree p has horizontal intercepts at = x1, 2, . . . , T, then the polynomial can be written in the
factored form: f(z) =a(z —x1)P1(z —z2)*2--- (x —x,)P» where the powers p; on each factor can be determined by the
behavior of the graph at the corresponding intercept, and the stretch factor a can be determined given a value of the function
other than the x-intercept.

How!
Given a graph of a polynomial function, write a formula for the function.

1. Identify the x-intercepts of the graph to find the factors of the polynomial.

2. Examine the behavior of the graph at the x-intercepts to determine the multiplicity of each factor.
3. Find the polynomial of least degree containing all the factors found in the previous step.

4. Use any other point on the graph (the y-intercept may be easiest) to determine the stretch factor.

Example 3.11.10: Writing a Formula for a Polynomial Function from the Graph

Write a formula for the polynomial function shown in Figure 3.11.2Q
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! Figure 3.11.20
Solution

This graph has three x-intercepts: * = —3, 2, and 5. The y-intercept is located at (0,2).At x = —3 and = =5, the graph
passes through the axis linearly, suggesting the corresponding factors of the polynomial will be linear. At z = 2, the graph
bounces at the intercept, suggesting the corresponding factor of the polynomial will be second degree (quadratic). Together,
this gives us

F(e) = a(z +3)(z —2)(c —5) (3.11.6)
To determine the stretch factor, we utilize another point on the graph. We will use the y-intercept (0, —2), to solve for a.

£(0) =a(0+3)(0—2)*(0—5)
—2 =a(0+3)(0—2)*(0—5)

—2 = —60a
1
2= 30

z+3)(x —2)%(x —5) .

1
The graphed polynomial appears to represent the function f(z) = %(

Exercise 3.11.5

Given the graph shown in Figure 3.11.21 write a formula for the function shown.

Figure 3.11.21

Answer
fl@)=—3( -2z +1)*(z—4)

Using Local and Global Extrema

With quadratics, we were able to algebraically find the maximum or minimum value of the function by finding the vertex. For
general polynomials, finding these turning points is not possible without more advanced techniques from calculus. Even then,
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finding where extrema occur can still be algebraically challenging. For now, we will estimate the locations of turning points using
technology to generate a graph.

Each turning point represents a local minimum or maximum. Sometimes, a turning point is the highest or lowest point on the entire
graph. In these cases, we say that the turning point is a global maximum or a global minimum. These are also referred to as the
absolute maximum and absolute minimum values of the function.

Note: Local and Global Extrema

A local maximum or local minimum at x = a (sometimes called the relative maximum or minimum, respectively) is the
output at the highest or lowest point on the graph in an open interval around = a.If a function has a local maximum at a,
then f(a)>f(z)for all z in an open interval around z = a. If a function has a local minimum at a, then f(a)<f(z)for all z in
an open interval around z = a.

A global maximum or global minimum is the output at the highest or lowest point of the function. If a function has a global
maximum at a, then f(a)>f(z) for all z. If a function has a global minimum at a, then f(a)<f(z) for all z.

We can see the difference between local and global extrema in Figure 3.11.22

y

5t Global

al Local maximum
maximum

o

24

14

+ + /\: t + + =X
2 19 12 5
=
-2l I
-3
Local
-4+ minimum

o ‘L
° Figure 3.11.22 Graph of an even-degree polynomial that denotes the local
maximum and minimum and the global maximum.

=]
!
w
[{=]

Do all polynomial functions have a global minimum or maximum?

No. Only polynomial functions of even degree have a global minimum or maximum. For example, f(x) =z has neither a
global maximum nor a global minimum.

Example 3.11.11: Using Local Extrema to Solve Applications

An open-top box is to be constructed by cutting out squares from each corner of a 14 cm by 20 cm sheet of plastic then folding
up the sides. Find the size of squares that should be cut out to maximize the volume enclosed by the box.

Solution

We will start this problem by drawing a picture like that in Figure 3.11.23 labeling the width of the cut-out squares with a
variable, w.
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Figure 3.11.23 Diagram of a rectangle with four squares at the corners.

Notice that after a square is cut out from each end, it leaves a(14 —2w) cm by (20 — 2w) cm rectangle for the base of the
box, and the box will be w cm tall. This gives the volume

V(w) = (20 —2w)(14 — 2w)w
= 280w — 68w” + 4w’
Notice, since the factors are 20— 2w, 14— 2w, and w, the three zeros are 10, 7, and 0, )respectively. Becauseaheightof\ (0
cm is not reasonable, we consider the only the zeros 10 and 7. The shortest side is 14 and we are cutting off two squares, so
values w may take on are greater than zero or less than 7. This means we will restrict the domain of this function to
0 < w < 7.Using technology to sketch the graph of V(w) on this reasonable domain, we get a graph like that in Figure
3.11.24 We can use this graph to estimate the maximum value for the volume, restricted to values for w that are reasonable for
this problem—values from 0 to 7.
V(w)
350+
3004
250+
200+
150+
100+
50+

19 1 2 3 4 5 6 8 9 fo
_51

~100+4
v

Figure 3.11.24 Graph of V(w) = (20 — 2w)(14 — 2w)w

From this graph, we turn our focus to only the portion on the reasonable domain, [0, 7]. We can estimate the maximum value to
be around 340 cubic cm, which occurs when the squares are about 2.75 cm on each side. To improve this estimate, we could
use advanced features of our technology, if available, or simply change our window to zoom in on our graph to produce Figure
3.11.25

v(w)
340+
339+
338+
337¢
336
3351
3341
3331
3321
331+

425262728 20 5" Figure 3.11.25 Graph of V(w) = (20 — 2w) (14 — 2w)w .
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From this zoomed-in view, we can refine our estimate for the maximum volume to about 339 cubic cm, when the squares
measure approximately 2.7 cm on each side.

Exercise 3.11.1

Use technology to find the maximum and minimum values on the interval [—1,4] of the function
f(z)=-0.2(z—2)3(z+1)%(z —4).
Answer

The minimum occurs at approximately the point (0, —6.5),
and the maximum occurs at approximately the point (3.5, 7).

Key Concepts

¢ Polynomial functions of degree 2 or more are smooth, continuous functions.

o To find the zeros of a polynomial function, if it can be factored, factor the function and set each factor equal to zero.

o Another way to find the x-intercepts of a polynomial function is to graph the function and identify the points at which the graph
crosses the x-axis.

o The multiplicity of a zero determines how the graph behaves at the x-intercepts.

o The graph of a polynomial will cross the horizontal axis at a zero with odd multiplicity.

o The graph of a polynomial will touch the horizontal axis at a zero with even multiplicity.

o The end behavior of a polynomial function depends on the leading term.

e The graph of a polynomial function changes direction at its turning points.

¢ A polynomial function of degree n has at most n — 1 turning points.

¢ To graph polynomial functions, find the zeros and their multiplicities, determine the end behavior, and ensure that the final
graph has at most n — 1 turning points.

o Graphing a polynomial function helps to estimate local and global extremas.

 The Intermediate Value Theorem tells us that if f(a) and f(b) have opposite signs, then there exists at least one value ¢
between a and b for which f(c) = 0.

Glossary

global maximum
highest turning point on a graph; f(a) where f(a)>f(z) for all .

global minimum
lowest turning point on a graph; f(a) where f(a)<f(x) for all z.

Intermediate Value Theorem
for two numbers a and b in the domain of f, if @ < b and f(a)#f(b), then the functionf takes on every value between f(a) and
£ (b); specifically, when a polynomial function changes from a negative value to a positive value, the function must cross the x-axis

multiplicity
the number of times a given factor appears in the factored form of the equation of a polynomial; if a polynomial contains a factor of
the form (z — h)P, = h is a zero of multiplicity p.

This page titled 3.11: Graphs of Polynomial Functions is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by
OpenStax via source content that was edited to the style and standards of the LibreTexts platform.

e 3.4: Graphs of Polynomial Functions by OpenStax is licensed CC BY 4.0. Original source: https://openstax.org/details/books/precalculus.
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3.12: Graphing Rational Functions

We’ve seen that the denominator of a rational function is never allowed to equal zero; division by zero is not defined. So, with
rational functions, there are special values of the independent variable that are of particular importance. Now, it comes as no
surprise that near values that make the denominator zero, rational functions exhibit special behavior, but here, we will also see that
values that make the numerator zero sometimes create additional special behavior in rational functions.

We begin our discussion by focusing on the domain of a rational function.
The Domain of a Rational Function
When presented with a rational function of the form

ag+ a1z +axz? +- - +az”
bo +b1$+b21‘2+-'-+bml‘m

flz) =

the first thing we must do is identify the domain. Equivalently, we must identify the restrictions, values of the independent
variable (usually x) that are not in the domain. To facilitate the search for restrictions, we should factor the denominator of the
rational function (it won’t hurt to factor the numerator at this time as well, as we will soon see). Once the domain is established and
the restrictions are identified, here are the pertinent facts.

X Behavior of a Rational Function at Its Restrictions

A rational function can only exhibit one of two behaviors at a restriction (a value of the independent variable that is not in the
domain of the rational function).

1. The graph of the rational function will have a vertical asymptote at the restricted value.
2. The graph will exhibit a “hole” at the restricted value.

In the next two examples, we will examine each of these behaviors. In this first example, we see a restriction that leads to a vertical

asymptote.
v/ Example 3.12.1
Sketch the graph of
1
Solution

The first step is to identify the domain. Note that x = —2 makes the denominator of f(x) = 1/(x + 2) equal to zero. Division by
zero is undefined. Hence, x = =2 is not in the domain of f; that is, x = =2 is a restriction. Equivalently, the domain of f is
{z:z # -2}

Now that we’ve identified the restriction, we can use the theory of Section 7.1 to shift the graph of y = 1/x two units to the left
to create the graph of f(z) =1/(x +2), as shown in Figure 3.12.1
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r=—2 Figure 3.12.1 The function f(x) = 1/(x + 2) has a restriction at x = —2. The
graph of f has a vertical asymptote with equation x = 2.

The function f(x) = 1/(x + 2) has a restriction at x = —2 and the graph of f exhibits a vertical asymptote having equation x = —2.

It is important to note that although the restricted value x = —2 makes the denominator of f(x) = 1/(x + 2) equal to zero, it does not
make the numerator equal to zero. We’ll soon have more to say about this observation.

Let’s look at an example of a rational function that exhibits a “hole” at one of its restricted values.

v/ Example 3.12.2

Sketch the graph of

Solution
We highlight the first step.

X Factor Numerators and Denominators

When working with rational functions, the first thing you should always do is factor both numerator and denominator of
the rational function.

Following this advice, we factor both numerator and denominator of f(z) = (z —2)/(x? —4) .

x—2
e e

It is easier to spot the restrictions when the denominator of a rational function is in factored form. Clearly, x = -2 and x = 2 will
both make the denominator of f(x) = (x—2)/((x—2)(x+ 2)) equal to zero. Hence, x = -2 and x = 2 are restrictions of the rational
function f.

Now that the restrictions of the rational function f are established, we proceed to the second step.

X Reduce to Lowest Terms

After you establish the restrictions of the rational function, the second thing you should do is reduce the rational function to
lowest terms.

Following this advice, we cancel common factors and reduce the rational function f(x) = (x — 2)/((x — 2)(x + 2)) to lowest terms,
obtaining a new function,
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1
z+2

9(z) =

The functions f(x) = (x — 2)/((x — 2)(x + 2)) and g(x) = 1/(x + 2) are not identical functions. They have different domains. The
domain of f is Dy = {z :  # —2,2}, but the domain of g is Dy = {x :  # —2}. Hence, the only difference between the two
functions occurs at x = 2. The number 2 is in the domain of g, but not in the domain of f.

We know what the graph of the function g(x) = 1/(x + 2) looks like. We drew this graph in Example 3.12.1and we picture it anew
in Figure 3.12.2

[}
54

A

-.__________.; z
d

'

Figure 3.12.2 The graph of g(x) = 1/(x + 2) exhibits a vertical asymptote at
its restriction x = —2.

The difficulty we now face is the fact that we’ve been asked to draw the graph of f, not the graph of g. However, we know that the
functions f and g agree at all values of x except x = 2. If we remove this value from the graph of g, then we will have the graph of f.

So, what point should we remove from the graph of g? We should remove the point that has an x-value equal to 2. Therefore, we
evaluate the function g(x) = 1/(x + 2) at x = 2 and find

1 1

2 = —_— =
92 =551

Because g(2) = 1/4, we remove the point (2, 1/4) from the graph of g to produce the graph of f. The result is shown in Figure

3.12.3
Yy
i 51\
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Figure 3.12.3 The graph of f(x) = (x — 2)/((x — 2)(x + 2)) exhibits a vertical
asymptote at its restriction x = —2 and a hole at its second restriction x = 2.
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We pause to make an important observation. In Example 3.12.2 we started with the function

T —2
AT

which had restrictions at x = 2 and x = —2. After reducing, the function

1
z+2

g(z) =

no longer had a restriction at x = 2. The function g had a single restriction at x = —2. The result, as seen in Figure 3.12.3 was a
vertical asymptote at the remaining restriction, and a hole at the restriction that “went away” due to cancellation. This leads us to
the following procedure.

X Asymptote or Hole?

To determine whether the graph of a rational function has a vertical asymptote or a hole at a restriction, proceed as follows:

1. Factor numerator and denominator of the original rational function f. Identify the restrictions of f.

2. Reduce the rational function to lowest terms, naming the new function g. Identify the restrictions of the function g.

3. Those restrictions of f that remain restrictions of the function g will introduce vertical asymptotes into the graph of f.

4. Those restrictions of f that are no longer restrictions of the function g will introduce “holes” into the graph of f. To
determine the coordinates of the holes, substitute each restriction of f that is not a restriction of g into the function g to
determine the y-value of the hole.

We now turn our attention to the zeros of a rational function.

The Zeros of a Rational Function

We’ve seen that division by zero is undefined. That is, if we have a fraction N/D, then D (the denominator) must not equal zero.
Thus, 5/0, —15/0, and 0/0 are all undefined. On the other hand, in the fraction N/D, if N = 0 and D # 0, then the fraction is equal to
zero. For example, 0/5, 0/(~15), and 0/ are all equal to zero.

Therefore, when working with an arbitrary rational function, such as

ap+ a1z +az®+- - +a,z”
by +biz+byx2+---+byx™

flz) =

whatever value of x that will make the numerator zero without simultaneously making the denominator equal to zero will be a zero
of the rational function f.

This discussion leads to the following procedure for identifying the zeros of a rational function.

X Finding Zeros of Rational Functions

To determine the zeros of a rational function, proceed as follows.

1. Factor both numerator and denominator of the rational function f.

2. Identify the restrictions of the rational function f.

3. Identify the values of the independent variable (usually x) that make the numerator equal to zero.

4. The zeros of the rational function f will be those values of x that make the numerator zero but are not restrictions of the
rational function f.

Let’s look at an example.

v/ Example 3.12.3

Find the zeros of the rational function defined by

_ 2243x42
 z22-27-3
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Solution
Factor numerator and denominator of the rational function f.

(@) (z+1)(z+2)

T)= ————
(z+1)(z—3)

The values x = —1 and x = 3 make the denominator equal to zero and are restrictions.

Next, note that x = —1 and x = —2 both make the numerator equal to zero. However, x = —1 is also a restriction of the rational
function f, so it will not be a zero of f. On the other hand, the value x = -2 is not a restriction and will be a zero of f.

Although we’ve correctly identified the zeros of f, it’s instructive to check the values of x that make the numerator of f equal to
zero. If we substitute x = —1 into original function defined by equation (6), we find that

(-1 +3(-1)+2
f=1)= (—1)2—2(-1)—3

0
0
is undefined. Hence, x = —1 is not a zero of the rational function f. The difficulty in this case is that x = —1 also makes the

denominator equal to zero.

On the other hand, when we substitute x = —2 in the function defined by equation (6),

_ (=2+3(=2)+2 _0 _
f=2)= (27 2(2) 3 5 °

In this case, x = —2 makes the numerator equal to zero without making the denominator equal to zero. Hence, x = -2 is a zero
of the rational function f.

It’s important to note that you must work with the original rational function, and not its reduced form, when identifying the zeros of
the rational function.

v/ Example 3.12.4

Identify the zeros of the rational function

22 —6zx+9
f((L') - $2 . 9
Solution
Factor both numerator and denominator.
(z—3)?
f(@)=—F7T—
(z+3)(z—3)

Note that x = -3 and x = 3 are restrictions. Further, the only value of x that will make the numerator equal to zero is x = 3.
However, this is also a restriction. Hence, the function f has no zeros.

The point to make here is what would happen if you work with the reduced form of the rational function in attempting to find
its zeros. Cancelling like factors leads to a new function,

z—3

9(@) = z+3

Note that g has only one restriction, x = —3. Further, x = 3 makes the numerator of g equal to zero and is not a restriction.
Hence, x = 3 is a zero of the function g, but it is not a zero of the function f.

This example demonstrates that we must identify the zeros of the rational function before we cancel common factors.

Drawing the Graph of a Rational Function

In this section we will use the zeros and asymptotes of the rational function to help draw the graph of a rational function. We will
also investigate the end-behavior of rational functions. Let’s begin with an example.
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Sketch the graph of the rational function

T+2

flo) =2

Solution

First, note that both numerator and denominator are already factored. The function has one restriction, x = 3. Next, note that x
= —2 makes the numerator of equation (9) zero and is not a restriction. Hence, x = -2 is a zero of the function. Recall that a
function is zero where its graph crosses the horizontal axis. Hence, the graph of f will cross the x-axis at (-2, 0), as shown in
Figure 3.12.4

Note that the rational function (9) is already reduced to lowest terms. Hence, the restriction at x = 3 will place a vertical
asymptote at X = 3, which is also shown in Figure 3.12.4

Y
104

(_2:0)

A
»

|—_l
o

y =3 Figure 3.12.4 Plot and label the x-intercept and vertical asymptote.

At this point, we know two things:

1. The graph will cross the x-axis at (-2, 0).
2. On each side of the vertical asymptote at x = 3, one of two things can happen. Either the graph will rise to positive infinity
or the graph will fall to negative infinity.

To discover the behavior near the vertical asymptote, let’s plot one point on each side of the vertical asymptote, as shown in
Figure 3.12.5

@ 0 a @ 3.12.6 https://stats.libretexts.org/@go/page/35222


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/2.5/
https://stats.libretexts.org/@go/page/35222?pdf

LibreTexts"

101[

y=(x+2)/(z-3)
2 —4
6

(‘_21 0)

v
L

—
=]
Ny

v r=3

Figure 3.12.5 Additional
points help determine the behavior near the vertical asymptote.

Consider the right side of the vertical asymptote and the plotted point (4, 6) through which our graph must pass. As the graph
approaches the vertical asymptote at x = 3, only one of two things can happen. Either the graph rises to positive infinity or the
graph falls to negative infinity. However, in order for the latter to happen, the graph must first pass through the point (4, 6),
then cross the x-axis between x = 3 and x = 4 on its descent to minus infinity. But we already know that the only x-intercept is
at the point (2, 0), so this cannot happen. Hence, on the right, the graph must pass through the point (4, 6), then rise to positive
infinity, as shown in Figure 3.12.6

Y
101\

("_2: O)

>

4
—_
oY

8

v =3

Figure 3.12.6 Behavior near the vertical asymptote.

A similar argument holds on the left of the vertical asymptote at x = 3. The graph cannot pass through the point (2, —4) and rise
to positive infinity as it approaches the vertical asymptote, because to do so would require that it cross the x-axis between x = 2
and x = 3. However, there is no x-intercept in this region available for this purpose. Hence, on the left, the graph must pass
through the point (2, —4) and fall to negative infinity as it approaches the vertical asymptote at x = 3. This behavior is shown in
Figure 3.12.6.

Finally, what about the end-behavior of the rational function? What happens to the graph of the rational function as x increases
without bound? What happens when x decreases without bound? One simple way to answer these questions is to use a table to
investigate the behavior numerically. The graphing calculator facilitates this task.

First, enter your function as shown in Figure 3.12.7a), then press 2nd TBLSET to open the window shown in Figure
3.12.7b). For what we are about to do, all of the settings in this window are irrelevant, save one. Make sure you use the arrow
keys to highlight ASK for the Indpnt (independent) variable and press ENTER to select this option. Finally, select 2nd TABLE,
then enter the x-values 10, 100, 1000, and 10000, pressing ENTER after each one.
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3.12.7 Using the table feature of the graphing calculator to investigate the end-behavior as x approaches positive infinity.
Note the resulting y-values in the second column of the table (the Y1 column) in Figure 3.12.7c). As x is increasing without

bound, the y-values are greater than 1, yet appear to be approaching the number 1. Therefore, as our graph moves to the
extreme right, it must approach the horizontal asymptote at y = 1, as shown in Figure 3.12.9.

A similar effort predicts the end-behavior as x decreases without bound, as shown in the sequence of pictures in Figure 3.12.8
As x decreases without bound, the y-values are less than 1, but again approach the number 1, as shown in Figure 3.12.§(c).

Flotl Flotz Flot: HELE SETUF A Y
SSYAECRF2 DA 0E=30 ThlsStart=14 -i0 JB1ExA
“Ne=R aTh1l1=R “i0n Atiyg
wWr= Indrht: Auto [EIEE 1anns| aanet
x$u= Derend: = W ’

o

~NE=

o= L=

(a) (b) (c)
Figure 3.12.8 Using the table feature of the graphing calculator to investigate the end-behavior as x approaches negative
infinity.
The evidence in Figure 3.12.§c) indicates that as our graph moves to the extreme left, it must approach the horizontal
asymptote at y = 1, as shown in Figure 3.12.9,

y

1041
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I

|

I

:

— |
y;___l__:_:—::;_-______i """" . T

20 TN T 10

|

L}

[}

[}

|

]

|

\J lr =3

Figure 3.12.9 The graph approaches the horizontal asymptote y = 1 at
the extreme right- and left-ends.

What kind of job will the graphing calculator do with the graph of this rational function? In Figure 3.12.1((a), we enter the
function, adjust the window parameters as shown in Figure 3.12.1(b), then push the GRAPH button to produce the result in
Figure 3.12.1Q(c).
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Flotl Flotz Flots WTHOOL

SMABCHE+H2 DA CH=30 Trumin=-18

“Nz=N amax=1@

wWa= ascl=1 i
wNWy= VYmin=-1G
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“Nr= Aares=N1

() (b) (c)

Figure 3.12.10 Drawing the graph of the rational function with the graphing calculator.

As was discussed in the first section, the graphing calculator manages the graphs of “continuous” functions extremely well, but
has difficulty drawing graphs with discontinuities. In the case of the present rational function, the graph “jumps” from negative

infinity to positive infinity across the vertical asymptote x = 3. The calculator knows only one thing: plot a point, then connect
it to the previously plotted point with a line segment. Consequently, it does what it is told, and “connects” infinities when it
shouldn’t.

However, if we have prepared in advance, identifying zeros and vertical asymptotes, then we can interpret what we see on the
screen in Figure 3.12.1((c), and use that information to produce the correct graph that is shown in Figure 3.12.9. We can even
add the horizontal asymptote to our graph, as shown in the sequence in Figure 3.12.11

W= Flotl  Flotz  Floks: TRDCL
SR CR+FZ DA E-30 Tamin=-1A
N eE1 Aamax=1a
- x= secl=1
Ly = Ymin=-14
Ne= Ymax=18
M E= Yacl=1
= Ares=A

(a) (b) (c)

Figure 3.12.11 Adding a suspected horizontal asymptote.

This is an appropriate point to pause and summarize the steps required to draw the graph of a rational function.

X Procedure for Graphing Rational Functions

Consider the rational function

ag+ a1z +axz® +- - +a,z”
bo+biz+byx2+.--+byz™

fz) =

. To draw the graph of this rational function, proceed as follows:

1. Factor the numerator and denominator of the rational function f.

2. Identify the domain of the rational function f by listing each restriction, values of the independent variable (usually x) that
make the denominator equal to zero.

3. Identify the values of the independent variable that make the numerator of f equal to zero and are not restrictions. These are
the zeros of f and they provide the x-coordinates of the x-intercepts of the graph of the rational function. Plot these
intercepts on a coordinate system and label them with their coordinates.

4. Cancel common factors to reduce the rational function to lowest terms. — The restrictions of f that remain restrictions of this
reduced form will place vertical asymptotes in the graph of f. Draw the vertical asymptotes on your coordinate system as
dashed lines and label them with their equations. — The restrictions of f that are not restrictions of the reduced form will
place “holes” in the graph of f. We’ll deal with the holes in step 8 of this procedure.

5. To determine the behavior near each vertical asymptote, calculate and plot one point on each side of each vertical
asymptote.
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6. To determine the end-behavior of the given rational function, use the table capability of your calculator to determine the
limit of the function as x approaches positive and/or negative infinity (as we did in the sequences shown in Figure 3.12.7
and Figure 3.12.8). This determines the horizontal asymptote. Sketch the horizontal asymptote as a dashed line on your
coordinate system and label it with its equation.

7. Draw the graph of the rational function.

8. If you determined that a restriction was a “hole,” use the restriction and the reduced form of the rational function to
determine the y-value of the “hole.” Draw an open circle at this position to represent the “hole” and label the “hole” with its
coordinates.

9. Finally, use your calculator to check the validity of your result.

Let’s look at another example.

v/ Example 3.12.6

Sketch the graph of the rational function

r—2
2 -3z —4

flz) =

Solution
We will follow the outline presented in the Procedure for Graphing Rational Functions.

Step 1: First, factor both numerator and denominator.
x—2
(z+1)(z —4)

Step 2: Thus, f has two restrictions, x = —1 and x = 4. That is, the domain of fis Dy = {s: x # —1,4} .

flz) =

Step 3: The numerator of equation (12) is zero at x = 2 and this value is not a restriction. Thus, 2 is a zero of f and (2, 0) is an
x-intercept of the graph of f, as shown in Figure 3.12.12

Step 4: Note that the rational function is already reduced to lowest terms (if it weren’t, we’d reduce at this point). Note that the
restrictions X = —1 and x = 4 are still restrictions of the reduced form. Hence, these are the locations and equations of the
vertical asymptotes, which are also shown in Figure 3.12.12

(2,0)

A

R
oV

r =4 Figure 3.12.12 Plot the x-intercepts and draw the vertical asymptotes.
All of the restrictions of the original function remain restrictions of the reduced form. Therefore, there will be no “holes” in the
graph of f.

Step 5: Plot points to the immediate right and left of each asymptote, as shown in Figure 3.12.13 These additional points
completely determine the behavior of the graph near each vertical asymptote. For example, consider the point (5, 1/2) to the
immediate right of the vertical asymptote x = 4 in Figure 3.12.13 Because there is no x-intercept between x = 4 and x = 5, and
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the graph is already above the x-axis at the point (5, 1/2), the graph is forced to increase to positive infinity as it approaches the
vertical asymptote x = 4. Similar comments are in order for the behavior on each side of each vertical asymptote.

Step 6: Use the table utility on your calculator to determine the end-behavior of the rational function as x decreases and/or
increases without bound. To determine the end-behavior as x goes to infinity (increases without bound), enter the equation in
your calculator, as shown in Figure 3.12.14a). Select 2nd TBLSET and highlight ASK for the independent variable. Select
2nd TABLE, then enter 10, 100, 1000, and 10000, as shown in Figure 3.12.14c).

1011 )
| [}
| [}
HRSe O —
! : 4 (z+1)(z—4)
| | 9 —2/3
1 3 : *s : 0% 0 1/2
: ! 3 —1/4
i i 5 1/2
EEEES,
T=—1"y ‘v =4 Figure 3.12.13 Additional
points help determine the behavior near the vertical asymptote.
W= Flotl  Flokz  Flats HELE SETLF & Y
i et g et b Tblstart=14 10 Azizi
R —d 00 aTbhl=1 100 il
M e=ll IndFrnt: Auto [ﬁEE- 1 | b
:-.$3= Derend: I A= PR
- I'|=
YEe=
B b=

(a) (b) ()
Figure 3.12.14 Examining end-behavior as x approaches positive infinity

If you examine the y-values in Figure 3.12.14c), you see that they are heading towards zero (le-4 means 1 x 10~ which
equals 0.0001). This implies that the line y = 0 (the x-axis) is acting as a horizontal asymptote.

You can also determine the end-behavior as x approaches negative infinity (decreases without bound), as shown in the
sequence in Figure 3.12.15 The result in Figure 3.12.15c) provides clear evidence that the y-values approach zero as x goes
to negative infinity. Again, this makes y = 0 a horizontal asymptote.

H= Flotl Flokz  Flokz AELE SETUF & Y
SYIRCH=Z22 S CE+1 D ThlS5tart=1A -10 -.ngEz
ke W= 2 aThl=1 -i0g | -.g0Ee
~e=l Indrnt.: Auto [EIEE 000 | AEZ
:-.33: Oerend: I H= %

v y=

YE=

N E= =

(a) (b) ()

Figure 3.12.15 Examining end-behavior as x approaches negative infinity
Add the horizontal asymptote y = 0 to the image in Figure 3.12.13

Step 7: We can use all the information gathered to date to draw the image shown in Figure 3.12.16
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y:

_—

;-.!:\D

o=}

—
ot
=)

z=—1"v =4 Figure 3.12.16 The completed graph runs up against vertical and

horizontal asymptotes and crosses the x-axis at the zero of the function.
Step 8: As stated above, there are no “holes” in the graph of f.

Step 9: Use your graphing calculator to check the validity of your result. Note how the graphing calculator handles the graph
of this rational function in the sequence in Figure 3.12.17 The image in Figure 3.12.1'7c) is nowhere near the quality of the
image we have in Figure 3.12.16 but there is enough there to intuit the actual graph if you prepare properly in advance (zeros,
vertical asymptotes, end-behavior analysis, etc.).

W= Flokl  Flokz  Flot: IO

WABCR=22 00 H+1 D TEmin=-18

=40 ) Amax=10

Hz=l Yee1=1 M
= Ymin=-18 R
My = Ymax=1H

she= Yacl=1

M e= Aless

(2) (b) (c)

Figure 3.12.17 The user of the graphing calculator must decipher the image in the calculator’s view screen.

Exercise

For rational functions Exercises 1-20, follow the Procedure for Graphing Rational Functions in the narrative, performing each of
the following tasks.

1. Set up a coordinate system on graph paper. Label and scale each axis. Remember to draw all lines with a ruler.
2. Perform each of the nine steps listed in the Procedure for Graphing Rational Functions in the narrative.

? Exercise 3.12.1
-8
f@)=%

Answer
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? Exercise 3.12.18

f(.’E) — 22226

22z

? Exercise 3.12.19

_ 44222
f(:l:) T x244x+3
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In Exercises 21-28, find the coordinates of the x-intercept(s) of the graph of the given rational function.

@)= s

T 2241049
Answer

(9,0)
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_ x2—z—12
f(:L‘) T 224223
Answer

(4,0)

? Exercise 3.12.24

_ 6x—18
f(l') T z2-Ta+12
Answer

no x-intercepts

? Exercise 3.12.26

_ 42436
f(:c) T 224152454

2 9a+14
@) =550

Answer

(7, 0)

? Exercise 3.12.28

_ z>-52-36
f(z)= 22—92+20

In Exercises 29-36, find the equations of all vertical asymptotes.

Answer

x=2

? Exercise 3.12.30

_ z’4da—45
fl@) =575
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_ z2-11z+18
f(m) - 2zx—x?

_ 22 fz—12
f@) =0

Answer

no vertical asymptotes

? Exercise 3.12.34

__16—a?
f(z)= 2 +72+12
Answer

x=-3

? Exercise 3.12.36

22—112+30
fle) ==

In Exercises 37-42, use a graphing calculator to determine the behavior of the given rational function as x approaches both positive
and negative infinity by performing the following tasks:

1. Load the rational function into the Y=menu of your calculator.

2. Use the TABLE feature of your calculator to determine the value of f(x) for x = 10, 100, 1000, and 10000. Record these results
on your homework in table form.

3. Use the TABLE feature of your calculator to determine the value of f(x) for x = =10, =100, —1000, and —10000. Record these
results on your home- work in table form.

4. Use the results of your tabular exploration to determine the equation of the horizontal asymptote.

? Exercise 3.12.37

fla) =22

Answer

Horizontal asymptote at y = 2.
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X Y1 X Y1

10 11.5 -10 0.944444
100 |2.20652|-100 |1.82407
1000 |2.01915{-1000 |1.98115
10000{2.0019 |-10000{1.998

? Exercise 3.12.38

Horizontal asymptote at y = —1.

X Y1 X Y1

10 ]-0.671329(-10  |-1.52381
100 [-0.960877(-100 |-1.04092
1000 [-0.996009(-1000 |-1.00401
10000{-0.9996 |-10000(-1
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? Exercise 3.12.40

_ 10—2z?
f(:L‘) T op2-4

? Exercise 3.12.41

2 20-3
F@)= g s

Answer

Horizontal asymptote at y = + .

X Y1 X Y1

10 0.458333|-10 0.513158
100 10.49736 |-100 0.502365
1000 (0.499749|-1000 |0.500249
10000{0.49997 [-10000]0.50002

? Exercise 3.12.42

In Exercises 43-48, use a purely analytical method to determine the domain of the given rational function. Describe the domain
using set-builder notation.

2536
flz) =55

Answer

Domain = {x:  # —1}
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? Exercise 3.12.45

Answer

Domain = {x: z # 3,0}

? Exercise 3.12.46

Answer

Domain = {x: z # 0,1}

? Exercise 3.12.48

_ z?—4
flz)= z2—9z+14

This page titled 3.12: Graphing Rational Functions is shared under a CC BY-NC-SA 2.5 license and was authored, remixed, and/or curated by
David Arnold.

e 7.3: Graphing Rational Functions by David Arnold is licensed CC BY-NC-SA 2.5. Original source:
https://web.archive.org/web/20200814023923/http://msenux2.redwoods.edu/IntAlgText/.
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CHAPTER OVERVIEW

4: Exponential and Logarithmic Functions

@b Learning Objectives

In this chapter, you will

1. Examine exponential and logarithmic functions and their properties

2. Identify exponential growth and decay functions and use them to model applications
3. Use the natural base e to represent an exponential functions

4. Use logarithmic functions to solve equations involving exponential functions

5. Use logarithmic and exponential functions to solve equations.

4.1: Prelude to Exponential and Logarithmic Functions including Exponential properties
4.2: Definition of Exponential Function, Exponential Growth and Decay Models

4.2.1: Exponential Growth and Decay Models (Exercises)
4.3: Graphs and Properties of Exponential Growth and Decay Functions/Use TI-84 calculator
4.3.1: Graphs and Properties of Exponential Growth and Decay Functions (Exercises)
4.4: Logarithms and Logarithmic Functions
4.4.1: Logarithms and Logarithmic Functions (Exercises)
4.5: Graphs and Properties of Logarithmic Functions
4.5.1: Graphs and Properties of Logarithmic Functions (Exercises)
4.6: Exponential and Logarithmic Equations

4.7: Chapter Review
4.E: Exponential and Logarithmic Functions (Exercises)

This page titled 4: Exponential and Logarithmic Functions is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by
Rupinder Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.
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4.1: Prelude to Exponential and Logarithmic Functions including Exponential
properties
In this chapter we examine exponential and logarithmic functions. We will need these functions in the next chapter, when

examining financial calculations.

This chapter is a new addition to this textbook. The California Community Colleges Curriculum Course Descriptor for Finite
Mathematics (C-ID; https://c-id.net/descriptors.html, http://www.ccccurriculum.net/articulation/) now requires coverage of
exponential and logarithmic functions in a Finite Mathematics course that is part of an Associate Degree for Transfer.

Students enrolling in Finite Mathematics typically are required to complete an Intermediate Algebra course or equivalent, as a
prerequisite, so students have already been exposed to much of the material in this chapter. However many students require a
review of this material, which is the basis for financial calculations based on compound interest in the following chapter. In
addition, review of this material is particularly important at colleges where Finite Mathematics serves as a prerequisite for Business
Calculus.

This book assumes students have mastered working with exponents, and properties of exponents; it focuses on review of
exponential and logarithmic functions with an eye toward skills needed to use exponential growth and decay models for financial
calculations and other business applications, as well as subsequent use in a course on Business Calculus. For the most part,
financial applications are not stressed in this new chapter, as financial calculations are the focus of the following chapter.

# Definition: Properties of Exponential Functions

Adding Exponents

al * gl = gntm

Example: a’* a*=a2™ =a°

Subtracting Exponents
a/a™ = a™M provided a not equal to 0

ke = gl 2=
Multiplying Exponents
(an)m = an"‘m

Zero Exponent

al=1

Negative Exponents
a=1/a"

1 in Exponent

A=l

Distributing Exponents
(ab)“ — (albl)n — al*n bl*n =ah p°

(ab)" = (@' /bh)" =al™ /b1 = a"b"
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? Exercise 4.1.1

wiw® =?

Answer

w3*5 = w8

? Exercise 4.1.1

yory? =2

Answer

yo2 =yt

? Exercise 4.1.1
(@%)°=7?

Answer
23%5 = ;15

? Exercise 4.1.1
23450 =7

Answer

Any number raised to the 0 power is 1.

? Exercise 4.1.1

6 =7

Answer

8 =18

? Exercise 4.1.1

4t=>2

Answer

I |

? Exercise 4.1.1

@p%)4="2

Answer
a3*4p2*4 = 4128
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4.2: Definition of Exponential Function, Exponential Growth and Decay Models

4b Learning Objectives

In this section, you will learn to

1. Define an exponential function

2. Recognize and model exponential growth and decay
3. Compare linear and exponential growth

4. Distinguish between exponential and power functions

# Definition: Exponential Function

A line is of the form y = ax + b Doman: (-00, c0) Range: (-c0, 00)

|/
/

/

1]

/

A quadratic is of the form y = ax? + bx + ¢ Domain: (-00,00) Range: depends on the values of a, b, and c. If a > 0, the
Range is [-b/2a, 00). If a <0, the Range is (-00, -b/2a]
\ 5 1

A cubic is of the form y = ax>+ bx? + cx + d Domain: (-0, c0) Range: (-00, 00)
= '

-5

An exponential function is different from the function above because the x variable is in the exponent. The exponential
function takes the following form.

y = ab*. where b > 0. Domain: (-oo, c0) Range: If a >0, y > 0 or (0, 00).

If b > 0, the exponential function increases as x increases. For example y = 2*. The leading coefficient a = 1.
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(1.2)

(0.2)

Comparing Exponential and Linear Growth
Consider two social media sites which are expanding the number of users they have:

o Site A has 10,000 users, and expands by adding 1,500 new users each month
o Site B has 10,000 users, and expands by increasing the number of users by 10% each month.

The number of users for Site A can be modeled as linear growth. The number of users increases by a constant number, 1500, each
month. If £ = the number of months that have passed and y is the number of users, the number of users after £ months is
y = 10000 +1500z. For site B, the user base expands by a constant percent each month, rather than by a constant number.
Growth that occurs at a constant percent each unit of time is called exponential growth.

We can look at growth for each site to understand the difference. The table compares the number of users for each site for 12
months. The table shows the calculations for the first 4 months only, but uses the same calculation process to complete the rest of
the 12 months.

Month Users at Site A Users at Site B

0 10000 10000
10000+-10% of 10000
1 10000 4- 1500 = 11500 =10000 + 0.10(10000)
=10000(1.10) = 11000

11000+-10% of 11000
2 11500 + 1500 = 13000 =11000 + 0.10(11000)

=11000(1.10) = 12100

12100+-10% of 12100
3 13000 + 1500 = 14500 =12100+ 0.10(12100)

—12100(1.10) = 13310

13310+10% of 13310
4 14500 + 1500 = 16000 =13310+ 0.10(13310)

=13310(1.10) = 14641
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Month Users at Site A Users at Site B
5 17500 16105
6 19000 17716
7 20500 19487
8 22000 21436
9 23500 23579
10 25000 25937
1 26500 28531
12 28000 31384

For Site B, we can re-express the calculations to help us observe the patterns and develop a formula for the number of users after x
months.

« Month 1: y = 10000(1.1) = 11000

« Month 2: y = 11000(1.1) = 10000(1.1)(1.1) = 10000(1.1)2 = 12100

« Month 3: y = 12100(1.1) = 10000(1.1)2(1.1) = 10000(1.1)3 = 13310
1.1

2
« Month 4: y = 13310(1.1) = 10000(1.1)3(1.1) = 10000(1.1)* = 14641

By looking at the patterns in the calculations for months 2, 3, and 4, we can generalize the formula. After £ months, the number of
users y is given by the function y = 10000(1.1)*
Using Exponential Functions to Model Growth and Decay

In exponential growth, the value of the dependent variable y increases at a constant percentage rate as the value of the
independent variable (z or t) increases. Examples of exponential growth functions include:

o the number of residents of a city or nation that grows at a constant percent rate.
o the amount of money in a bank account that earns interest if money is deposited at a single point in time and left in the bank to
compound without any withdrawals.

In exponential decay, the value of the dependent variable y decreases at a constant percentage rate as the value of the independent
variable (x or t) increases. Examples of exponential decay functions include:

o value of a car or equipment that depreciates at a constant percent rate over time
o the amount a drug that still remains in the body as time passes after it is ingested
o the amount of radioactive material remaining over time as a radioactive substance decays.

Exponential functions often model quantities as a function of time; thus we often use the letter ¢ as the independent variable instead
of z.

The table compares exponential growth and exponential decay functions:

Exponential Growth Exponential Decay

Quantity grows by a constant percent

it of ti Quantity decreases by a constant percent per unit of time
per unit of time

y = ab* y = ab*

e a is a positive number representing the initial value of the e a is a positive number representing the initial value of the
function when z = 0 function when z = 0

e b is areal number that is greater than 1: b > 1 e bis areal number that is between 0 and 1: 0 < b < 1

o the growth rate r is a positive number, 7 > 0 where b=1+1r e the decay rate r is a negative number, 7 < 0 whereb=1+1r
(sothatr =b—1) (sothatr =b—1)
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In general, the domain of exponential functions is the set of all real numbers. The range of an exponential growth or decay
function is the set of all positive real numbers.

In most applications, the independent variable, x or ¢, represents time. When the independent variable represents time, we may
choose to restrict the domain so that independent variable can have only non-negative values in order for the application to make
sense. If we restrict the domain, then the range is also restricted as well.

o For an exponential growth function y = ab® with b > 1 and a > 0, if we restrict the domain so that > 0, then the range is
y>a.

o For an exponential decay function y = ab® with 0 <b <1 and a > 0, if we restrict the domain so that > 0, then the range is
O<y<a.

v/ Example 4.2.1

Consider the growth models for social media sites A and B, where = number of months since the site was started and y =
number of users. The number of users for Site A follows the linear growth model:

y =10000 4 1500z.

The number of users for Site B follows the exponential growth model:
y =10000(1.1%)

For each site, use the function to calculate the number of users at the end of the first year, to verify the values in the table. Then
use the functions to predict the number of users after 30 months.
Solution
Since z is measured in months, then z = 12 at the end of one year.
Linear Growth Model:

When z = 12 months, then y = 10000 +1500(12) = 28, 000 users
When z = 30 months, then y = 10000 + 1500(30) = 55, 000 users

Exponential Growth Model:

When z = 12 months, then y = 10000(1.1'?) = 31, 384 users
When z = 30 months, then y = 10000(1.1%°) = 174, 494 users

We see that as z, the number of months, gets larger, the exponential growth function grows large faster than the linear function
(even though in Example 4.2.1 the linear function initially grew faster). This is an important characteristic of exponential growth:
exponential growth functions always grow faster and larger in the long run than linear growth functions.

It is helpful to use function notation, writing y = f(t) = ab’, to specify the value of ¢ at which the function is evaluated.

v/ Example 4.2.2

A forest has a population of 2000 squirrels that is increasing at the rate of 3% per year. Let ¢ = number of years and
y = f(t) = number of squirrels at time ¢.

a. Find the exponential growth function that models the number of squirrels in the forest at the end of ¢ years.
b. Use the function to find the number of squirrels after 5 years and after 10 years

Solution

a. The exponential growth function is y = f(¢) = ab’ , where a = 2000 because the initial population is 2000 squirrels
The annual growth rate is 3% per year, stated in the problem. We will express this in decimal form as » = 0.03
Thenb=1+r=1+0.03 =1.03

Answer: The exponential growth function is y = f(t) = 2000(1.03)

b. After 5 years, the squirrel population is y = f(5) = 2000(1.03°) ~ 2319 squirrels
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After 10 years, the squirrel population is y = f(10) = 2000(1.03'%) ~ 2688 squirrels

v/ Example 4.2.3

A large lake has a population of 1000 frogs. Unfortunately the frog population is decreasing at the rate of 5% per year. Let ¢ =
number of years and y = g(t) = the number of frogs in the lake at time ¢.

a. Find the exponential decay function that models the population of frogs.
b. Calculate the size of the frog population after 10 years.

Solution
a. The exponential decay function is y = g(t) = ab’ , where a = 1000 because the initial population is 1000 frogs

The annual decay rate is 5% per year, stated in the problem. The words decrease and decay indicated that r is negative. We
express this as » = —0.05 in decimal form.

Then,b=1+r=1+4(—0.05) =0.95
Answer: The exponential decay function is: y = g(t) = 1000(0.95")
b. After 10 years, the frog population is y = g(10) = 1000(0.95!°) ~ 599 frogs

v/ Example 4.2.4

A population of bacteria is given by the function y = f(¢) = 100(2t), where t is time measured in hours and y is the number
of bacteria in the population.

a. What is the initial population?
b. What happens to the population in the first hour?
c. How long does it take for the population to reach 800 bacteria?

Solution

a. The initial population is 100 bacteria. We know this because a =100 and because at time ¢=0, then
£(0) =100(2°) = 100(1) = 100

b. At the end of 1 hour, the population is y = f(1) = 100(2") = 100(2) = 200 bacteria.
The population has doubled during the first hour.

c. We need to find the time ¢ at which f(¢) = 800. Substitute 800 as the value of y:

y = f(t) =100 (2')
800 =100 (2')

Divide both sides by 100 to isolate the exponential expression on the one side
8=1(2")

8 = 23, so it takes ¢ = 3 hours for the population to reach 800 bacteria.

Two important notes about Example 4.2.4:

o Insolving 8 = 2, we “knew” that ¢ is 3. But we usually can not know the value of the variable just by looking at the equation.
Later we will use logarithms to solve equations that have the variable in the exponent.

« To solve 800 = 100(2"), we divided both sides by 100 to isolate the exponential expression 2¢. We can not multiply 100 by 2.
Even if we write it as 800 = 100(2)’, which is equivalent, we still can not multiply 100 by 2. The exponent applies only to the
quantity immediately before it, so the exponent t applies only to the base of 2.

Comparing Linear, Exponential and Power Functions

To identify the type of function from its formula, we need to carefully note the position that the variable occupies in the formula.
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A linear function can be written in the formy = ax+b

As we studied in chapter 1, there are other forms in which linear equations can be written, but linear functions can all be
rearranged to have form y = max +b.

An exponential function has form y = ab*
The variable x is in the exponent. The base b is a positive number.

e If b > 1, the function represents exponential growth.
e If 0 <b < 1, the function represents exponential decay

A power function has form y = cx®

The variable x is in the base. The exponent p is a non-zero number.

We compare three functions:

e linear function y = f(z) =2z

« exponential function y = g(z) = 2*
« power function y = h(z) = z?

x y =f(x) =2x y =g(x) =2* y =h(x) =x2
0 0 1 0
1 2 2 1
2 4 4 4
3 6 8 9
4 8 16 16
5 10 32 25
6 12 64 36
10 20 1024 100
Type of function Linear y = mx +b Exponential y = ab” Power y = cz’

How to recognize this type of  all terms are first degree; m is slopegse is a number b > 0; the variabiariable is in the base; exponent
function. b is the y intercept is in the exponent is a number p # 0
For equal intervals of change in
.q g For equal intervals of change in
x, y increases by a constant

z, y increases by a constant ratio
amount

For the functions in the previous table: linear function y = f(z) = 2z, exponential function y = g(z) = 2%, and power function
y=h(z)= 22 , if we restrict the domain to z > 0 only, then all these functions are growth functions. When x > 0, the value of y
increases as the value of x increases.

The exponential growth function grows large faster than the linear and power functions, as  gets large. This is always true of
exponential growth functions, as = gets large enough.

v/ Example 4.2.5

Classify the functions below as exponential, linear, or power functions.

a. y=10x3

b. y = 1000 — 30z
c. y =1000 (1.05%)
d.y = 500(0.75%)
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e.y=10yz =z/3
fy=>5x—1
gy=6/z>=62"2

Solution:

The exponential functions are

c. y = 1000 (1.05”) The variable is in the exponent; the base is the number b = 1.05
d. y = 500(0.75%)\) The variable is in the exponent; the base is the number b = 0.75
The linear functions are

b.y =1000 — 30z

fy=>5zx—1

The power functions are

ay= 1023 The variable is the base; the exponent is a fixed number, p = 3.

e.y =10z = £/ The variable is the base; the exponent is a number, p = 1/3.

g.y =6/z% = 6z~2 The variable is the base; the exponent is a number, p = —2.

NATURAL BASE: e
The number e is often used as the base of an exponential function. e is called the natural base.
e is approximately 2.71828
e is an irrational number with an infinite number of decimals; the decimal pattern never repeats.

Section 6.2 includes an example that shows how the value of e is developed and why this number is mathematically important.
Students studying Finite Math should already be familiar with the number e from their prerequisite algebra classes.

When e is the base in an exponential growth or decay function, it is referred to as continuous growth or continuous decay. We
will use e in chapter 6 in financial calculations when we examine interest that compounds continuously.

Any exponential function can be written in the form y = ae**

k is called the continuous growth or decay rate.

o If k> 0, the function represents exponential growth
e If k <0, the function represents exponential decay

a is the initial value

We can rewrite the function in the form y = ab*, where b = e

In general, if we know one form of the equation, we can find the other forms. For now, we have not yet covered the skills to find &
when we know b. After we learn about logarithms later in this chapter, we will find k using natural log: k =1nb.

The table below summarizes the forms of exponential growth and decay functions.

y = abX y = a(l+r)* y=ael™, k=0
Initial value a>0 a>0 a>0
Relationship between b, 1, k b>0 b=1+r b=ekandk=Inb
Growth b>1 r>0 k>0
Decay 0<b<1 r<o0 k<0
The value of houses in a city are increasing at a continuous growth rate of 6% per year. For a house that currently costs
$400,000:
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a. Write the exponential growth function in the form y = ae
b. What would be the value of this house 4 years from now?
c. Rewrite the exponential growth function in the form y = ab” .
d. Find and interpret 7.

kx

Solution

a. The initial value of the house is a = $400000

The problem states that the continuous growth rate is 6% per year, so k = 0.06

The growth function is : y = 400000e°-°6*

b. After 4 years, the value of the house is y = 400000¢°-°%(4) = $508,500.

c. To rewrite y = 400000e°6% in the form y = ab”, we use the fact that b = e* .
b — 0-06

b =1.06183657 ~ 1.0618
y = 400000(1.0618)*

d. To find r, we use the fact thatb =1 +7r

b=1.0618
14r=1.0618
r=0.0618

The value of the house is increasing at an annual rate of 6.18%.

v/ Example 4.2.7

Suppose that the value of a certain model of new car decreases at a continuous decay rate of 8% per year. For a car that costs
$20,000 when new:

a. Write the exponential decay function in the form y = ae*® .

b. What would be the value of this car 5 years from now?
c. Rewrite the exponential decay function in the form y = ab® .
d. Find and interpret 7.

Solution

a. The initial value of the car is a = $20000

The problem states that the continuous decay rate is 8% per year, so k = -0.08

The growth function is : y = 20000e~0-08=

b. After 5 years, the value of the car is y = 20000e~9-98(5) = $13,406.40.

c. To rewrite y = 20000e %87 in the form y = ab” , we use the fact that b = e .
b — ¢—0-08
b=0.9231163464 ~ 0.9231
y =20000(0.9231)*

d. To find r, we use the fact thatb =1+

b=0.9231
14+r=0.9231
r=0.9231-1=-0.0769

The value of the car is decreasing at an annual rate of 7.69%.
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4.2.1: Exponential Growth and Decay Models (Exercises)

SECTION 4.2 PROBLEM SET. EXPONENTIAL GROWTH AND DECAY FUNCTIONS

Identify each as an exponential, linear, or power function.

1.y =640 (1.25%) 2.y =640 (')
3.y = 640(1.25z) 4.y=1.05z—2.5
5.y=90— (4/5)x 6.y = 42(0.927)
7.y=37(z"%) 8.y =4(1/3)"

Indicate if the function represents exponential growth or exponential decay.

9.y = 127e 0% 10. y =70 (0.8")
11. y =453 (1.2") 12 y = 16e02

In each of the following, ¥ is an exponential function of ¢ stated in the form y = ae** where ¢ represents time measured in years..
For each:

a. re-express each function in the form y = ab’ (state the value of b accurate to 4 decimal places)
b. state the annual growth rate or annual decay rate as a percent, accurate to 2 decimal places

13. y = 127e7035¢ 14. y = 1624

15. y = 17250e024 16. y = 4700e 007

Identify if the function represents exponential growth, exponential decay, linear growth, or linear decay. In each case write the
function and find the value at the indicated time.

17. A house was purchased for $350,000 in the year 2010. The 18. A house was purchased for $350,000 in the year 2010. The

value has been increasing by $7,000 per year. Write the value has been increasing at the rate of 2% per year. Write the
function and find the value of the house after 5 years. function and find the value of the house after 5 years.

19. A lab purchases new equipment for $50,000. Its value 20. A lab purchases new equipment for $50,000. Its value
depreciates over time. The value decreases at the rate of 6% depreciates over time. The value decreases by $3000 annually.
annually. Write the function and find the value after 10 years. Write the function and find the value after 10 years

21. A population of bats in a cave has 200 bats. The population is  22. A population of bats in a cave has 200 bats. The population is
increasing by 10 bats annually. Write the function. How many increasing at the rate of 5% annually. Write the function. How
bats live in the cave after 7 years? many bats live in the cave after 7 years?

23. bAlrIc)lzp l"i"l}?:(;))I(;Slfl;ics:?;nd::z;zfn;f;[l:}(}eurlaiesslfu;‘l’j;ke::S 300 24. A population of a certain species of bird in a state park has 300
. . . . . birds. The population decreases by 20 birds per year. Write the

Write the function. How many birds are in the population after

function. How many birds are in the population after 6 years?
6 years?

In problems 25-28, the problem represents exponential growth or decay and states the CONTINUOUS growth rate or continuous
decay rate. Write the exponential growth or decay function and find the value at the indicated time.

Hint: Use the form of the exponential function that is appropriate when the CONTINUOUS growth or decay rate is given.
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26. The price of a machine needed by a production factory is

25. A population of 400 microbes increases at the continuous $28,000. The business expects to replace the machine in 4
growth rate of 26% per day. Write the function and find the years. Due to inflation the price of the machine is increasing at
number of microbes in the population at the end of 7 days. the continuous rate of 3.5% per year. Write the function and

find the value of the machine 4 years from now.

27. A population of an endangered species consists of 4000 28. A business buys a computer system for $12000. The value of
animals of that species. The population is decreasing at the the system is depreciating and decreases at the continuous rate
continuous rate of 12% per year. Write the function and find of 20% per year. Write the function and find the value at the
the size of the population at the end of 10 years. end of 3 years.

This page titled 4.2.1: Exponential Growth and Decay Models (Exercises) is shared under a CC BY 4.0 license and was authored, remixed, and/or
curated by Rupinder Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

« 5.2.1: Exponential Growth and Decay Models (Exercises) by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:
https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.
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4.3: Graphs and Properties of Exponential Growth and Decay Functions/Use TI-84
calculator

4b Learning Objectives

In this section, you will:

1. Examine properties of exponential functions
2. Examine graphs of exponential functions
3. How to graph and evaluate an exponential function using the TI-84 calculator.

An exponential function can be written in forms
f(z) = ab® =a(l+r)" = ae®
where
« a is the initial value because f(0) = a. In the growth and decay models that we examine in this finite math textbook, a > 0.
¢ b is often called the growth factor. We restrict b to be positive (b > 0) because even roots of negative numbers are undefined. We

want the function to be defined for all values of x, but b* would be undefined for some values of z if b < 0.
o r is called the growth or decay rate. In the formula for the functions, we use r in decimal form, but in the context of a problem we

usually state r as a percent.
¢ k is called the continuous growth rate or continuous decay rate.

Properties of Exponential Growth Functions

The function y = f(z) = ab® represents growth if b >1 anda > 0.

The growth rate r is positive when b > 1. Becauseb=1+7r>1,thenr=56—1>0
The function y = f(z) = ae*® represents growth if k>0 and a > 0.

The function is an increasing function; y increases as « increases.

v =ab¥ = a(l+r)¥=aekX

a=0
b>1, r>0, k>0

(0,2)

e Domain: { all real numbers} ; all real numbers can be input to an exponential function
o Range: If @ > 0, the range is {positive real numbers} The graph is always above the x axis.
Horizontal Asymptote: when b > 1, the horizontal asymptote is the negative x axis, as x becomes large negative. Using mathematical

notation: as x — —oo, theny — 0.

e The vertical intercept is the point (0, a) on the y-axis. There is no horizontal intercept because the function does not cross the x-axis.

Properties of Exponential Decay Functions
The function y = f(z) = ab® function represents decay if 0 <b <1 anda > 0.

The growth rate r is negative when 0 < b < 0.Becauseb=1+r<1,thenr=b—-1<0.
The function y = f(z) = ae** function represents decay if k <0 and a > 0.

The function is a decreasing function; y decreases as « increases.

Domain: { all real numbers} ; all real numbers can be input to an exponential function

Range: If a > 0, the range is { positive real numbers } The graph is always above the x axis.
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Horizontal Asymptote: when b < 1, the horizontal asymptote is the positive x axis as x becomes large positive. Using mathematical

notation: as x — oo, theny — 0.

The vertical intercept is the point (0, @) on the y-axis. There is no horizontal intercept because the function does not cross the x-axis.

The graphs for exponential growth and decay functions are displayed below for com

parison.

EXPONENTIAL GROWTH EXPONENTIAL DECAY

¥
¥ = abX = a(1+1)*=aekY

a=0
b>1, r>0, k>0

(0,3)

¥ '
¥ = ab¥ = a(1+r)%=aekX

a0
0<b<1, r<0, k<0

©.2) \

How to find an exponential function from two points

v/ Example 4.3.0

a restaurant if the initial point is (0, 1). Find the exponential function.
a) (4, 625)
b) (-3, 343)

Solution
a) The general exponential function is y = ab*.

o Substituting the point (0, 1), you get 1 = ab®,

o We know that b? = 1; therefore, the exponential function is y = b*.

o Next, substitute the point (4, 625) in the exponential function 625 = b*.
o Take the 4th root of each side (625)% = b

e b=5

o The exponential equation is y = 5*.

b) The general exponential function is y = abx.

o Substituting the point (0, 1), you get 1 = ab®.

o We know that b? = 1; therefore, the exponential function is y = b*.

o Next, substitute the point (-3, 343) in the exponential function 343 = b3,

o A negative exponent indicates the b should be in the denominator 343 = (1/b)3.
o Take the cubic root of both sides (343)"/3 = (1/b).

o 7= (l/b)

o Multiply both sides by b and solve forb. 7b = (1/b)(b)=1. b=1/7

e The exponential equation is y = (1/7)*.

An Exponential Function is a One-to-One Function

Observe that in the graph of an exponential function, each y value on the graph occ

x

Suppose the following points define an exponential function that describes the exponential growth or decline of customers coming to

urs only once. Therefore, every y value in the range

corresponds to only one x value. So, for any particular value of y, you can use the graph to see which value of x is the input to produce

that y value as output. This property is called “one-to-one”.

Because for each value of the output y, you can uniquely determine the value of the corresponding input x, thus every exponential
function has an inverse function. The inverse function of an exponential function is
the next section.

a logarithmic function, which we will investigate in
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functions.

Solution
Population of Fulton
y = f(z) = 35000 (1.03")

Fulton's population is increasing. b= 1.03 > 1 and r = 0.03 > 0
Exponential Growth

.....

y-intercept: (0, 35000)
The initial population in 2015 is 35000.

Horizontal Asymptote: The negative x axis is the horizontal
asymptote.y - 0asx - — oo

numbers.

Domain and Range in context of this problem:

in the first quadrant.

isy > 35,000

Greenville is y < 80, 000.

How to graph an exponential function

v/ Example 4.3.1

Solution

 years after the year 2015, the population of the city of Fulton is given by the function y = f(z) = 35000(1.03"). z years after the
year 2015, the population of the city of Greenville is given by the function y = g(z) = 80000(0.95"). Compare the graphs of these

The graphs below were created using computer graphing software. You can also graph these functions using a graphing calculator.

Population of Greenville

y = g(x) = 80000 (0.95%)
Greenville’s population is decreasing. b=10.95 <1 and
r=-0.05<0
Exponential Decay

X years

y-intercept: (0,80000)
The initial population in 2015 is 80000.

Horizontal Asymptote: The positive x axis is the horizontal
asymptote. y - 0as x —»

Domain: In general, the domain of both functions y = f(z) = 35000(1.03") and y = g(xz) = 80000(0.95") is the set of all real

Range: The range of both functions is the set of positive real numbers. Both graphs always lie above the x-axis.

The functions represent population size as a function of time after the year 2015 . We restrict the domain in this context, using the
“practical domain” as the set of all non-negative real numbers: £ > 0. Then we would consider only the portion of the graph that lies

o If we restrict the domain to > 0 for the growth function y = f(z) = 35000(1.03%), then the range for the population of Fulton

o If we restrict the domain to & > 0 for the decay function y = g(x) = 80000(0.95), then the range for the population of

Graph y = 2X using the TI-84 calculator. Evaluate the exponential function at x = 25.4 and x = 0.25.
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Using Ti 84 Calculator to Graph and Evaluate Functions

The video explains how to use the Ti 84
calculator to graph the function Y=2"x and
how to evaluate it at different points. It...

>

1) Click the y= button.

2) Hit the Clear button to erase any function entered.

3) Enter 2 and hit the A button and hit the X button .

4) Hit the Graph button to view the graph of y = 2%.
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5) To evaluate y = 2%, hit the 2nd button and the graph button. Scroll to the x value and move to the y column to find the answer
(i.e. x=13).

NORMAL FLOAT AUTD RE

PRESS # TO EDIT FUNCTI
X Y1
" 16
5 32
6 6Y4
7 128
8 256
9 512
10 1624
11 2048
12 4096
13
_1Y4 1638Y4
Y1=8192

thiset f2

6) To set the X values to what you want, hit the 2nd button and the Window button . Set the beginning value of 0, and the
amount to increase the x value by 0.25 then hit the 2nd button then the Graph button.

TABLE SETUP
TblStart=0
aTbl=0.251

Indent: Ask

Derend: Ask

Scroll down to x = 0.25 and move to the Y; value. The Y value is 1.1892071150027. Round it to the desired decimal places.
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=

x'

Y1
0 1
.25
0.5 1.4142
.75 1.6818
1 2
1.25 2.3784
1.5 2.8284
1.75 3.3636
2 y
2.25 4.7568
_25 5.6569

-

1=1.1892071150027

tblset f2

7) To set the table to ask you for a specific value. Hit the 2nd button and the Windows key . Scroll down to Indpnt and
highlight Ask then hit the enter button.

TABLE SETUP
ThblStart=0
aTbl=0.25

Indent: Auto FEA

Derend: Ask

Then hit the 2nd button and the graph button. Enter 25.4 and hit enter button. Move over to the Y; column to see the answer.

X Y4
25.4

Y1=44275338.465493

Round to the desired decimal places.

This page titled 4.3: Graphs and Properties of Exponential Growth and Decay Functions/Use TI-84 calculator is shared under a CC BY 4.0 license and
was authored, remixed, and/or curated by Rupinder Sekhon and Roberta Bloom via source content that was edited to the style and standards of the
LibreTexts platform.

¢ 5.3: Graphs and Properties of Exponential Growth and Decay Functions by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0.

Original source: https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.
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4.3.1: Graphs and Properties of Exponential Growth and Decay Functions
(Exercises)

SECTION 4.3 PROBLEM SET: GRAPHS AND PROPERTIES OF EXPONENTIAL GROWTH AND
DECAY FUNCTIONS

In questions 1-4, let £ = time in years and y = the value at time ¢ or y = the size of the population at time ¢. The domain is the set of
non-negative values for ¢; £ > 0, because y represents a physical quantity and negative values for time may not make sense. For
each question:

a. Write the formula for the function in the form y = ab’
b. Sketch the graph of the function and mark the coordinates of the y-intercept.

1. A house was purchased for $350,000 in the year 2010. The 2. A population of a certain species of bird in a state park has 300
value has been increasing at the rate of 2% per year. birds. The population is decreasing at the rate of 7% year.

3. A lab buys equipment $50,000. Its value depreciates over time. 4. A population of bats in a cave has 200 bats. The population is
The value decreases at the rate of 6% annually. increasing at the rate of 5% annually.

In questions 5-8, let ¢ = time in years and y = the value at time ¢ or y = the size of the population at time ¢. The domain is the set of
non-negative values for ¢; ¢ > 0, because y represents a physical quantity and negative values for time may not make sense. For
each question:

a. Write the formula for the function in the form y = ae*

b. Sketch the graph of the function and mark the coordinates of the y-intercept.
6. The price of hi ded b duction factory i
5. A population of 400 microbes increases at the continuous @ price ot a machine needed by a procuction factory 1s

growth rate of 26% per day. $28,000. Due to inflation the price of the machine is increasing

at the continuous rate of 3.5% per year.

7. A population of an endangered species consists of 4000 8. A business buys a computer system for $12000. The value of
animals of that species. The population is decreasing at the the system is depreciating and decreases at the continuous rate
continuous rate of 12% per year. of 20% per year.

For questions 9-12

a. Sketch a graph of exponential function.

b. List the coordinates of the y intercept.

c. State the equation of any asymptotes and state the whether the function approaches the asymptote as x — o or as x - — .
d. State the domain and range.

9.y=10(1.5%) 10. y =10 (")
11. y = 32(0.75%) 12. y =200 (e *%)

This page titled 4.3.1: Graphs and Properties of Exponential Growth and Decay Functions (Exercises) is shared under a CC BY 4.0 license and
was authored, remixed, and/or curated by Rupinder Sekhon and Roberta Bloom via source content that was edited to the style and standards of the
LibreTexts platform.

« 5.3.1: Graphs and Properties of Exponential Growth and Decay Functions (Exercises) by Rupinder Sekhon and Roberta Bloom is
licensed CC BY 4.0. Original source: https://www.deanza.edu/faculty/bloomroberta/math11/afm3files html.html.
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4.4: Logarithms and Logarithmic Functions

4b Learning Objectives

In this section you will learn

1. the definition of logarithmic function as the inverse of the exponential function
2. to write equivalent logarithmic and exponential expressions

3. the definition of common log and natural log

4. properties of logs

5. to evaluate logs using the change of base formula

The Logarithm

Suppose that a population of 50 flies is expected to double every week, leading to a function of the form f(z) =50(2)*, where =
represents the number of weeks that have passed. When will this population reach 500?

Trying to solve this problem leads to
500 =50(2)*
Dividing both sides by 50 to isolate the exponential leads to
10 =2".

While we have set up exponential models and used them to make predictions, you may have noticed that solving exponential
equations has not yet been mentioned. The reason is simple: none of the algebraic tools discussed so far are sufficient to solve
exponential equations. Consider the equation 2 = 10 above. We know that 23 = 8 and 2 = 16, so it is clear that x must be some
value between 3 and 4 since g(x) = 2¥ is increasing. We could use technology to create a table of values or graph to better estimate
the solution, but we would like to find an algebraic way to solve the equation.

We need an inverse operation to exponentiation in order to solve for the variable if the variable is in the exponent. As we learned in
algebra class (prerequisite to this finite math course), the inverse function for an exponential function is a logarithmic function.

We also learned that an exponential function has an inverse function, because each output (y) value corresponds to only one input
(x) value. The name given this property was “one-to-one”.

Source: The material in this section of the textbook originates from David Lippman and Melonie Rasmussen, Open Text Bookstore,
Precalculus: An Investigation of Functions, “Chapter 4: Exponential and Logarithmic Functions,” licensed under a Creative
Commons CC BY-SA 3.0 license. The material here is based on material contained in that textbook but has been modified by
Roberta Bloom, as permitted under this license.

X Logarithm

The logarithm (base b) function, written log,, (x), is the inverse of the exponential function (base b), b*.
y =log,(x) isequivalentto bY=x

In general, the statement b* = ¢ is equivalent to the statement logy(c) = a.

Note: The base b must be positive: b > 0

Inverse Property of Logarithms

Since the logarithm and exponential are inverses, it follows that:

log,(b°) and b°®(® =g

Since log is a function, it is most correctly written as logp, (c¢), using parentheses to denote function evaluation, just as we would
with f{c). However, when the input is a single variable or number, it is common to see the parentheses dropped and the expression
written as logy c.
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https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://stats.libretexts.org/@go/page/35261?pdf
https://stats.libretexts.org/Courses/Fresno_City_College/New_FCC_DS_21_Finite_Mathematics_-_Spring_2023/04%3A_Exponential_and_Logarithmic_Functions/4.04%3A_Logarithms_and_Logarithmic_Functions
http://www.opentextbookstore.com/precalc/1.4/Chapter%204.doc
http://creativecommons.org/licenses/by-sa/3.0/us/

LibreTexts"

Write these exponential equations as logarithmic equations:

a2’=8
b.5%=25

-3 _ _1
C. 10 = m
Solution

a. 23 = 8 can be written as a logarithmic equation as log, (8) = 3

b. 52 = 25 can be written as a logarithmic equation as logs (25) = 2

c.1073 = can be written as a logarithmic equation as log; , ( =—3

1 ;)
1000 1000

v/ Example 4.4.2

Write these logarithmic equations as exponential equations:

a. logy(v/6) = 3
b. logz(9) =2

Solution

1
a. logﬁ(\/a) = % can be written as an exponential equation as 62 = /6

b.log;(9) = 2 can be written as an exponential equation as 32=9

By establishing the relationship between exponential and logarithmic functions, we can now solve basic logarithmic and
exponential equations by rewriting.

v/ Example 4.4.3

Solve logy (x) = 2 for x.
Solution

By rewriting this expression as an exponential, 4° = x, so x = 16

v/ Example 4.4.4

Solve 2% = 10 for x.
Solution
By rewriting this expression as a logarithm, we get x = log, (10)

While this does define a solution, you may find it somewhat unsatisfying since it is difficult to compare this expression to the
decimal estimate we made earlier. Also, giving an exact expression for a solution is not always useful—often we really need a
decimal approximation to the solution. Luckily, this is a task that calculators and computers are quite adept at. Unluckily for us,
most calculators and computers will only evaluate logarithms of two bases: base 10 and base e. Happily, this ends up not being
a problem, as we’ll see soon that we can use a “change of base” formula to evaluate logarithms for other bases.

Common and Natural Logarithms

The common log is the logarithm with base 10, and is typically written log(z) and sometimes like log;,(z). If the base is not
indicated in the log function, then the base b used is b = 10.

The natural log is the logarithm with base e, and is typically written ln(x).

Note that for any other base b, other than 10, the base must be indicated in the notation logy ().
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Evaluate log(1000)using the definition of the common log.
Solution

The table shows values of the common log

number number as exponential log(number)
1000 10° 3
100 10? 2
10 10! 1
1 10° 0
0.1 107 -1
0.01 107 2
0.001 107 3

To evaluate log(1000), we can say
z =10g(1000)
Then rewrite the equation in exponential form using the common log base of 10
10 =1000
From this, we might recognize that 1000 is the cube of 10, so
=3
Alternatively, we can use the inverse property of logs to write

log;(10%) =3

v/ Example 4.4.6

Evaluate log (4)
1,000,000

Solution
To evaluate log(1/1,000,000), we can say
z =log(1/1,000,000) =1log(1/10°) =log(107°)
Then rewrite the equation in exponential form: 10” = 1076
Therefore x = —6

Alternatively, we can use the inverse property of logs to find the answer:

lOglO (1076) =—6

v/ Example 4.4.7

Evaluate

a. Ine®
b.1ln \/E
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Solution

a. To evaluate In €5, we can say
z=Ine’
Then rewrite into exponential form using the natural log base of e
e“=e
Therefore x = 5.

Alternatively, we can use the inverse property of logs to write In(e”) =5.

b. To evaluate In /e, we recall that roots are represented by fractional exponents

x=In,/e=In(,/e) = ln(el/z)
Then rewrite into exponential form using the natural log base of e
e? = el /2
Therefore z =1/2

Alternatively, we can use the inverse property of logs to write

(1n(e1/2) =1/2

v/ Example 4.4.8

Evaluate the following using your calculator or computer:

a. log 500
b. In500

Solution

a. Using the LOG key on the calculator to evaluate logarithms in base 10, we evaluate LOG(500)
Answer: log 500 =~ 2.69897

b. Using the LN key on the calculator to evaluate natural logarithms, we evaluate LN(500)
Answer: In500 =~ 6.214608

? Exercise 4.4.1

Convert 8* = 272 to an logarithmic function.

Answer
logg(272) = x

? Exercise 4.4.2

Convert from log.(456) = x to an exponential function.

Answer

e* =456
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Some Properties of Logarithms

We often need to evaluate logarithms using a base other than 10 or e. To find a way to utilize the common or natural logarithm
functions to evaluate expressions like log,(10), we need some additional properties.

X Properties of logs: Exponential Property

log, (A?) = qlog;(A)

The exponent property allows us to find a method for changing the base of a logarithmic expression.

X Properties of Logs: Change of Base

log,(A4) = llc;ggcc((?))

for any bases b,c >0

To show why these properties are true, we offer proofs.

Proof of Exponent Property: log; (A?) = qlog, (A)

Since the logarithmic and exponential functions are inverses,

log, (A7) = A
So

Al — (blog‘7 A)q
Utilizing the exponential rule that states (z?)? = zP?, we get

A7 = (blog,7 A)q _ bqlogbA
Then
log, A? = log, b7°8 4
Again utilizing the inverse property on the right side yields the result
log, A? = qlog, A

log.(A)
log . (b)

Proof of Change of Base Property: log, (A) = for any bases b, ¢ > 0

Letlogy(A) ==z.
Rewriting as an exponential gives b* = A.
Taking the log base ¢ of both sides of this equation gives log, b* =log, A .

Now utilizing the exponent property for logs on the left side,
zlog, b=1log, A

log.(4)

Tog,(b) which is the change of base formula.

Dividing, we obtain =

Evaluating Logarithms

log.(A)
log, (b)

With the change of base formula, log, (A4) = for any bases b, ¢ > 0, we can finally find a decimal approximation to our

question from the beginning of the section.
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Solve 2% =10 for z.
Solution
Rewrite exponential equation 2* = 10 as a logarithmic equation
z =log,(10)

Using the change of base formula, we can rewrite log base 2 as a logarithm of any other base. Since our calculators can
evaluate natural log, we can choose to use the natural logarithm, which is the log base e:

Using our calculators to evaluate this, 111111((120)) =LN(10)/LN(2) ~ 3.3219

This finally allows us to answer our original question from the beginning of this section:
For the population of 50 flies that doubles every week, it will take approximately 3.32 weeks to grow to 500 flies.

v/ Example 4.4.10

Evaluate log, (100) using the change of base formula.

Solution

We can rewrite this expression using any other base.

Method 1: We can use natural logarithm base e with the change of base formula
In(100)
In(5)
Method 2: We can use common logarithm base 10 with the change of base formula,

log(100)
log(5)

logs (100) = = LN(100)/LN(5) ~ 2.861

log; (100) = =LOG(100)/LOG(5) ~ 2.861

We summarize the relationship between exponential and logarithmic functions

The logarithm (base b) function, written log(x), is the inverse of the exponential function (base b), b*.
y =log,(x) isequivalentto bY=x

In general, the statement b* = ¢ is equivalent to the statement logy(c) = a.

Note: The base b must be positive: b>0

Inverse Property of Logarithms

Since the logarithm and exponential are inverses, it follows that:

log,(b*) and b°®(®) =g

Properties of Logs: Exponential Property: log; (A7) = qlog, (A)

Properties of Logs: Change of Base: log,(A) = % for any base b,c >0

The inverse, exponential and change of base properties above will allow us to solve the equations that arise in problems we
encounter in this textbook. For completeness, we state a few more properties of logarithms

Sum of Logs Property: log, (A) +log; (C) =log,(AC)

https://stats.libretexts.org/@go/page/35261



https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://stats.libretexts.org/@go/page/35261?pdf

LibreTexts*

Difference of Logs Property: log;, (A) —log,(C) =log, (%)

Logs of Reciprocals: log;, (%) = —log,(C)

Reciprocal Bases: log; ;, C = —log,(C)

Source: The material in this section of the textbook originates from David Lippman and Melonie Rasmussen, Open Text Bookstore,
Precalculus: An Investigation of Functions, “Chapter 4: Exponential and Logarithmic Functions,” licensed under a Creative
Commons CC BY-SA 3.0 license. The material here is based on material contained in that textbook but has been modified by
Roberta Bloom, as permitted under this license.

This page titled 4.4: Logarithms and Logarithmic Functions is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by
Rupinder Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

e 5.4: Logarithms and Logarithmic Functions by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:
https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.
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4.4.1: Logarithms and Logarithmic Functions (Exercises)
SECTION 4.4 PROBLEM SET: LOGARITHMS AND LOGARITHMIC FUNCTIONS

Rewrite each of these exponential expressions in logarithmic form:

1.3 =81 2.10° = 100, 000
3.572=0.04 4.471=10.25
5.16Y4 =2 6.9Y2 =3

Rewrite each of these logarithmic expressions in exponential form:

7. log; 625 = 4 8.1og,(1/32) = —5
9. logy; 1331 =3 10. log;, 0.0001 = —4
11 logg, 4=1/3 12.In/e= 1

If the expression is in exponential form, rewrite it in logarithmic form.

If the expression is in logarithmic form, rewrite it in exponential form.

13. 5" = 15625 4.2 =9

15. logs 125 = = 16. logs z =5
17. logy y =4 18.e* =10
19.lnz=—1 20.e5 =y

For each equation, rewrite in exponential form and solve for x.

21. logs(z) =3 22.1logy(z) = —2
23. logyg(z) = —3 24. logs(z) =6
25. logys () = 1/2 26. logg, () =1/3

Evaluate without using your calculator.

1
27. ln \B/E 28. 111 6—2
29. Ine'® 30. logy, (10°9)

For problems 31 — 38: Evaluate using your calculator. Use the change of base formula if needed

31. log20 32.1n42
33.1n2.9 34.10g 0.5
35. log, 36 36. log; 100
37. logyps 3.5 38. log; g67 2

This page titled 4.4.1: Logarithms and Logarithmic Functions (Exercises) is shared under a CC BY 4.0 license and was authored, remixed, and/or
curated by Rupinder Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

¢ 5.4.1: Logarithms and Logarithmic Functions (Exercises) by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original
source: https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.
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4.5: Graphs and Properties of Logarithmic Functions

4b Learning Objectives

In this section, you will:

1. examine properties of logarithmic functions
2. examine graphs of logarithmic functions
3. examine the relationship between graphs of exponential and logarithmic functions

Recall that the exponential function f(x) = 2" produces this table of values
T -3 -2 -1 0 1 2 3

f(z) 1/8 1/4 12 1 2 4 8

Since the logarithmic function is an inverse of the exponential, g(z) = log,(x) produces the table of values

T 1/8 1/4 1/2 1 2 4 8

g(z) -3 -2 -1 0 1 2 3

In this second table, notice that

1. As the input increases, the output increases.

2. As input increases, the output increases more slowly.

3. Since the exponential function only outputs positive values, the logarithm can only accept positive values as inputs, so the
domain of the log function is (0, 00).

4. Since the exponential function can accept all real numbers as inputs, the logarithm can have any real number as output, so the
range is all real numbers or (—oo, 00).

-3
41
Plotting the graph of g(z) = log,(z) from the points in the table , notice that as the input values for = approach zero, the output of
the function grows very large in the negative direction, indicating a vertical asymptote at = 0.

In symbolic notation we write

asz — 0", f(z) = —o0

and as ¢ — o0, f(z) — 00

Source: The material in this section of the textbook originates from David Lippman and Melonie Rasmussen, Open Text Bookstore,
Precalculus: An Investigation of Functions, “Chapter 4: Exponential and Logarithmic Functions,” licensed under a Creative
Commons CC BY-SA 3.0 license. The material here is based on material contained in that textbook but has been modified by
Roberta Bloom, as permitted under this license.

Graphically, in the function g(z) =1log,(z), b > 1, we observe the following properties:
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b>1
+2
(®.1)
T1
(LD
t f } } } —X
2 1 1 2 3 4 5

e The graph has a horizontal intercept at (1, 0)

o The line x = 0 (the y-axis) is a vertical asymptote; as z — 07,y — —oco
o The graph is increasing if b > 1

e The domain of the function is > 0, or (0, 00)

 The range of the function is all real numbers, or (—oco, 00)

However if the base b is less than 1, 0 < b < 1, then the graph appears as below.
This follows from the log property of reciprocal bases : log; ;, C' = — log,(C)

y
y =log (%)

0<bel

Ed

o The graph has a horizontal intercept at (1, 0)

o The line x = 0 (the y-axis) is a vertical asymptote; as  — 0",y — oo

o The graph is decreasing if 0 <b < 1

¢ The domain of the function is > 0, or (0, co0)

 The range of the function is all real numbers, or (—oco, 00)

When graphing a logarithmic function, it can be helpful to remember that the graph will pass through the points (1, 0) and (b, 1).

Finally, we compare the graphs of y = b® and y = log,(x), shown below on the same axes.

Because the functions are inverse functions of each other, for every specific ordered pair
(h, k) on the graph of y = b®, we find the point (k, h) with the coordinates reversed on the graph of y = logy ().

In other words, if the point with z = h and y = k is on the graph of y = b®, then the point with z = k and y = h lies on the graph
of y =logy ()

The domain of y = b” is the range of y = log, ()

The range of y =" is the domain of y = log,(z)

For this reason, the graphs appear as reflections, or mirror images, of each other across the diagonal line y = . This is a property
of graphs of inverse functions that students should recall from their study of inverse functions in their prerequisite algebra class.
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y=b% bl

y =b*,withb > 1 y =logy, (x), withb > 1
Domain .
all real numbers all positive real numbers
Range
e all positive real numbers all real numbers
Intercepts
0,1 (1,0
S Hori.zontal asymptote i.s Verti.cal asymptote is .
the line y = 0 (the x-axis) the line x = 0 (the y axis)
Asx — —o0, y— 0 Asz — 0", y— —oo

# Logarithmic Properties

Product Property: y = logy(ac) =logy(a) + log,(c)
Quotient Property: y = log, ¢ =1log,(a) - log,(c)
Power Property: y = log, a® = clogy(a)

Source: The material in this section of the textbook originates from David Lippman and Melonie Rasmussen, Open Text Bookstore,
Precalculus: An Investigation of Functions, “Chapter 4: Exponential and Logarithmic Functions,” licensed under a Creative
Commons CC BY-SA 3.0 license. The material here is based on material contained in that textbook but has been modified by
Roberta Bloom, as permitted under this license.

This page titled 4.5: Graphs and Properties of Logarithmic Functions is shared under a CC BY 4.0 license and was authored, remixed, and/or
curated by Rupinder Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

e 5.5: Graphs and Properties of Logarithmic Functions by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:

https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.

https://stats.libretexts.org/@go/page/35263



https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://stats.libretexts.org/@go/page/35263?pdf
http://www.opentextbookstore.com/precalc/1.4/Chapter%204.doc
http://creativecommons.org/licenses/by-sa/3.0/us/
https://stats.libretexts.org/Courses/Fresno_City_College/New_FCC_DS_21_Finite_Mathematics_-_Spring_2023/04%3A_Exponential_and_Logarithmic_Functions/4.05%3A_Graphs_and_Properties_of_Logarithmic_Functions
https://creativecommons.org/licenses/by/4.0
https://www.deanza.edu/directory/user.html?u=sekhonrupinder
https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html
https://math.libretexts.org/@go/page/38599
https://www.deanza.edu/directory/user.html?u=sekhonrupinder
https://creativecommons.org/licenses/by/4.0/
https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html

LibreTexts"

4.5.1: Graphs and Properties of Logarithmic Functions (Exercises)

SECTION 4.5 PROBLEM SET: GRAPHS AND PROPERTIES OF LOGARITHMIC FUNCTIONS
Questions 1 — 3: For each of the following functions

a. Sketch a reasonably accurate graph showing the shape of the graph of the function

b. State the domain

c. State the range

d. State whether the graph has a vertical asymptote or a horizontal asymptote and write the equation of that asymptote

e. Does the graph have an x-intercept or a y-intercept asymptote? Write the coordinates of the x-intercept or the y-intercept.

b. domain:

Ly=Inz C. range:

a. Sketch the graph below d. Is the asymptote horizontal or vertical?

Equation of the asymptote:
e. Coordinates of x-intercept or y-intercept:

. domain:

2. y=logz . range:

a. Sketch the graph below

A n o

. Is the asymptote horizontal or vertical?
Equation of the asymptote:
. Coordinates of x-intercept or y-intercept:

¢}

. domain:
. range:

an o

3.y=logg

a. Sketch the graph below . Is the asymptote horizontal or vertical?

Equation of the asymptote:
e. Coordinates of x-intercept or y-intercept:

Questions 4 - 5: For the pair of inverse functions y =e® and y =Inz

a. Sketch a reasonably accurate graph showing the shape of the graph of the function

b. State the domain

c. State the range

d. State whether the graph has a vertical asymptote or a horizontal asymptote and write the equation of that asymptote

e. Does the graph have an x-intercept or a y-intercept asymptote? Write the coordinates of the xintercept or the y-intercept.

b. domain:

4y—er C. range:

a. Sketch the graph below d. Is the asymptote horizontal or vertical?

Equation of the asymptote:
e. Coordinates of x-intercept or y-intercept:

. domain:

. range:

. Is the asymptote horizontal or vertical?
Equation of the asymptote:

e. Coordinates of x-intercept or y-intercept:

A n o

5..y=Inz
a. Sketch the graph below

Questions 6-11: Match the graph with the function.
Choose the function from the list below and write it on the line underneath the graph.
Hint: To match the function and the graph, identify these properties of the graph and function

o Is the function increasing decreasing?
o Examine the asymptote
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e Determine the x or y intercept

y=3(2") y=5(0.4) y=log(z) y=log p(x) y=3e "% y=>5e"%
2 1/2

6. Function: 7 Function: 8. Function:

1. y ¥ y ,

3\ I *

% 3 & 3 X
9. Function: 10. Function: 11. Function:
Y] iy
5\
v ' ' v X

This page titled 4.5.1: Graphs and Properties of Logarithmic Functions (Exercises) is shared under a CC BY 4.0 license and was authored,

remixed, and/or curated by Rupinder Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts
platform.

5.5.1: Graphs and Properties of Logarithmic Functions (Exercises) by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0.
Original source: https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.
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4.6: Exponential and Logarithmic Equations

4b Learning Objectives

o Use like bases to solve exponential equations.

e Use logarithms to solve exponential equations.

o Use the definition of a logarithm to solve logarithmic equations.

o Use the one-to-one property of logarithms to solve logarithmic equations.
o Solve applied problems involving exponential and logarithmic equations.

In 1859, an Australian landowner named Thomas Austin released 24 rabbits into the wild for hunting. Because Australia had few
predators and ample food, the rabbit population exploded. In fewer than ten years, the rabbit population numbered in the millions.

Figure 4.6.1: Wild rabbits in Australia. The rabbit population grew so quickly in Australia that the event became known as the
“rabbit plague.” (credit: Richard Taylor, Flickr)
Uncontrolled population growth, as in the wild rabbits in Australia, can be modeled with exponential functions. Equations resulting
from those exponential functions can be solved to analyze and make predictions about exponential growth. In this section, we will
learn techniques for solving exponential functions.

Using Like Bases to Solve Exponential Equations

The first technique involves two functions with like bases. Recall that the one-to-one property of exponential functions tells us that,
for any real numbers b, S, and T', where b > 0, b # 1, b =" if and only if S =T'.

In other words, when an exponential equation has the same base on each side, the exponents must be equal. This also applies
when the exponents are algebraic expressions. Therefore, we can solve many exponential equations by using the rules of exponents
to rewrite each side as a power with the same base. Then, we use the fact that exponential functions are one-to-one to set the
exponents equal to one another, and solve for the unknown.

32z
or example, consider the equation ! = —— . To solve for x, we use the division property of exponents to rewrite the ri
F pl der the equation 3**~7 3 To solve f the d property of exponents t te the right

side so that both sides have the common base, 3. Then we apply the one-to-one property of exponents by setting the exponents
equal to one another and solving for x:

34z77 — ﬁ
3

32w
34T = 3—1 Rewrite 3 as 3*
347 — 3221 Use the division property of exponents

dx —7 =2z -1 Apply the one-to-one property of exponents
2x =6 Subtract 2x and add 7 to both sides
x=3 Divide by 3

X USING THE ONE-TO-ONE PROPERTY OF EXPONENTIAL FUNCTIONS TO SOLVE EXPONENTIAL

EQUATIONS

For any algebraic expressions S and 7', and any positive real number b # 1,

b5 =bT ifand only if S =T (4.6.1)

X How to: Given an exponential equation with the form ° = b”, where S and T are algebraic expressions with

an unknown, solve for the unknown.

1. Use the rules of exponents to simplify, if necessary, so that the resulting equation has the form % = b7 .
2. Use the one-to-one property to set the exponents equal.
3. Solve the resulting equation, S =T, for the unknown.
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v/ Example 4.6.1: Solving an Exponential Equation with a Common Base

Solve 271 = 2%
Solution

271 — g2zt The common base is 2

r—1=2x—4 By the one-to-one property the exponents must be equal

=3 Solve for x
? Exercise 4.6.1

Solve 5%% = 53712

Answer

13 = =23

Rewrite Equations So All Powers Have the Same Base

Sometimes the common base for an exponential equation is not explicitly shown. In these cases, we simply rewrite the terms in the
equation as powers with a common base, and solve using the one-to-one property.

For example, consider the equation 256 = 4775 We can rewrite both sides of this equation as a power of 2. Then we apply the
rules of exponents, along with the one-to-one property, to solve for z:

256 = 4%
28 = (22)30_5 Rewrite each side as a power with base 2
28 — 922-10 Use the one-to-one property of exponents
8§ =2x—-10 Apply the one-to-one property of exponents
18 =2z Add 10 to both sides
x=9 Divide by 2

X How to: Given an exponential equation with unlike bases, use the one-to-one property to solve it.

1. Rewrite each side in the equation as a power with a common base.

2. Use the rules of exponents to simplify, if necessary, so that the resulting equation has the form % = b7 .
3. Use the one-to-one property to set the exponents equal.

4. Solve the resulting equation, S =T, for the unknown.

v/ Example 4.6.2: Solving Equations by Rewriting Them to Have a Common Base

Solve 8712 = 16°*! .

Solution

8m+2 — 16x+1

(23)”2 = (24)Wr1 Write 8 and 16 as powers of 2
93a+6 _ gtetd To take a power of a power, multiply exponents
3x+6 =4z +4 Use the one-to-one property to set the exponents equal
z=2 Solve for x

? Exercise 4.6.2

Solve 52% = 253%+2

Answer
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v/ Example 4.6.3: Solving Equations by Rewriting Roots with Fractional Exponents to Have a Common Base

Solve 2°% = 1/2.

Solution
1
252 — 27 Write the square root of 2 as a power of 2
1
S5z = 3 Use the one-to-one property
1
B = 0 Solve for x

? Exercise 4.6.3

Solve 5% = +/5.
Answer

1
==
2

X Q&A: Do all exponential equations have a solution? If not, how can we tell if there is a solution during the

problem-solving process?

No. Recall that the range of an exponential function is always positive. While solving the equation, we may obtain an
expression that is undefined.

v/ Example 4.6.4: Solving an Equation with Positive and Negative Powers

Solve 37+t = —2.
Solution

This equation has no solution. There is no real value of x that will make the equation a true statement because any power of a
positive number is positive.

Analysis

Figure 4.6.2 shows that the two graphs do not cross so the left side is never equal to the right side. Thus the equation has no
solution.

Figure 4.6.2
? Exercise 4.6.4
Solve 2 = —100.

Answer

The equation has no solution.

Solving Exponential Equations Using Logarithms

Sometimes the terms of an exponential equation cannot be rewritten with a common base. In these cases, we solve by taking the
logarithm of each side. Recall, since log(a) = log(b) is equivalent to a = b, we may apply logarithms with the same base on both
sides of an exponential equation.
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X How to: Given an exponential equation in which a common base cannot be found, solve for the unknown

1. Apply the logarithm of both sides of the equation.
o If one of the terms in the equation has base 10, use the common logarithm.
o If none of the terms in the equation has base 10, use the natural logarithm.

2. Use the rules of logarithms to solve for the unknown.

v/ Example 4.6.5: Solving an Equation Containing Powers of Different Bases

Solve 5°12 = 4%,

Solution
53+ — 4= There is no easy way to get the powers to have the same base
In5"? =1n4® Take In of both sides
(z+2)In5 =zln4 Use laws of logs
zIln5+2In5 =zIn4 Use the distributive law
zlnb5—zIln4d =—-21nb Get terms containing x on one side, terms without x on the other
z(Inb —1n4) = —2In5 On the left hand side, factor out an x
5 1
In( =) =In{ = he 1 fl
x n(4) n(25) Use the laws of logs
1
In ( 2—5 )
r=—= Divide by the coefficient of x

? Exercise 4.6.5

Solve 2% = 3%+

Answer

X Q&A: Is there any way to solve 2% = 3% ?

Yes. The solution is 0.

Equations Containing e
One common type of exponential equations are those with base e. This constant occurs again and again in nature, in mathematics,
in science, in engineering, and in finance. When we have an equation with a base e on either side, we can use the natural logarithm

to solve it.

X How to: Given an equation of the form y = Ae*, solve for ¢.

1. Divide both sides of the equation by A.
2. Apply the natural logarithm of both sides of the equation.
3. Divide both sides of the equation by k.
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v Example 4.6.6: Solve an Equation of the Form y = Ae*

Solve 100 = 20e2t.

Solution
100 = 20e?
5 =¢ Divide by the coefficient of the power
In5 =2t Take In of both sides. Use the fact that In(z) and e® are inverse functions
In5
t= nT Divide by the coefficient of t
Analysis

Using laws of logs, we can also write this answer in the form ¢ = In+/5 . If we want a decimal approximation of the answer,
we use a calculator.

? Exercise 4.6.6

Solve 3e%%t =11.

Answer

2
11 11
t:21n(?) or In (?)

X Q&A: Does every equation of the form y = Ae** have a solution?

No. There is a solution when k # 0 ,and when y and A are either both 0 or neither 0, and they have the same sign. An example
of an equation with this form that has no solution is 2 = —3e?.

v Example 4.6.7: Solving an Equation That Can Be Simplified to the Form y = Ae*

Solve 4e?® +5 =12.

Solution
4€*® +5 =12
4e* =17 Combine like terms

7

e = 1 Divide by the coefficient of the power

7
2z =1In ( Z) Take In of both sides
T = lln Z Solve for x

2 4

? Exercise 4.6.7

Solve 3 €2 = T7e? .

Answer
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Extraneous Solutions

Sometimes the methods used to solve an equation introduce an extraneous solution, which is a solution that is correct
algebraically but does not satisfy the conditions of the original equation. One such situation arises in solving when the logarithm is
taken on both sides of the equation. In such cases, remember that the argument of the logarithm must be positive. If the number we
are evaluating in a logarithm function is negative, there is no output.

v/ Example 4.6.8: Solving Exponential Functions in Quadratic Form

Solve e2* — e® =56,

Solution
e*® —e® =56
e’ —e® —56 =0 Get one side of the equation equal to zero
(e"+7)(e"—8) =0 Factor by the FOIL method
e’ +7=0 or
er—8=0 If a product is zero, then one factor must be zero
e’ =—-7 or
e’ =8 Isolate the exponentials
e’ =8 Reject the equation in which the power equals a negative number
z =1n8 Solve the equation in which the power equals a positive number
Analysis

When we plan to use factoring to solve a problem, we always get zero on one side of the equation, because zero has the unique
property that when a product is zero, one or both of the factors must be zero. We reject the equation e®* = —7 because a
positive number never equals a negative number. The solution In(—7) is not a real number, and in the real number system this
solution is rejected as an extraneous solution.

? Exercise 4.6.8

Solve e =% + 2.

Answer

z=1n2

X Q&A: Does every logarithmic equation have a solution?

No. Keep in mind that we can only apply the logarithm to a positive number. Always check for extraneous solutions.

Using the Definition of a Logarithm to Solve Logarithmic Equations

We have already seen that every logarithmic equation log,(z) =y is equivalent to the exponential equation ¥ = z. We can use
this fact, along with the rules of logarithms, to solve logarithmic equations where the argument is an algebraic expression.

For example, consider the equation log,(2) +1log,(3z —5) = 3 . To solve this equation, we can use rules of logarithms to rewrite
the left side in compact form and then apply the definition of logs to solve for z:

log,(2) +1log,(3z —5) =3
log,(2(3z —5)) =3 Apply the product rule of logarithms
log,(6z —10) =3 Distribute
23 =6z —10 Apply the definition of a logarithm
8 =6z —10  Calculate 2
18 =6z Add 10 to both sides

=3 Divide by 6
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X USING THE DEFINITION OF A LOGARITHM TO SOLVE LOGARITHMIC EQUATIONS

For any algebraic expression .S and real numbers b and c,where b >0,b # 1,

log;(S) =cifand only if b° = S

(4.6.2)
v Example 4.6.9: Using Algebra to Solve a Logarithmic Equation
Solve 2lnz+3=7.
Solution

2lnx+3 =7
2lnx =4 Subtract 3
Inx =2 Divide by 2
z=e

Rewrite in exponential form

? Exercise 4.6.9

Solve 6 +Inz = 10.

Answer

1'264

v Example 4.6.10: Using Algebra Before and After Using the Definition of the Natural Logarithm
Solve 21n(6x) = 7.

Solution

2In(6z) =7
In(6z) = g Divide by 2
L
6z =e ( 2 ) Use the definition of In
7
B = %e<2> Divide by 6

? Exercise 4.6.10
Solve 2In(z +1) =10.
Answer

z=e"—1

v Example 4.6.11: Using a Graph to Understand the Solution to a Logarithmic Equation
Solve lInz = 3.

Solution

Inz =3

3
r =€

Use the definition of the natural logarithm

Figure 4.6.3 represents the graph of the equation. On the graph, the x-coordinate of the point at which the two graphs intersect
is close to 20. In other words e ~ 20. A calculator gives a better approximation: e* ~ 20.0855.
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Figure 4.6.3: The graphs of y = In z and y = 3 cross at the point (e?, 3), which is approximately (20.0855, 3).
? Exercise 4.6.11
Use a graphing calculator to estimate the approximate solution to the logarithmic equation 2* = 1000 to 2 decimal places.

Answer

x~9.97

Using the One-to-One Property of Logarithms to Solve Logarithmic Equations

As with exponential equations, we can use the one-to-one property to solve logarithmic equations. The one-to-one property of
logarithmic functions tells us that, for any real numbers > 0, .S > 0, T' > 0 and any positive real number b, where b # 1,

log,S =log,T ifandonly if S=T.
For example,
If logy(z —1) =1og,(8) , thenz —1 =8.
So, if x —1 =8, then we can solve for z,and we get  =9. To check, we can substitute x =9 into the original equation:
log, (9 —1) =log,(8) =3 . In other words, when a logarithmic equation has the same base on each side, the arguments must be
equal. This also applies when the arguments are algebraic expressions. Therefore, when given an equation with logs of the same

base on each side, we can use rules of logarithms to rewrite each side as a single logarithm. Then we use the fact that logarithmic
functions are one-to-one to set the arguments equal to one another and solve for the unknown.

For example, consider the equation log(3z —2) —log(2) = log(z +4) . To solve this equation, we can use the rules of logarithms
to rewrite the left side as a single logarithm, and then apply the one-to-one property to solve for z:

log(3z —2) —log(2) =log(z+4)

3z —2
log ( z 5 ) =log(z +4) Apply the quotient rule of logarithms

3z —2
2
3x—2 =2z+8 Multiply both sides of the equation by 2

z =10 Subtract 2x and add 2

=xz+4 Apply the one to one property of a logarithm

To check the result, substitute z = 10 into log(3z —2) —log(2) =log(z +4).
log(3(10) — 2) — log(2) = log((10) + 4)
log(28) — log(2) = log(14)
log (2—28) = log(14) The solution checks

X USING THE ONE-TO-ONE PROPERTY OF LOGARITHMS TO SOLVE LOGARITHMIC EQUATIONS

For any algebraic expressions S and 7" and any positive real number b, where b # 1,
b5 =bT ifand only if S =T (4.6.3)

Note, when solving an equation involving logarithms, always check to see if the answer is correct or if it is an extraneous
solution.

X How to: Given an equation containing logarithms, solve it using the one-to-one property

1. Use the rules of logarithms to combine like terms, if necessary, so that the resulting equation has the form logy S = log,T".
2. Use the one-to-one property to set the arguments equal.
3. Solve the resulting equation, S =T, for the unknown.
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v/ Example 4.6.12: Solving an Equation Using the One-to-One Property of Logarithms

Solve In(z?) = In(2z +3).

Solution
In(z?) = In(2z + 3)
22 =2z +3 Use the one-to-one property of the logarithm
22 —2x—-3 =0 Get zero on one side before factoring
(x—=3)(z+1) =0  Factor using FOIL
z—3 =0 or x +1 = 0 If a product is zero, one of the factors must be zero
=3 or
x=-11 Solve for x
Analysis

There are two solutions: 3 or —1. The solution —1 is negative, but it checks when substituted into the original equation
because the argument of the logarithm functions is still positive.

? Exercise 4.6.12

Solve In(z?) =1In1.

Answer

r=1lorz=-1

Solving Applied Problems Using Exponential and Logarithmic Equations

In previous sections, we learned the properties and rules for both exponential and logarithmic functions. We have seen that any
exponential function can be written as a logarithmic function and vice versa. We have used exponents to solve logarithmic
equations and logarithms to solve exponential equations. We are now ready to combine our skills to solve equations that model
real-world situations, whether the unknown is in an exponent or in the argument of a logarithm.

One such application is in science, in calculating the time it takes for half of the unstable material in a sample of a radioactive
substance to decay, called its half-life. Table 4.6.1 lists the half-life for several of the more common radioactive substances.

Table 4.6.1
Substance Use Half-life
gallium-67 nuclear medicine 80 hours
cobalt-60 manufacturing 5.3 years
technetium-99m nuclear medicine 6 hours
americium-241 construction 432 years
carbon-14 archeological dating 5,715 years
uranium-235 atomic power 703,800,000 years

We can see how widely the half-lives for these substances vary. Knowing the half-life of a substance allows us to calculate the
amount remaining after a specified time. We can use the formula for radioactive decay:
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In(0.5)
A(t)=Age T ° (4.6.4)
In(0.5)¢
A(t) =Age” T (4.6.5)
A(t) = Ao(eln@-ﬁ))% (4.6.6)
A(t) = Ay (%) T (4.6.7)

where

e Ay is the amount initially present

o T is the half-life of the substance

e ¢ is the time period over which the substance is studied
e y is the amount of the substance present after time ¢

v Example 4.6.13: Using the Formula for Radioactive Decay to Find the Quantity of a Substance

How long will it take for ten percent of a 1000-gram sample of uranium-235 to decay?

Solution
In(0.5)
y = 1000¢ 703,800,000
In(0.5) ;
900 = 1000e 703,800,000 After 10% decays, 900 grams are left
In(0.5)
0.9 = e703,800,0000  Divide by 1000
In(0.5) ;
In(0.9) =1n (e 703,800,000 ) Take In of both sides
In(0.5) M
In(0.9) =—F—————t 1 =M
2(09) =763 500, 000 n(e”)
In(0.9
t =703,800,000 x n(0.9) years Solve for t
In(0.5)
t ~ 106,979,777 years
Analysis

Ten percent of 1000 grams is 100 grams. If 100 grams decay, the amount of uranium-235 remaining is 900 grams.

? Exercise 4.6.13

How long will it take before twenty percent of our 1000-gram sample of uranium-235 has decayed?

Answer
In(0.8)
t="703,800,000 x myears ~ 226,572,993 years.
n(0.

Access these online resources for additional instruction and practice with exponential and logarithmic equations.

o Solving Logarithmic Equations
o Solving Exponential Equations with Logarithms
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Key Equations
For any algebraic expressions .S and T" and any positive real

One-to-one property for exponential functions
property P 1l et number b, where % = b7 if and onlyif S=1T.

For any algebraic expression S and positive real numbers b and c,

Definiti fal ith
SR ORI where b # 1, log; (S) = c if and only if b = S.

For any algebraic expressions .S and T" and any positive real
One-to-one property for logarithmic functions number b, where b # 1,
log, S =log, T if and only if S =T'.

Key Concepts

e We can solve many exponential equations by using the rules of exponents to rewrite each side as a power with the same base.
Then we use the fact that exponential functions are one-to-one to set the exponents equal to one another and solve for the
unknown.

o When we are given an exponential equation where the bases are explicitly shown as being equal, set the exponents equal to one
another and solve for the unknown. See Example 4.6.1.

o When we are given an exponential equation where the bases are not explicitly shown as being equal, rewrite each side of the
equation as powers of the same base, then set the exponents equal to one another and solve for the unknown. See Example
4.6.2, Example 4.6.3, and Example 4.6.4.

o When an exponential equation cannot be rewritten with a common base, solve by taking the logarithm of each side. See
Example 4.6.5.

e We can solve exponential equations with base e,by applying the natural logarithm of both sides because exponential and
logarithmic functions are inverses of each other. See Example 4.6.6 and Example 4.6.7.

o After solving an exponential equation, check each solution in the original equation to find and eliminate any extraneous
solutions. See Example 4.6.8.

« When given an equation of the form log, (.5) = ¢, where S is an algebraic expression, we can use the definition of a logarithm
to rewrite the equation as the equivalent exponential equation b = .S, and solve for the unknown. See Example 4.6.9 and
Example 4.6.10.

e We can also use graphing to solve equations with the form log (S) = ¢. We graph both equations y = log,(S) and y = ¢ on
the same coordinate plane and identify the solution as the x-value of the intersecting point. See Example 4.6.11

e When given an equation of the form log, S = log,T', where S and T are algebraic expressions, we can use the one-to-one
property of logarithms to solve the equation S =T for the unknown. See Example 4.6.12

e Combining the skills learned in this and previous sections, we can solve equations that model real world situations, whether the
unknown is in an exponent or in the argument of a logarithm. See Example 4.6.13

This page titled 4.6: Exponential and Logarithmic Equations is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by
OpenStax via source content that was edited to the style and standards of the LibreTexts platform.

e 6.6: Exponential and Logarithmic Equations by OpenStax is licensed CC BY 4.0. Original source:

https://openstax.org/details/books/precalculus.
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4.7: Chapter Review

1. The value of a new boat depreciates after it is purchased. The value of the boat 7 years after it was purchased is $25,000 and its
value has been decreasing at the rate of 8.2% per year.

a. Find the initial value of the boat when it was purchased.
b. How many years after it was purchased will the boat’s value be $20,000?
c. What was its value 3 years after the boat was purchased?
2. Tony invested $40,000 in 2010; unfortunately his investment has been losing value at the rate of 2.7% per year.

a. Write the function that gives the value of the investment as a function of time ¢ in years after 2010.
b. Find the value of the investment in 2020, if its value continues to decrease at this rate.
c. In what year will the investment be worth half its original value?

3. Rosa invested $25,000 in 2005; its value has been increasing at the rate of 6.4% annually.

a. Write the function that gives the value of the investment as a function of time ¢ in years after 2005.
b. Find the value of the investment in 2025.

4. The population of a city is increasing at the rate of 3.2% per year, since the year 2000. Its population in 2015 was 235,000
people.
a. Find the population of the city in the year 2000.
b. In what year with the population be 250, 000 if it continues to grow at this rate.
c. What was the population of this city in the year 2008?

5. The population of an endangered species has only 5000 animals now. Its population has been decreasing at the rate of 12% per
year.

a. If the population continues to decrease at this rate, how many animals will be in this population 4 years from now.
b. In what year will there be only 2000 animals remaining in this population?

6. 300 mg of a medication is administered to a patient. After 5 hours, only 80 mg remains in the bloodstream.

a. Using an exponential decay model, find the hourly decay rate.
b. How many hours after the 300 mg dose of medication was administered was there 125 mg in the bloodstream
¢. How much medication remains in the bloodstream after 8 hours?

7.1f y = 2405 and y = 600 when ¢t = 6 years, find the annual growth rate. State your answer as a percent.
8. If the function is given in the form y = ae*t, rewrite it in the form y = ab? .
If the function is given in the form y = ab*, rewrite it in the form y = ae*t .

a. y =375000 (1.125)
b. y = 5400e%127¢

c. y =230e 002

d. y =3600 (0.42)

This page titled 4.7: Chapter Review is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Rupinder Sekhon and
Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

e 5.7: Chapter Review by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:

https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.
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4.E: Exponential and Logarithmic Functions (Exercises)

4.1: Exponential Functions

When populations grow rapidly, we often say that the growth is “exponential,” meaning that something is growing very rapidly. To
a mathematician, however, the term exponential growth has a very specific meaning. In this section, we will take a look at
exponential functions, which model this kind of rapid growth.

Verbal

1) Explain why the values of an increasing exponential function will eventually overtake the values of an increasing linear function.

Answer:

Linear functions have a constant rate of change. Exponential functions increase based on a percent of the original.
2) Given a formula for an exponential function, is it possible to determine whether the function grows or decays exponentially just
by looking at the formula? Explain.

3)The Oxford Dictionary defines the word nominal as a value that is “stated or expressed but not necessarily corresponding exactly
to the real value.”Develop a reasonable argument for why the term nominal rate is used to describe the annual percentage rate of an
investment account that compounds interest.

Answer:

When interest is compounded, the percentage of interest earned to principal ends up being greater than the annual percentage
rate for the investment account. Thus, the annual percentage rate does not necessarily correspond to the real interest earned,
which is the very definition of nominal.

Algebraic

For the following exercises, identify whether the statement represents an exponential function. Explain.
4) The average annual population increase of a pack of wolves is 25.

5) A population of bacteria decreases by a factor of % every 24 hours.

Answer:

exponential; the population decreases by a proportional rate.

6) The value of a coin collection has increased by 3.25%annually over the last 20 years.

7) For each training session, a personal trainer charges his clients $5 less than the previous training session.

Answer:

not exponential; the charge decreases by a constant amount each visit, so the statement represents a linear function.

8) The height of a projectile at time ¢ is represented by the function h(t) = —4.9t> + 18t +40

For the following exercises, consider this scenario: For each yeart, the population of a forest of trees is represented by the
functionA(t) = 115(1.025)". In a neighboring forest, the population of the same type of tree is represented by the function
B(t) = 82(1.029)". (Round answers to the nearest whole number.)

9) Which forest’s population is growing at a faster rate?

Answer:

The forest represented by the function B(t) = 82(1.029)"

10) Which forest had a greater number of trees initially? By how many?

11) Assuming the population growth models continue to represent the growth of the forests, which forest will have a greater
number of trees after 20 years? By how many?
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Answer:

Aftert = 20 years, forest A will have 43 more trees than forest B.
12) Assuming the population growth models continue to represent the growth of the forests, which forest will have a greater
number of trees after 100 years? By how many?

13) Discuss the above results from the previous four exercises. Assuming the population growth models continue to represent the
growth of the forests, which forest will have the greater number of trees in the long run? Why? What are some factors that might
influence the long-term validity of the exponential growth model?

Answer:

Answers will vary. Sample response: For a number of years, the population of forest A will increasingly exceed forest B, but
because forest B actually grows at a faster rate, the population will eventually become larger than forest A and will remain that
way as long as the population growth models hold. Some factors that might influence the long-term validity of the exponential
growth model are drought, an epidemic that culls the population, and other environmental and biological factors.

For the following exercises, determine whether the equation represents exponential growth, exponential decay, or neither.
Explain.

14) y =300(1 —¢t)°

15) y = 220(1.06)*

Answer:

exponential growth; The growth factor, 1.06is greater than 1.

16) y = 16.5(1.025)%
17)y =11,701(0.97)*
Answer:

exponential decay; The decay factor, 0.97, is between 0 and 1.

For the following exercises, find the formula for an exponential function that passes through the two points given.
18) (0, 6) and (3, 750)
19) (0,2000)and (2, 20)

Answer:

F(z) =2000(0.1)

20) (—1,2) and (3,24)
21) (—2,6)and (3,1)

Answer:

3 z

flz) = (%)_g (%) " ~2.93(0.699)°

22) (3,1) and (5,4)

For the following exercises, determine whether the table could represent a function that is linear, exponential, or neither. If
it appears to be exponential, find a function that passes through the points.

23)

f(z) 70 40 10 -20
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Answer:
Linear
24)
T 1 2 3 4
h(z) 70 49 34.3 24.01
25)
4B 1 2 3 4
m(z) 80 61 42.9 25.61
Answer:
Neither
26)
T 1 2 3 4
f(z) 10 20 40 80
27)
T 1 2 3 4
g(x) -3.25 2 7.25 12.5
Answer:
Linear

For the following exercises, use the compound interest formula, A(t) = P (1 + %) nt

120
28) After a certain number of years, the value of an investment account is represented by the equation 10, 250 (1 + 01—24) . What
is the value of the account?

29) What was the initial deposit made to the account in the previous exercise?

Answer:

$10, 250

30) How many years had the account from the previous exercise been accumulating interest?

31) An account is opened with an initial deposit of $6,500 and earns 3.6% interest compounded semi-annually. What will the
account be worth in 20 years?

Answer:

$13,268.58

32) How much more would the account in the previous exercise have been worth if the interest were compounding weekly?

33) Solve the compound interest formula for the principal, P.

Answer:

P=A@t)-(1+2)™
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34) Use the formula found in the previous exercise to calculate the initial deposit of an account that is worth $14, 472.74after
earning 5.5% interest compounded monthly for 5 years. (Round to the nearest dollar.)

35) How much more would the account in the previous two exercises be worth if it were earning interest for 5 more years?

Answer:

$4,572.56

36) Use properties of rational exponents to solve the compound interest formula for the interest rate, .
37) Use the formula found in the previous exercise to calculate the interest rate for an account that was compounded semi-annually,

had an initial deposit of $9, 000and was worth $13, 373.53after 10 years.

Answer:

4%
38) Use the formula found in the previous exercise to calculate the interest rate for an account that was compounded monthly, had
an initial deposit of $5, 500, and was worth $38, 455after 30 years.

For the following exercises, determine whether the equation represents continuous growth, continuous decay, or neither.
Explain.

39) y = 3742(e) "%

Answer:

continuous growth; the growth rate is greater than 0.

325
40) y = 150(e) "¢
41)y =2.25(e) "%
Answer:
continuous decay; the growth rate is less than 0.
42) Suppose an investment account is opened with an initial deposit of $12, 000earning 7.2% interest compounded continuously.
How much will the account be worth after 30 years?

43) How much less would the account from Exercise 42 be worth after 30 years if it were compounded monthly instead?

Answer:

$669.42

Numeric

For the following exercises, evaluate each function. Round answers to four decimal places, if necessary.

44) f(z) =2(5)= for f(—3)

45) f(z) = —42*3 for f(—1)

Answer:
f(=1

46) f(z) = e”, for f(3)
47) f(z) = —2e*1, for f(—1)

=4

~—

Answer:

F(—1) ~ —0.2707
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48) f(z) =2.7(4)"*" + 1.5, for f(—2)
49) f(z) = 1.2e2 — 0.3, for f(3)

Answer:

#(3) ~ 483.8146

50) f(z) =—3(3)"" + 2, for £(2)
Technology

For the following exercises, use a graphing calculator to find the equation of an exponential function given the points on the
curve.

51) (0, 3) and (3, 375)
Answer:
y=3-5%
52) (3,222.62)and (10, 77.456)
53) (20, 29.495)and (150, 730.89)

Answer:

y~18-1.025

54) (5,2.909)and (13,0.005)
55) ((11,310.035)\) and (25, 356.3652)

Answer:

y~0.2-1.95

Extensions

56) The annual percentage yield (APY) of an investment account is a representation of the actual interest rate earned on a
compounding account. It is based on a compounding period of one year. Show that the APY of an account that compounds monthly

can be found with the formula APY = (1 + %) 2

57) Repeat the previous exercise to find the formula for the APY of an account that compounds daily. Use the results from this and
the previous exercise to develop a function I(n) for the APY of any account that compounds 7 times per year.

Answer:
APY:A(t)—a
a
a(l—i—ﬁ)s%(l)—a
:1 365 ’I(n)=(1+%)n_1
a[(l—!—%) —1:|
- a
P\ 365
~(1+55) 1

58) Recall that an exponential function is any equation written in the form f(z) =a-b" such that a and b are positive numbers
and b # 1. Any positive number b can be written as b =" for some value of n. Use this fact to rewrite the formula for an
exponential function that uses the number e as a base.
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59) In an exponential decay function, the base of the exponent is a value between 0 and 1. Thus, for some numberd > 1, the
exponential decay function can be written as f(z) =a- (%)z . Use this formula, along with the fact that b = e, to show that an
exponential decay function takes the form f(z) = a- (¢)™"* for some positive number n.

Answer:

T
Let f be the exponential decay function f(z) =a- (%) such that b > 1. Then for some number n > 0,

@) =a- (%)

)
()
e

2 8 & 9

1
(e")
e ")
(e) ™

60) The formula for the amount A in an investment account with a nominal interest rate r at any time ¢ is given by A(¢) = a(e)™,
where a is the amount of principal initially deposited into an account that compounds continuously. Prove that the percentage of
interest earned to principal at any time ¢ can be calculated with the formula I(t) = e™ —1

Real-World Applications
61) The fox population in a certain region has an annual growth rate of 9% per year. In the year 2012, there were 23, 900 fox
counted in the area. What is the fox population predicted to be in the year 2020?
Answer:

47, 622fox
62) A scientist begins with 100 milligrams of a radioactive substance that decays exponentially. After 35 hours, 50mg of the
substance remains. How many milligrams will remain after 54 hours?

63) In the year 1985, a house was valued at $110,00Q By the year 2005, the value had appreciated to $145,000 What was the
annual growth rate between 1985 and 2005? Assume that the value continued to grow by the same percentage. What was the value
of the house in the year 2010?

Answer:

1.39% $155, 368.09

64) A car was valued at $38,000in the year 2007. By 2013, the value had depreciated to $11, 0001f the car’s value continues to
drop by the same percentage, what will it be worth by 2017?

65) Jamal wants to save $54, 000 for a down payment on a home. How much will he need to invest in an account with 8.2% APR,
compounding daily, in order to reach his goal in 5 years?
Answer:
$35,838.76
66) Kyoko has $10, 000 that she wants to invest. Her bank has several investment accounts to choose from, all compounding daily.

Her goal is to have $15, 000by the time she finishes graduate school in 6 years. To the nearest hundredth of a percent, what should
her minimum annual interest rate be in order to reach her goal? (Hint: solve the compound interest formula for the interest rate.)

67) Alyssa opened a retirement account with 7.25% APR in the year 2000. Her initial deposit was $13,500 How much will the
account be worth in 2025 if interest compounds monthly? How much more would she make if interest compounded continuously?

Answer:

$82,247.78$449.75
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68) An investment account with an annual interest rate of 7% was opened with an initial deposit of $4, 000 Compare the values of
the account after 9 years when the interest is compounded annually, quarterly, monthly, and continuously.

4.2: Graphs of Exponential Functions

As we discussed in the previous section, exponential functions are used for many real-world applications such as finance, forensics,
computer science, and most of the life sciences. Working with an equation that describes a real-world situation gives us a method
for making predictions. Most of the time, however, the equation itself is not enough. We learn a lot about things by seeing their
pictorial representations, and that is exactly why graphing exponential equations is a powerful tool.

Verbal

1) What role does the horizontal asymptote of an exponential function play in telling us about the end behavior of the graph?

Answer:

An asymptote is a line that the graph of a function approaches, as z either increases or decreases without bound. The horizontal
asymptote of an exponential function tells us the limit of the function’s values as the independent variable gets either extremely
large or extremely small.

2) What is the advantage of knowing how to recognize transformations of the graph of a parent function algebraically?

Algebraic

3) The graph of f(x) = 37 is reflected about the y-axis and stretched vertically by a factor of 4. What is the equation of the new
function, g(x). State its y-intercept, domain, and range.

Answer:

g(z) =4(3)™ ; y-intercept: (0, 4); Domain: all real numbers; Range: all real numbers greater than 0.

4) The graph of f(z) = (%)ﬂ is reflected about the y-axis and compressed vertically by a factor of (%) What is the equation of

the new function, g(z)? State its y-intercept, domain, and range.
5) The graph of f(x) =10 is reflected about the z-axis and shifted upward 7 units. What is the equation of the new function,
g(z)? State its y-intercept, domain, and range.
Answer:
g(z) = —10° 4+ 7 ; y-intercept: (0, 6); Domain: all real numbers; Range: all real numbers less than 7.
6) The graph of f(z) = (1.68)" is shifted right 3 units, stretched vertically by a factor of 2,reflected about the z-axis, and then

shifted downward 3 units. What is the equation of the new function, g(z)? State its y-intercept (to the nearest thousandth), domain,
and range.

7) The graph of f(z) = 2(%)%20 is shifted left 2 units, stretched vertically by a factor of 4,reflected about the z-axis, and then

shifted downward 4 units. What is the equation of the new function, g(z)? State its y-intercept, domain, and range.

Answer:

g(z)=2 (%)m ; y-intercept: (0, 2); Domain: all real numbers; Range: all real numbers greater than 0.

Graphical

For the following exercises, graph the function and its reflection about the y-axis on the same axes, and give the y-intercept.

8) f(z) =3(3)"
9) g(z) = —2(0.25)*

Answer:
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1
= =4, ot
g(—x) = —2(0.25)

-2

y-intercept: (0, —2)

10) h(z) = 6(1.75)®

For the following exercises, graph each set of functions on the same axes.

11) f(z) =3(5)", 9(z) = 3(2)7, h(z) = 3(4)°

4
Answer:
¥
09 = 3/, |\ 100 = 3(af
b - X
43210 12 3 4
fx) = 3@y 1§

12) f(z) = $(3)", 9(z) =2(3)", h(z) = 4(3)°

For the following exercises, match each function with one of the graphs in Figure below.

[

13) f(z) =2(0.69)°

Answer:
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B
14) f(z) =2(1.28)"
15) f(z) = 2(0.81)"

Answer:

A

4(1.28)°
2(1.59)"

16) f(z)
17) f(z)
Answer:

E

18) f(z) =4(0.69)*
For the following exercises, use the graphs shown in Figure below. All have the form f(z) = ab”.

y
[

B C\ D

19) Which graph has the largest value for b?

Answer:

D

20) Which graph has the smallest value for b?
21) Which graph has the largest value for a?

Answer:

C

22) Which graph has the smallest value for a?

For the following exercises, graph the function and its reflection about the z-axis on the same axes.

23) f(z) = 5(4)”

Answer:
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y
A
5-.
4.
3 1
ol /100 =304y
14
X
3 21 1 2 3
_%1_
21 \-fe) = -3y
o]
o
|
L

24) f(z) = 3(0.75)* — 1
25) f(z) = —4(2)* 42

Answer:

—f(x) = 4(2) — 2

+ t t t =X
1 2 3 4 5

\f(x) = =42y + 2

For the following exercises, graph the transformation of f(x) = 2”.Give the horizontal asymptote, the domain, and the
range.

26) f(z) =27°
27) h(z) =2"+3

Answer:

h(x)

T e s e T M §
S5 4-3-2°1 01 2 3 45
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Horizontal asymptote: h(z) = 3 ; Domain: all real numbers; Range: all real numbers strictly greater than 3.

28) f(xz) =27
For the following exercises, describe the end behavior of the graphs of the functions.
29) f(z) = —5(4)" -
Answer:
Asz — oo, f(z) = —00

Asz — —oo, f(z) = —1

30) f(z) =3(%)" -2
31) f(x) =3(4)® +2

Answer:
Asz — oo, f(z) — 2

Asz — —o0, f(z) = 00

For the following exercises, start with the graph of f(x) = 4”.Then write a function that results from the given
transformation.

32) Shift f(z) 4 units upward
33) Shift f(z) 3 units downward
Answer:
flz)=4"-3
34) Shift f(x) 2 units left
35) Shift f(z) 5 units right
Answer:
fla) =477
36) Reflect f(x) about the z-axis
37) Reflect f(x) about the y-axis
Answer:
flz) =47
For the following exercises, each graph is a transformation of f(z) = 2”.Write an equation describing the transformation.

38)
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=X
1 2 3 4 5

39)
y
5-.
4__
Answer:
y=-2"4+3
40)

For the following exercises, find an exponential equation for the graph.

41)
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Answer:
y=-2(3)"+7
42)
y
5-
4_
3_.
2_
1.
e ' =X
-5-4-3-2-1% 12 3 4 5
-2
_3_\_‘
4]
el
Numeric

For the following exercises, evaluate the exponential functions for the indicated value of x.

43) g(z) = 3(7)** for g(6).

Answer:

9(6) =800 + 3 ~800.3333
44) f(z) = 4(2)* —2 for £(5).
45) h(z) =—3(3)" +6 for h(-T).
Answer:

h(—7)=—58

Technology

For the following exercises, use a graphing calculator to approximate the solutions of the equation. Round to the nearest
thousandth.

46) —50 = (3) *
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6= (4) (3)°
Answer:
T ~—2.953

48)12=2(3)*+1
49)5 =3(1)"" 2
Answer:

T~ —0.222
50) —30 = —4(2)**2 +2

Extensions
51) Explore and discuss the graphs of F/(z) = (b)* and G(z) = (%)z Then make a conjecture about the relationship between the

graphs of the functions b* and (%)z for any real number b > 0.

Answer:
The graph of G(z) = (%)z is the refelction about the y-axis of the graph of F(z) = (b)®; For any real number b > 0 and

function f(z) = (b)”, the graph of (%) is the the reflection about the y-axis, F/(—z).

52) Prove the conjecture made in the previous exercise.

53) Explore and discuss the graphs of f(z)=4%, g(z) =4*2%, and h(z)= (11—6) 4%, Then make a conjecture about the

relationship between the graphs of the functions b and (bln) b® for any real number n and real number b > 0.

Answer:

The graphs of g(z) and h(z) are the same and are a horizontal shift to the right of the graph of f(z); For any real number n,
real number b > 0, and function f(z) = b", the graph of (b%) b® is the horizontal shift f(z —n) .

54) Prove the conjecture made in the previous exercise.

4.3: Logarithmic Functions

The inverse of an exponential function is a logarithmic function, and the inverse of a logarithmic function is an exponential
function.

Verbal

1) What is a base b logarithm? Discuss the meaning by interpreting each part of the equivalent equations ¥ = x and log, z =y for
b>0,b#1.

Answer

A logarithm is an exponent. Specifically, it is the exponent to which a base b is raised to produce a given value. In the
expressions given, the base b has the same value. The exponent, y, in the expression b¥ can also be written as the logarithm,
log, = y ,and the value of z is the result of raising b to the power of y.

2) How is the logarithmic function f(z) = log, = related to the exponential function g(z) = b* ? What is the result of composing
these two functions?

3) How can the logarithmic equation log, = y be solved for z using the properties of exponents?

Answer
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Since the equation of a logarithm is equivalent to an exponential equation, the logarithm can be converted to the exponential
equation bY = z, and then properties of exponents can be applied to solve for z.

4) Discuss the meaning of the common logarithm. What is its relationship to a logarithm with base b, and how does the notation
differ?

5) Discuss the meaning of the natural logarithm. What is its relationship to a logarithm with base b, and how does the notation
differ?

Answer

The natural logarithm is a special case of the logarithm with base b in that the natural log always has base e.Rather than
notating the natural logarithm as log, (),the notation used is In(z).

Algebraic
For the following exercises, rewrite each equation in exponential form.
6) logy(q) =m
7)log,(b) =c¢
Answer
a®=>b

8)logyg(y) =z
9) log, (64) =y
Answer

z¥ =64
10) log, (z) = —11
11) logis(a) =b
Answer

15 =a
12) log, (137) =z
13) log;5(142) =a
Answer

13 =142
14) log(v) =t
15) In(w) =n
Answer

e =w
For the following exercises, rewrite each equation in logarithmic form.
16)4° =y
17)c? =k

Answer
log,.(k)=d
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18)m" =n
19)19° =y
Answer
logig(y) ==
10
200 B8 =y
21) n* =103

Answer

log, (103) = 4

n)(%) =n

39
23) y® = ——
)Y = 100

Answer

log, (%) =z
24)10°=b
25)ef =h
Answer

In(w) =n

For the following exercises, solve for « by converting the logarithmic equation to exponential form.
26) logg(z) =2
27) log, (z) = -3

Answer
1
= 2_3 = —
v 8

28) log, (z) =2
29) logz(z) =3

Answer
r=3=27
30) logy(z) =6
31) logy(z) = %
Answer
z=97 =3

https://stats.libretexts.org/@go/page/35267



https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://stats.libretexts.org/@go/page/35267?pdf

LibreTexts"

Answer

_ Qa3 _ _—
2=6"=27%

34) log(z) =3
35) In(z) =2
Answer

.’E:€2

For the following exercises, use the definition of common and natural logarithms to simplify.
36) log(100%)

37) 10'°8(32)

Answer

32

38) 21og(.0001)
39) ¢ln(1.06)

Answer

1.06

40) In(e—>-0%)
41) eln(10.125)+4

Answer

14.125

Numeric

For the following exercises, evaluate the base b logarithmic expression without using a calculator.
42) logs (2%)
43) logg (+/6)

Answer
1

2
44) log, (%) +4
45) 6logg(4)

Answer
4

For the following exercises, evaluate the common logarithmic expression without using a calculator.
46) log(10,000)
47)10g(0.001)

Answer

-3
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48) log(1)+7
49) 210g(1007%)
Answer

—12
For the following exercises, evaluate the natural logarithmic expression without using a calculator.
50) In (e% )
51) In(1)
Answer
0
52) 1n(e’0‘225) -3
53) 251In (e% )

Answer

10

Technology

For the following exercises, evaluate each expression using a calculator. Round to the nearest thousandth.

54) log(0.04)
55) In(15)

Answer

2.708

56) In(%)
57) log(v/2)

Answer

0.151

58) In(v/2)
Extensions

59) Is z = 0 in the domain of the function f(z) = log z? If so, what is the value of the function when z = 0? Verify the result.

Answer

No, the function has no defined value for z = 0. To verify, suppose =0 is in the domain of the function f(z) =log(z).
Then there is some number 7 such that n = log(0). Rewriting as an exponential equation gives: 10™ = 0, which is impossible
since no such real number n exists. Therefore, z = 0 is not the domain of the function f(z) = log(z).

60) Is f(z) = 0 in the range of the function f (:I:) = log(w) ? If so, for what value of z? Verify the result.

61) Is there a number x such that Inz = 27 If so, what is that number? Verify the result.

Answer

Yes. Suppose there exists a real number 2 such that Inz = 2. Rewriting as an exponential equation gives 2 = e®, which is a
real number. To verify, let z = €2 . Then, by definition, In(z) = ln(e2) =2.
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62) Is the following true: logy (27)

tos, ()
ln(el‘725)

In(1)

= —1 log3(27)log4(164)=-1? log3(27)log4(164)=—1? Verify the result.

63) Is the following true:

= 1.725 Verity the result.

Answer
ln( el 72 5)

In(1)

No; In(1) =0, so = 1.725is undefined.

Real-World Applications

64) The exposure index ET for a 35 millimeter camera is a measurement of the amount of light that hits the film. It is determined
by the equation EI = log, (ft—Z) , where f is the “f-stop” setting on the camera, and ¢ is the exposure time in seconds. Suppose the
f-stop setting is 8 and the desired exposure time is 2 seconds. What will the resulting exposure index be?

65) Refer to the previous exercise. Suppose the light meter on a camera indicates an EI of —2, and the desired exposure time is 16
seconds. What should the f-stop setting be?

Answer

2

66) The intensity levels I of two earthquakes measured on a seismograph can be compared by the formula log(%) = My — M,

where M is the magnitude given by the Richter Scale. In August 2009, an earthquake of magnitude 6.1 hit Honshu, Japan. In
March 2011, that same region experienced yet another, more devastating earthquake, this time with a magnitude of 9.0. How many
times greater was the intensity of the 2011 earthquake? Round to the nearest whole number.

4.4: Graphs of Logarithmic Functions
In this section we will discuss the values for which a logarithmic function is defined, and then turn our attention to graphing the

family of logarithmic functions.

Verbal

1) The inverse of every logarithmic function is an exponential function and vice-versa. What does this tell us about the relationship
between the coordinates of the points on the graphs of each?
Answer
Since the functions are inverses, their graphs are mirror images about the line y — z . So for every point (a, b) on the graph of a
logarithmic function, there is a corresponding point (b, a) on the graph of its inverse exponential function.
2) What type(s) of translation(s), if any, affect the range of a logarithmic function?

3) What type(s) of translation(s), if any, affect the domain of a logarithmic function?

Answer

Shifting the function right or left and reflecting the function about the y-axis will affect its domain.

4) Consider the general logarithmic function f(z) = log,(x). Why can’t z be zero?

5) Does the graph of a general logarithmic function have a horizontal asymptote? Explain.

Answer

No. A horizontal asymptote would suggest a limit on the range, and the range of any logarithmic function in general form is all
real numbers.

Algebraic

For the following exercises, state the domain and range of the function.
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6) f(z) = logs(z +4)

7) h(z) zln(% —m)

Answer

1
Domain: (—oo, 5) ; Range: (—o0, 00)

8) g(z) =log; (22 +9) —2
9) h(z) = In(dz +17) — 5
Answer

. 17
Domain: > ; Range: (—o0, 00)

10) f(z) =logy (12 —3z) —3
For the following exercises, state the domain and the vertical asymptote of the function.
11) f(z) = log,(z — 5)
Answer
Domain: (5, 00); Vertical asymptote: z =5
12) g(z) =1n(3 — )
13) f(z) =log(3z +1)

Answer
. 1 . 1
Domain: (—g, oo) ; Vertical asymptote: = -3
14) f(z) = 3log(—z) +2
15) g(z) = —In(3z +9) -7

Answer

Domain: (—3, co); Vertical asymptote: x = —3

For the following exercises, state the domain, vertical asymptote, and end behavior of the function.
16) f(z) =1n(2 —z)

17) f(z) =log (m — %)
Answer

Domain: E 00
7
3

Vertical asymptote: x = z

+
End behavior: as z — (;) , f(x) = —oo and as ¢ — oo, f(z) — o0

18) h(z) = —log(3z —4) +3
19) g(z) =In(2z +6) — 5
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Answer
Domain: (—3, c0)
Vertical asymptote: £ = —3

End behavior: as z — -3, f(z) — —o0 and as ¢ — oo, f(z) — 00

20) f(z) =logs (15 —5z) +6

For the following exercises, state the domain, range, and x- and y-intercepts, if they exist. If they do not exist, write DNE.

21) h(z) =logy(z —1)+1
Answer

Domain: (1, 00)

Range: —o0, co

Vertical asymptote: z =1

x-intercept: E 0
pt: 1

y-intercept: DNE

22) f(z) =log(5z +10)+3
23) g(z) =In(—z) —2
Answer

Domain: (—o0, 0)

Range: —o0, co

Vertical asymptote: £ =0

z-intercept: (—62,0)

y-intercept: DNE

24) f(z) =logy(z +2)—5
25) h(z) =3In(z) —9
Answer

Domain: (0, 00)

Range: —o0, 00

Vertical asymptote: x =0

x-intercept: (€3, 0)

y-intercept: DNE

Graphical

For the following exercises, match each function in Figure below with the letter corresponding to its graph.
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moo

\
>

26) d(z) =log(z)
27) f(x) = In(z)

Answer

28) g(z) = log, (z)
29) h(z) = logs(z)

Answer

C

30) j(z) = logys ()

For the following exercises, match each function in Figure with the letter corresponding to its graph.

Answer
B
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32) g(z) = log, (z)
33) h(z) = log% (z)

Answer

C

For the following exercises, sketch the graphs of each pair of functions on the same axis.
34) f(z) =log(z)and g(x) = 10"
35) f(xz) =€” and g(z) = In(x)

Answer

wmeet 7

3210/ 2 3 4
g(x) = In(x)

=3

For the following exercises, match each function in Figure with the letter corresponding to its graph.
36) f(z) = log, (= +2)
37) g(z) = —logy (z +2)

Answer

c

38) h(z) = logy(x +2)
For the following exercises, sketch the graph of the indicated function.

39) f(z) =logy(z +2)

Answer
f(x)
A

4,
3t
2]

320 1 2 3 1
-1
-
73__

=4+
A

40) f(z) = 2log(z)
41) f(z) = In(-z)
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Answer

42) g(z) =log(4z +16) +4
43) g(z) =log(6 —3z) +1

Answer
glx)
—a41
| -
-1—-—__\&
| 1_\
+ } =X

St 43319 1§ 3

1
44) h(z) = —Elog(w +1)-3
For the following exercises, write a logarithmic equation corresponding to the graph shown.

45) Use y = log, () as the parent function.

b= X
1 2 3 4 5

Answer

f(z) =logy(—(z —1))
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46) Use f(z) =logg(x) as the parent function.

=X
1 2 3 4 5

47) Use f(z) =logy(z) as the parent function.

=X
b 4 -3 2 1 2 3 4 5

Answer

f(z) =3logy(z+2)

48) Use f(z) = log;(z)as the parent function.
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Technology

For the following exercises, use a graphing calculator to find approximate solutions to each equation.

49)log(z —1)+2=In(z —1)+2

Answer

r=2

50) log(2z —3) +2 = —log(2z — 3) +5
51)In(z —2)+2=—In(z +1)

Answer

T ~2.303

1
52) 2In(5z +1) = 51n(—5w) +1

1 1
53) glog(l —z)=log(z+1)+ 3
Answer
T~ —0.472
Extensions

54) Let b be any positive real number such that b # 1. What must log;, 1be equal to? Verify the result.
55) Explore and discuss the graphs of f(z) =1log: (z) and g(z) = —log, (). Make a conjecture based on the result.
2

Answer

The graphs of f(z) =logi (z) and g(z) = —log,(x) appear to be the same;
2

Conjecture: for any positive base b # 1, logy (z) = log: (z)
b

56) Prove the conjecture made in the previous exercise.

57) What is the domain of the function f(z) = ln( %) ? Discuss the result.

Answer

Recall that the argument of a logarithmic function must be positive, so we determine where Zt2 0. From the graph of the

z—4
function f(z) = ﬁ , note that the graph lies above the z-axis on the interval (—oo, —2) and again to the right of the vertical

asymptote, that is (4, 00). Therefore, the domain is (—oco, —2) U (4, 00) .
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5

58) Use properties of exponents to find the z-intercepts of the function f(z) = log (w2 +4x —|—4) algebraically. Show the steps for
solving, and then verify the result by graphing the function.

4.5: Logarithmic Properties

Recall that the logarithmic and exponential functions “undo” each other. This means that logarithms have similar properties to
exponents. Some important properties of logarithms are given here.

Verbal
1) How does the power rule for logarithms help when solving logarithms with the form logy (/x)?

Answer
Any root expression can be rewritten as an expression with a rational exponent so that the power rule can be applied, making

1
the logarithm easier to calculate. Thus, log (m%) = —logy(z).
n

2) What does the change-of-base formula do? Why is it useful when using a calculator?

Algebraic

For the following exercises, expand each logarithm as much as possible. Rewrite each expression as a sum, difference, or
product of logs.

3) logy (7 - 2y)
Answer
log, (2) +log, (7) +log, (x) +log, (v)

4) In(3ab - 5¢)

13
5) log, (1—7)

Answer

logy (13) —log, (17)

)

IS |N|i~2

6) log, (

71 1
)114—k

Answer

N——
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—kIn(4)

8) logy (y”)
For the following exercises, condense to a single logarithm if possible.
9) In(7) +1n(x) + In(y)
Answer
In(7zy)
10) logz(2) +1ogs (a) +1ogs (11) +logs (b)
11) log, (28) —logy(7)
Answer
log; (4)

12) In(a) — In(d) —1n(c)

1
13) —log, (7)

Answer
log, (7)
14) %111(8)

For the following exercises, use the properties of logarithms to expand each logarithm as much as possible. Rewrite each
expression as a sum, difference, or product of logs.

15,13
15) log <szy9)

Answer

15log(z) 4+ 131log(y) — 191og(z)

16)In (3275 )
17) log(v/23y 1)

Answer

2log(z) —21og(y)

Y
19) log (z*y® \/2?y®)

Answer

8

14
21 =1
3 og(z) + 3 og(y)

For the following exercises, condense each expression to a single logarithm using the properties of logarithms.
20) log(22*) +log(3z°)
21) ln(Gasg) - 1n(3.7:2)

Answer
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ln(2m7)
22) 2log(z) +3log(xz +1)
23) log(z) — %log(y) +3log(2)

Answer
log ( x—zg)
VY

24y d1og, (c) + 2&1(@) | logr(®)

3 3

For the following exercises, rewrite each expression as an equivalent ratio of logs using the indicated base.

25) log,(15) to base e

Answer
In(15)
In(7)

log; (15) =

For the following exercises, suppose log; (6) = a and log; (11) = b.Use the change-of-base formula along with properties
of logarithms to rewrite each expression in terms of a and b.Show the steps for solving.

27) log,;(5)
Answer
logs(5) 1
1 f)=—"T"—"=—
Ogll( ) 10g5(11) b
28) logg (55)
6
29) log;; (H)
Answer
6
1 ( 6 ) 10€1l(ﬁ) logs(6) —logs(11) a—b a 1
(0] - == = = — - —
g\ 17 log; (11 logs (11 b b
&s 5

Numeric

For the following exercises, use properties of logarithms to evaluate without using a calculator.

30) log, (%) —3log,(3)

logg(64)
1)61 2) 4+ ———
3 )6 OgS( )+310g8(4)
Answer
3

1
32) 21og,(3) —41logy(3) +1log, (%)

For the following exercises, use the change-of-base formula to evaluate each expression as a quotient of natural logs. Use a
calculator to approximate each to five decimal places.

33) logz (22)
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Answer
2.81359

34) logg (65)
35) logg(5.38)

Answer

0.93913

36) log, (%)

37) log. (4.7)

Answer

—2.23266

Extensions

38) Use the product rule for logarithms to find all z values such that log;,(2z 4 6) +1og;y(z +2) =2 . Show the steps for
solving.

39) Use the quotient rule for logarithms to find all 2 values such that log, (z +2) —logg(z —3) = 1 . Show the steps for solving.

Answer

Rewriting as an exponential equation and solving for x:

1 $+2
6 = r—3
T+2
0= =3 —6
0 z+2 _6(:v—3)
Cz-3 (x—3)
0— r+2—6x+18
N r—3
r—4
0:
r—3
=4

Checking, we find that logg (4 +2) —log, (4 — 3) =log(6) —logs(1) is defined, so z = 4

40) Can the power property of logarithms be derived from the power property of exponents using the equation b* = m ? If not,
explain why. If so, show the derivation.

41) Prove that logy (n) = log;(n) for any positive integers b > 1 andn > 1.

Answer

Let b and n be positive integers greater than 1. Then, by the change-of-base formula, log, (n) = IIZZ((Z)) = logi B

42) Does logg; (2401) = log; (7)? Verify the claim algebraically.

4.6: Exponential and Logarithmic Equations

Uncontrolled population growth can be modeled with exponential functions. Equations resulting from those exponential functions
can be solved to analyze and make predictions about exponential growth. In this section, we will learn techniques for solving
exponential functions.
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Verbal
1) How can an exponential equation be solved?
Answer

Determine first if the equation can be rewritten so that each side uses the same base. If so, the exponents can be set equal to
each other. If the equation cannot be rewritten so that each side uses the same base, then apply the logarithm to each side and
use properties of logarithms to solve.

2) When does an extraneous solution occur? How can an extraneous solution be recognized?
3) When can the one-to-one property of logarithms be used to solve an equation? When can it not be used?

Answer

The one-to-one property can be used if both sides of the equation can be rewritten as a single logarithm with the same base. If
so, the arguments can be set equal to each other, and the resulting equation can be solved algebraically. The one-to-one property
cannot be used when each side of the equation cannot be rewritten as a single logarithm with the same base.

Algebraic

For the following exercises, use like bases to solve the exponential equation.
4) 4731)72 —47"
5)64-4%" =16

Answer

6) 3221 .37 =243

1
7 2—377, i 2n+2
) 4

Answer
n=-1
8) 625 - 5373 = 125

36% -b
9) 35 = 216?

Answer

6
b=—
5

1 3n
10)(—) -8=25
0)(64) 8

For the following exercises, use logarithms to solve.

11) 92710 =1

Answer
=10

12) 252 =13

13) e™10 —10 = —42

Answer
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No solution
14)2-10° =29
15) —8-10P*7 —7 = —24
Answer

p=log (1?7) -7
16) 7e3n~5 45 = —89
17)e 3k 46 =44
Answer

1n(38)
3

k=—

18) —5e%8 —8 = —62
19) —6€%%18 +2 = 74

Answer

In(38)
3
9

Tr =
20) 2m+1 — 52w—1
21) e — e —132 =0

Answer

rz=1n12

22) €88 _5 = 95
23) 10€8%23 +2 =8

Answer

24) 43213 —7 =53
25)8e 572 —4 = —90

Answer

No solution
26) 3%+l =772
27)€** —e* —6=0
Answer

z=In3
28) 33732 1.6 = 31
For the following exercises, use the definition of a logarithm to rewrite the equation as an exponential equation.

29) log(ﬁ) =-2

Answer
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1

1072 =—
100

1
30) logs,,(18) = 5

For the following exercises, use the definition of a logarithm to solve the equation.

31)5logy; n =10

Answer

n=49

32) —8logyx =16
33) 4 +log, (9k) =2
Answer

1

k=—
36
34) 2log(8n+4)+6 =10
35)10—41n(9—8z) =6
Answer
9—e
8

xTr =

For the following exercises, use the one-to-one property of logarithms to solve.
36) In(10 — 3z) = In(—4z)
37) 10g13(5n — 2) = 10g13(8 — 577,)
Answer
n=1
38) log(z +3) —log(z) = log(74)
39) In(—3z) = In(z? — 6z)
Answer

No solution
40) log, (6 —m) =log, (3m)
41) In(z —2) —In(z) = 1n(54)
Answer

No solution
42) logy(2n? — 14n) = logy (—45 +n?)
43) In(z? —10) +1n(9) = In(10)

For the following exercises, solve each equation for .

44) log(z +12) =log(z) +log(12)
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45) In(z) +1In(z — 3) =1n(7z)

Answer
=10

46) logy (7 +6) =3
47)In(7) +1n(2 — 42%) =1In(14)

Answer

z=0

48) logg (x +6) —logg (z) =logg(58)
49)In(3) —1In(3 — 3z) =1n(4)

Answer

xr =

oo

—

50) log; (32) —log, (6) = log, (77)

Graphical
For the following exercises, solve the equation for x, if there is a solution. Then graph both sides of the equation, and
observe the point of intersection (if it exists) to verify the solution.

51) logy(z) —5=—4
Answer
r=9
y

[

S X
1 2 3 4 5 6 7 8 9 10 11 12

52) logs(z)+3 =2
53) In(3z) =2

Answer

2
e
=73
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41
3l

_2.74
1+

t e L. §
-10{1234

|

54)In(zx —5)=1
55) log(4) +log(—5z) =2
Answer

T=-5

EEEEEEEEY B
|

-3¥
1

56) —7+log; (4 —x) = —6
57)In(4z —10)—6=—5

Answer

e+10
Ty
y

A
-1

e ey ¢
-10 1 2 3 456 7 8 910

-3l
-4l

| 4

58) log(4 — 2z) = log(—4x)
59) log;; (—222 — 7x) =logy; (z — 2)
Answer

No solution
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y

3

241

1 p——
“_—l—@»ll t—t—t—a— =X
4321_1 1?/53456?8910

o
3
-4
5
-6
1 _71 y

oY

60) In(2z +9) = In(—5z)
61) logy(3 — ) =logy(4z —8)

Answer
1

—_

T = ~2.2

5
y

62) log(z® +13) =log(7z +3)

63) —log(z —9) =log(44)

log,(10)
Answer

101
=— =02
11 9

- o

T~

+ f—t—t——t——+—=X
20 2 4 6 8 1012 14

64) In(z) — In(z +3) =1n(6)
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For the following exercises, solve for the indicated value, and graph the situation showing the solution point.

65) An account with an initial deposit of $6,500 earns 7.25% annual interest, compounded continuously. How much will the
account be worth after 20 years?

Answer

about $27,710.24
y

35,000}
30,000+ (20, 27710.24)
25,0001
20,000}
15,000}
10,000}
5,000

f(x) = 650000725

+ ——t— } —t—t } —t—t =X
-1 9 2 4 6 8 10 12 14 16 18 20 22 24

66) The formula for measuring sound intensity in decibels D is defined by the equation D = 10 log(%), where [ is the intensity

of the sound in watts per square meter and Iy = 10712 is the lowest level of sound that the average person can hear. How many
decibels are emitted from a jet plane with a sound intensity of 8 - 3 - 10? watts per square meter?

67) The population of a small town is modeled by the equation P = 1650e%-%* where ¢ is measured in years. In approximately how
many years will the town’s population reach 20, 000?

Answer

about 5 years
y
25,000}
20,000+
15,000+
10,000+
5,000+

(5, 20,000)

e S . ¢
0 1 2 3 45 6

Technology

For the following exercises, solve each equation by rewriting the exponential expression using the indicated logarithm. Then
use a calculator to approximate the variable to 3 decimal places.

68) 1000(1.03)" = 5000using the common log.
69) €5® = 17 using the natural log.

Answer

In(17) ~0.567

70) 3(1.04)3 = 8 using the common log

71) 3**~5 = 38 using the common log

Answer
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~ log(38 +510g(3))
- 41og(3)

~2.078

72) 50012 = 10 using the natural log

For the following exercises, use a calculator to solve the equation. Unless indicated otherwise, round all answers to the
nearest ten-thousandth.

73) 7375 +-7.9 = 47

Answer

T ~2.2401

74) In(3) + In(4.4z +6.8) = 2
75) log(—0.7z —9) =1+ 51log(5)

Answer

T ~ —44655.7143

76) Atmospheric pressure P in pounds per square inch is represented by the formula P = 14.7e %1% where z is the number of

miles above sea level. To the nearest foot, how high is the peak of a mountain with an atmospheric pressure of 8.369 pounds per
square inch? (Hint: there are 5280 feet in a mile)

2 E
77) The magnitude M of an earthquake is represented by the equation M = glog(E—> where E is the amount of energy
0

released by the earthquake in joules Ey = 10** and is the assigned minimal measure released by an earthquake. To the nearest
hundredth, what would the magnitude be of an earthquake releasing 1.4 - 10" joules of energy?

Answer

about 5.83

Extensions
78) Use the definition of a logarithm along with the one-to-one property of logarithms to prove that b'°& * = z.
79) Recall the formula for continually compounding interest, y = Ae** . Use the definition of a logarithm along with properties of

logarithms to solve the formula for time ¢ such that ¢ is equal to a single logarithm.

Answer
el (5)')

80) Recall the compound interest formula A = a(l + %) w . Use the definition of a logarithm along with properties of logarithms
to solve the formula for time £.

81) Newton’s Law of Cooling states that the temperature 7' of an object at any time ¢ can be described by the equation
T=T,+(Tp — Ts)e_kt , where T is the temperature of the surrounding environment, T is the initial temperature of the object,
and k is the cooling rate. Use the definition of a logarithm along with properties of logarithms to solve the formula for time ¢ such
that ¢ is equal to a single logarithm.

Answer
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4.7: Exponential and Logarithmic Models

We have already explored some basic applications of exponential and logarithmic functions. In this section, we explore some
important applications in more depth, including radioactive isotopes and Newton’s Law of Cooling.

Verbal
1) With what kind of exponential model would half-life be associated? What role does half-life play in these models?

Answer
Half-life is a measure of decay and is thus associated with exponential decay models. The half-life of a substance or quantity is
the amount of time it takes for half of the initial amount of that substance or quantity to decay.

2) What is carbon dating? Why does it work? Give an example in which carbon dating would be useful.

3) With what kind of exponential model would doubling time be associated? What role does doubling time play in these models?

Answer
Doubling time is a measure of growth and is thus associated with exponential growth models. The doubling time of a substance
or quantity is the amount of time it takes for the initial amount of that substance or quantity to double in size.
4) Define Newton’s Law of Cooling. Then name at least three real-world situations where Newton’s Law of Cooling would be
applied.

5) What is an order of magnitude? Why are orders of magnitude useful? Give an example to explain.

Answer

An order of magnitude is the nearest power of ten by which a quantity exponentially grows. It is also an approximate position
on a logarithmic scale; Sample response: Orders of magnitude are useful when making comparisons between numbers that
differ by a great amount. For example, the mass of Saturn is 95 times greater than the mass of Earth. This is the same as saying
that the mass of Saturn is about 10° times, or 2 orders of magnitude greater, than the mass of Earth.

Numeric

6) The temperature of an object in degrees Fahrenheit after ¢ minutes is represented by the equation T'(t) = 68e 00174 72 To
the nearest degree, what is the temperature of the object after one and a half hours?

150

For the following exercises, use the logistic growth modelf(z) = Tise2
o

7) Find and interpret f(0). Round to the nearest tenth.
Answer
£(0) ~ 16.7; The amount initially present is about 16.7units.
8) Find and interpret f(4). Round to the nearest tenth.
9) Find the carrying capacity.
Answer

150

10) Graph the model.

11) Determine whether the data from the table could best be represented as a function that is linear, exponential, or logarithmic.
Then write a formula for a model that represents the data.

-2 0.694
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z (=)
-1 0.833
0 1

1 1.2

2 1.44
3 1.728
4 2.074
5 2.488

Answer

exponential; f(z)=1.2"
12) Rewrite f(z) = 1.68(0.65)"as an exponential equation with base e to five significant digits.

Technology

For the following exercises, enter the data from each table into a graphing calculator and graph the resulting scatter plots.
Determine whether the data from the table could represent a function that is linear, exponential, or logarithmic.

13)
1 2
2 4.079
3 5.296
4 6.159
5 6.828
6 7.375
7 7.838
8 8.238
9 8.592
10 8.908
Answer
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f(x)
10+
9+ "
e
8+ .
°
Tt .
[: 38 L]
5_ L]
44 .
3,
2+ o
14
0o+ R S =X
1 2 3 4 5 6 7 8 9 10
14)
1 2.4
2 2.88
3 3.456
4 4.147
5 4977
6 5.972
7 7.166
8 8.6
9 10.32
10 12.383
15)
4 9.429
5 9.972
6 10.415
7 10.79
8 11.115
9 11.401
10 11.657
11 11.889
12 12.101
13 12.295
Answer
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y
13+

12} .

10+

e e I ay. §
4 5 6 7 8 9 10 11 12 13

16)
1.25 5.75
2.25 8.75
3.56 12.68
4.2 14.6
5.65 18.95
6.75 22.25
7.25 23.75
8.6 27.8
9.25 29.75
10.5 33.5

For the following exercises, use a graphing calculator and this scenario: the population of a fish farm in ¢ years is modeled

1000
by the equation P(t) = ——
y the eq )= T9o 0w
17) Graph the function.
Answer

https://stats.libretexts.org/@go/page/35267



https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://stats.libretexts.org/@go/page/35267?pdf

LibreTexts"
P(t)

LOUOi
900+
800+
700
600+
500+
400+
300+
200+

9

- ———— R e 4
-20-16-12-8 4 0 4 8 12 16 20
=100+

18) What is the initial population of fish?
19) To the nearest tenth, what is the doubling time for the fish population?

Answer

about 1.4 years

20) To the nearest whole number, what will the fish population be after 2 years?

21) To the nearest tenth, how long will it take for the population to reach 900?

Answer

about 7.3 years

22) What is the carrying capacity for the fish population? Justify your answer using the graph of P.

Extensions

23) A substance has a half-life of 2.045 minutes. If the initial amount of the substance was 132.8 grams, how many half-lives will
have passed before the substance decays to 8.3 grams? What is the total time of decay?

Answer

4 half-lives; 8.18minutes

24) The formula for an increasing population is given by P(t) = Pye™ where P, is the initial population and 7 > 0. Derive a
general formula for the time ¢ it takes for the population to increase by a factor of M.

2 S
25) Recall the formula for calculating the magnitude of an earthquake, M = glog(s—). Show each step for solving this
0

equation algebraically for the seismic moment S.

Answer
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26) What is the y-intercept of the logistic growth model y = ? Show the steps for calculation. What does this point tell

c
14+ae™
us about the population?

27) Prove that b* = (%) for positive b #1.

Answer
Let y = b for some non-negative real number b such that b # 1. Then,
In(y) = In(b")
In(y) =z 1n(b)
eln(y) — et In(b)

y= et In(b)

Real-World Applications

For the following exercises, use this scenario: A doctor prescribes 125 milligrams of a therapeutic drug that decays by
about 30% each hour.

28) To the nearest hour, what is the half-life of the drug?
29) Write an exponential model representing the amount of the drug remaining in the patient’s system after ¢ hours. Then use the
formula to find the amount of the drug that would remain in the patient’s system after 3 hours. Round to the nearest milligram.

Answer

A =125e(70-35670); A ~ 43 mg

30) Using the model found in the previous exercise, find f(10 and interpret the result. Round to the nearest hundredth.

For the following exercises, use this scenario: A tumor is injected with 0.5 grams of Iodine-125, which has a decay rate of
1.15% per day.

31) To the nearest day, how long will it take for half of the Todine-125 to decay?

Answer

about 60 days
32) Write an exponential model representing the amount of Iodine-125 remaining in the tumor after ¢ days. Then use the formula to
find the amount of Iodine-125 that would remain in the tumor after 60 days. Round to the nearest tenth of a gram.
33) A scientist begins with 250 grams of a radioactive substance. After 250 minutes, the sample has decayed to 32 grams.
Rounding to five significant digits, write an exponential equation representing this situation. To the nearest minute, what is the half-
life of this substance?
Answer

£(t) = 250e(~0-00914%) haf.life: about 76 minutes
34) The half-life of Radium-226 is 1590 years. What is the annual decay rate? Express the decimal result to four significant digits
and the percentage to two significant digits.
35) The half-life of Erbium-165 is 10.4 hours. What is the hourly decay rate? Express the decimal result to four significant digits
and the percentage to two significant digits.
Answer

r =~ —0.0667, So the hourly decay rate is about 6.67%

36) A wooden artifact from an archeological dig contains 60 percent of the carbon-14 that is present in living trees. To the nearest
year, about how many years old is the artifact? (The half-life of carbon-14 is 5730 years.)
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37) A research student is working with a culture of bacteria that doubles in size every twenty minutes. The initial population count
was 1350 bacteria. Rounding to five significant digits, write an exponential equation representing this situation. To the nearest
whole number, what is the population size after 3 hours?
Answer

f(t) = 1350e(0-03466%) after 3 hours: P(180) ~ 691,200
For the following exercises, use this scenario: A biologist recorded a count of 360 bacteria present in a culture after 5
minutes and 1000 bacteria present after 20 minutes.
38) To the nearest whole number, what was the initial population in the culture?
39) Rounding to six significant digits, write an exponential equation representing this situation. To the nearest minute, how long did
it take the population to double?
Answer

£(t) = 25600681100 doubling time: about 10 minutes
For the following exercises, use this scenario: A pot of boiling soup with an internal temperature of 100° Fahrenheit was
taken off the stove to cool in a 69° F room. After fifteen minutes, the internal temperature of the soup was 95° F.
40) Use Newton’s Law of Cooling to write a formula that models this situation.

41) To the nearest minute, how long will it take the soup to cool to 80° F?

Answer

about 88 minutes

42) To the nearest degree, what will the temperature be after 2 and a half hours?

For the following exercises, use this scenario: A turkey is taken out of the oven with an internal temperature of 165° F and
is allowed to cool in a 75° F room. After half an hour, the internal temperature of the turkey is 145° F.

43) Write a formula that models this situation.

Answer

T(t) = 90e(~0-008377) 75 \where ¢ is in minutes.

44) To the nearest degree, what will the temperature be after 50 minutes?

45) To the nearest minute, how long will it take the turkey to cool to 110° F?

Answer

about 113 minutes

For the following exercises, find the value of the number shown on each logarithmic scale. Round all answers to the nearest
thousandth.
log (x)

543271012 3 4 5 Fjgue 0407 _207.jpg"
src="/@api/deki/files/13777/CNX_PreCalc_Figure_04_07_207.jpg" />

Answer

log(z) =1.5;z ~ 31.623
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w w
48) Plot each set of approximate values of intensity of sounds on a logarithmic scale: Whisper: 10’10—2, Vacuum: 10~ —, Jet:
m m

10? K
m2

2 S
49) Recall the formula for calculating the magnitude of an earthquake, M = glog (S_) . One earthquake has magnitude 3.9 on
0

the MMS scale. If a second earthquake has 750 times as much energy as the first, find the magnitude of the second quake. Round to
the nearest hundredth.
Answer

MMS magnitude: 5.82

500

1+ 49007 49007 models the number of people in a town
e—0

For the following exercises, use this scenario: The equation N (t) =

who have heard a rumor after ¢ days.
50) How many people started the rumor?

51) To the nearest whole number, how many people will have heard the rumor after 3 days?

Answer
N(3)=T1
52) Ast t tincreases without bound, what value does N (t) approach? Interpret your answer.

For the following exercise, choose the correct answer choice.

53) A doctor and injects a patient with 13 milligrams of radioactive dye that decays exponentially. After 12 minutes, there are 4.75
milligrams of dye remaining in the patient’s system. Which is an appropriate model for this situation?

a. £(t) = 13(0.0805)"
b. £(£) = 13€09195¢

c. f(t) =13e(-0-0839)
d f(t) = T

Answer

C

4.8: Fitting Exponential Models to Data

We will concentrate on three types of regression models in this section: exponential, logarithmic, and logistic. Having already
worked with each of these functions gives us an advantage. Knowing their formal definitions, the behavior of their graphs, and
some of their real-world applications gives us the opportunity to deepen our understanding. As each regression model is presented,
key features and definitions of its associated function are included for review.

Verbal

1) What situations are best modeled by a logistic equation? Give an example, and state a case for why the example is a good fit.

Answer

Logistic models are best used for situations that have limited values. For example, populations cannot grow indefinitely since
resources such as food, water, and space are limited, so a logistic model best describes populations.

2) What is a carrying capacity? What kind of model has a carrying capacity built into its formula? Why does this make sense?

3) What is regression analysis? Describe the process of performing regression analysis on a graphing utility.

Answer
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Regression analysis is the process of finding an equation that best fits a given set of data points. To perform a regression
analysis on a graphing utility, first list the given points using the STAT then EDIT menu. Next graph the scatter plot using the
STAT PLOT feature. The shape of the data points on the scatter graph can help determine which regression feature to use. Once
this is determined, select the appropriate regression analysis command from the STAT then CALC menu.

4) What might a scatterplot of data points look like if it were best described by a logarithmic model?

5) What does the y-intercept on the graph of a logistic equation correspond to for a population modeled by that equation?

Answer

The y-intercept on the graph of a logistic equation corresponds to the initial population for the population model.

Graphical

For the following exercises, match the given function of best fit with the appropriate scatterplot in Figure (a) through
Figure (e). Answer using the letter beneath the matching graph.

y
A
104
L ]
y 9+ L
161 8t e
L ]
141 74 o]
. [ ]
12+ 64
[ ]
10+ 3 5+
[ ]
8l e al
61 ..' 31
e 24
2 ° 11
A S S =X
0 1 234586 0 12345866
@) (b) Figure_04_08_203.jpg"
src="/@api/deki/files/13803/CNX_PreCalc_Figure_04_08_203.jpg" />
y
101
y e
16+ 8t o
14+ . o ® o ® 7+
L]
12+ 3 * 61 "
o L] St O
8t o 4t [ -
6t @ 3t L )
4,. 24 e
24 14
{ | | i : } + } ¢ =X + } t t t X
0 12 3456 7 8 9 10 0 12 3 45 6
(d) G)]

6) y = 10.209¢0-294z
7)y =5.598 — 1.912In(z)

Answer

C
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8)y = 2.104(1.479)*
9) y =4.607+2.733In(z)

Answer

b

14.005

10)y = — >
VY= T 5790 0o

Numeric

11) To the nearest whole number, what is the initial value of a population modeled by the logistic equation

175 . . .
P(t)= 16,9950 055 ? What is the carrying capacity?
Answer
P(0) =22; 175

12) Rewrite the exponential model A(¢) =1550(1.085)" as an equivalent model with base e.Express the exponent to four
significant digits.

13) A logarithmic model is given by the equation h(p) = 67.682 —5.792 In(p). To the nearest hundredth, for what value of p does

h(p) =627
Answer
p=2.67
. . . 90
14) A logistic model is given by the equation P(¢t) = Toge 0 . To the nearest hundredth, for what value of ¢ does P(t) = 45?
e 0.

15) What is the y-intercept on the graph of the logistic model given in the previous exercise?

Answer
y-intercept: (0, 15)
Technology
For the following exercises, use this scenario: The population P of a koi pond over z months is modeled by the function

68
P(z) = 1+ 16e-028x °

16) Graph the population model to show the population over a span of 3 years.

17) What was the initial population of koi?
Answer
\(4)\ koi
18) How many koi will the pond have after one and a half years?

19) How many months will it take before there are 20 koi in the pond?

Answer

about 6.8 months

20) Use the intersect feature to approximate the number of months it will take before the population of the pond reaches half its
carrying capacity.

Answer
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50+
AQ+

30+ y=34
204
10+

g ke
6 12 18 24 30 36

For the following exercises, use this scenario: The population P of an endangered species habitat for wolves is modeled by
558

1+ 54.8e 0462z
21) Graph the population model to show the population over a span of 10 years.

the function P(x) = , where « is given in years.

22) What was the initial population of wolves transported to the habitat?

Answer

\(10)\ wolves

23) How many wolves will the habitat have after 3 years?

24) How many years will it take before there are 100 wolves in the habitat?

Answer

about 5.4 years

25) Use the intersect feature to approximate the number of years it will take before the population of the habitat reaches half its
carrying capacity.

For the following exercises, refer to Table below.

@ f(@)
1 1125
2 1495
3 2310
4 3294
5 4650
6 6361

26) Use a graphing calculator to create a scatter diagram of the data.

Answer

https://stats.libretexts.org/@go/page/35267



https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://stats.libretexts.org/@go/page/35267?pdf

LibreTexts"

y
7,0004
6,000} .
5,0004
4,0004
3,000 L
2,000 ”

L ]
1,000f e

=X

0 1 23456 7
27) Use the regression feature to find an exponential function that best fits the data in the table.
28) Write the exponential function as an exponential equation with base e.

Answer
f(z) =776.682¢0-3549=
29) Graph the exponential equation on the scatter diagram.
30) Use the intersect feature to find the value of « for which f(z) = 4000.

Answer

When f(z) = 4000, z ~ 4.6

For the following exercises, refer to Table below.

1 555
2 383
3 307
4 210
5 158
6 122

31) Use a graphing calculator to create a scatter diagram of the data.

32) Use the regression feature to find an exponential function that best fits the data in the table.

Answer

F(z) =1731.92(0.738)"
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33) Write the exponential function as an exponential equation with base e.

34) Graph the exponential equation on the scatter diagram.

Answer

y
A
600+

5504
5004
4501
4004
3504
3004
2501
200+
1504
1004

35) Use the intersect feature to find the value of z for which f(z) = 250.

For the following exercises, refer to Table below.

1 5.1
2 6.3
3 7.3
4 7.7
5 8.1
6 8.6

36) Use a graphing calculator to create a scatter diagram of the data.

Answer

y
10+

X

oph 9O e o
[ ]

123456 7

37) Use the LOGarithm option of the REGression feature to find a logarithmic function of the form y = a+bln(z) that best fits
the data in the table.

38) Use the logarithmic function to find the value of the function when z = 10.
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Answer
f(10) =~ 9.5
39) Graph the logarithmic equation on the scatter diagram.
40) Use the intersect feature to find the value of x for which f(z) =7.

Answer

When f(z) =7,z ~2.7

/

10+

opd g P N

=X
1 2 3 4 5 6 7

For the following exercises, refer to Table below.

1 7.5
2 6

3 5.2
4 4.3
5 3.9
6 3.4
7 3.1
8 2.9

41) Use a graphing calculator to create a scatter diagram of the data.

42) Use the LOGarithm option of the REGression feature to find a logarithmic function of the form y = a+bIn(z) that best fits
the data in the table.

Answer
f(x) =7.544 —2.268In(x)

43) Use the logarithmic function to find the value of the function when z = 10.

44) Graph the logarithmic equation on the scatter diagram.

Answer
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y
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2

Ll IO B

X

o

123 456789
45) Use the intersect feature to find the value of z for which f(z) =8.

For the following exercises, refer to Table below.

1 8.7

2 12.3
3 15.4
4 18.5
5 20.7
6 22.5
7 23.3
8 24

9 24.6
10 24.8

46) Use a graphing calculator to create a scatter diagram of the data.

Answer
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201
184 L
164
144
124 °
104

N B @ g9

g —t——=X
1 2 3 45 6 7 8 9 10

47) Use the LOGISTIC regression option to find a logistic growth model of the form y = H_;bx that best fits the data in the
ae~

table.

48) Graph the logistic equation on the scatter diagram.

Answer

y
o6l

24
22
20
18-
16
14
12,

—t——————F——F+——F+—+——+—+—+X
0 12 34546 7 8 9101

49) To the nearest whole number, what is the predicted carrying capacity of the model?

50) Use the intersect feature to find the value of « for which the model reaches half its carrying capacity.

Answer

When f(z) =12.5, 2 ~ 2.1
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y
26!
24!
22!
20!
18!
16}
14}
12.

0 123456 789101

For the following exercises, refer to Table below.

2 f()
0 12

2 28.6
4 52.8
5 70.3
7 99.9
8 112.5
10 125.8
11 1279
15 135.1
17 135.9

51) Use a graphing calculator to create a scatter diagram of the data.

52) Use the LOGISTIC regression option to find a logistic growth model of the form y = H—;b that best fits the data in the
ae~br

table.
Answer
B 136.068
Y 1+10.324¢ 0480z

53) Graph the logistic equation on the scatter diagram.

54) To the nearest whole number, what is the predicted carrying capacity of the model?

Answer

about 136

55) Use the intersect feature to find the value of & for which the model reaches half its carrying capacity.
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Extensions
56) Recall that the general form of a logistic equation for a population is given by P(t) = H;bt , such that the initial
ae~
—P(t —F
population at time ¢ =0 is P(0) = Py. Show algebraically that c 2 (tg ) _— 7 L
0

Answer

Working with the left side of the equation, we see that it can be rewritten as ae %t :

c
C_P(t) _ - 14ae

P(t) ”

14-ae bt
c(1+aet)—c
1+ae b
C
1+ae—bt
c(l-‘rae’bt—l)
1+ae~bt
c
14ae bt
=1+ae -1

= ae

C

Pp=——
' 1 tae o)
C

- l1+a
Therefore,

C
c—PF _ CT1m
o o bt

c
PO 1+a
c(1+a)—c
1+ —
a e bt
c
14+a
c(1+a—1)
1+a bt
e a— e
14a

=(1+a—-1)e™

= ae

Thus,

C_P(t) _C_PO e,bt
Pit) PR

57) Use a graphing utility to find an exponential regression formula f(z) and a logarithmic regression formula g(z) for the points
(1.5,1.5)and (8.5, 8.5 Round all numbers to 6 decimal places. Graph the points and both formulas along with the line y = = on
the same axis. Make a conjecture about the relationship of the regression formulas.

58) Verify the conjecture made in the previous exercise. Round all numbers to six decimal places when necessary.

Answer

First rewrite the exponential with base e: f(z) = 1.034341e%247809% Then test to verify that f(g(z)) = z ,taking rounding
error into consideration:
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9(f(z)) =4.0355101n(1.034341€"%47%°%%) —0.136259
=4.03551(In(1.034341) +1n(e"24787)) —0.136259
=4.03551(In(1.034341) +0.2478z) — 0.136259
=0.136257 +0.999999z — 0.136259
=—0.000002 +0.999999z

~0+z
=z
59) Find the inverse function f~!(z) for the logistic function f(z) = ﬁ . Show all steps.
ae~
. . - 20 e
60) Use the result from the previous exercise to graph the logistic model P(t) = 1-1-4—05'5 along with its inverse on the same
0.

axis. What are the intercepts and asymptotes of each function?

Answer
20
Pl) = 152057
Ih@) +in (2> —1)
05
-8 -4_£ 4 8 12 16 20 24 28 32
i)
-121
~16+
L

The graph of P(t) has a y-intercept at (0, 4) and horizontal asymptotes at y = 0 and y = 20. The graph of P~!(¢) has an z-
intercept at (4, 0) and vertical asymptotes at x = 0 and = 20.
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CHAPTER OVERVIEW

5: Introduction to Calculus

Calculus is the broad area of mathematics dealing with such topics as instantaneous rates of change, areas under curves, and
sequences and series. Underlying all of these topics is the concept of a limit, which consists of analyzing the behavior of a function
at points ever closer to a particular point, but without ever actually reaching that point. Calculus has two basic applications:
differential calculus and integral calculus.

5.1: Prelude to Calculus

5.2: Finding Limits - Numerical and Graphical Approaches

5.3: Finding Limits - Properties of Limits

5.4: Continuity

5.5: Average rate of Change and Derivatives

5.E: Introduction to Calculus (Exercises)

1.1: 5.6 Derivatives of Polynomials

5.R: Introduction to Calculus (Review)
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5.1: Prelude to Calculus

The eight-time world champion and winner of six Olympic gold medals in sprinting, Usain Bolt has truly earned his nickname as
the “fastest man on Earth.” Also known as the “lightning bolt,” he set the track on fire by running at a top speed of 27.79 mph—the
fastest time ever recorded by a human runner.

Like the fastest land animal, a cheetah, Bolt does not run at his top speed at every instant. How then, do we approximate his speed
at any given instant? We will find the answer to this and many related questions in this chapter.

This page titled 5.1: Prelude to Calculus is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by OpenStax via source
content that was edited to the style and standards of the LibreTexts platform.

e 12.0: Prelude to Calculus by OpenStax is licensed CC BY 4.0. Original source: https://openstax.org/details/books/precalculus.
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5.2: Finding Limits - Numerical and Graphical Approaches

Intuitively, we know what a limit is. A car can go only so fast and no faster. A trash can might hold 33 gallons and no more. It is
natural for measured amounts to have limits. What, for instance, is the limit to the height of a woman? The tallest woman on record
was Jinlian Zeng from China, who was 8 ft 1 in.' Is this the limit of the height to which women can grow? Perhaps not, but there is
likely a limit that we might describe in inches if we were able to determine what it was.

To put it mathematically, the function whose input is a woman and whose output is a measured height in inches has a limit. In this
section, we will examine numerical and graphical approaches to identifying limits.

& Definition: Limits
A limit describe the value that a function approaches as x approaches a specific value.

Limit notation

lim f(z) =L (5.2.1)

T—a

The function does not have to exist at the x value of the limit.

The function does not exist at x = -6 (open circle).
f(-6) = DNE (Does not exist)

The limit exist since the red line approaches 3 as x approaches -6 from the left side (-).

lim f(z)=3 (5.2.2)
z——6"
The blue line approaches 3 as x approaches -6 from the right side (+).
lim f(z)=3 (5.2.3)
z——6"

The limit exist since the limit from the left is equal to the limit on the right.

xl_iElG f(z)=3 (5.2.4)
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10

Suas|

—-10

f(1) = DNE (Does not exist)

The limit exist since the red line approaches

— 00 (5.2.5)
as x approaches -6 from the left side (-).
lim f(z)=—o0 (5.2.6)
o1~
The blue line approaches
00 (5.2.7)
as x approaches -6 from the right side (+).
zli,lﬁ f(z) =00 (5.2.8)

The limit does not exist since the limit from the left is not equal to the limit on the right.

lim f(z) = DNE (5.2.9)

The function can exist at the x value.

e

The function exist at x = -4.
f(-4)=0
The limit exist since the red line on the left hand side approaches 0 as x is approach -4 (-).

lim f(z)=0 (5.2.10)

z——4"

The function exist at x = -4. The limit exist since the red line on the right hand side approaches 0 as x is approaching -4 (+).

https://stats.libretexts.org/@go/page/35270


https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://stats.libretexts.org/@go/page/35270?pdf

LibreTexts"

lim f(z)=0 (5.2.11)

z——4"

The limit exist since the limit from the left is equal to the limit on the right.

zlirg1 f(z)=0 (5.2.12)

Understanding Limit Notation
We have seen how a sequence can have a limit, a value that the sequence of terms moves toward as the nu mber of terms increases.
For example, the terms of the sequence
111
727478
gets closer and closer to 0. A sequence is one type of function, but functions that are not sequences can also have limits. We can

describe the behavior of the function as the input values get close to a specific value. If the limit of a function f(z) = L, then as
the input « gets closer and closer to a, the output y-coordinate gets closer and closer to L. We say that the output “approaches” L.

1

Figure 5.2.1 provides a visual representation of the mathematical concept of limit. As the input value = approaches a, the output
value f(z) approaches L.

f(x)

Output y L 1
approaches L

— g -—

Input x approaches a

Figure 5.2.1: The output (y--coordinate) approaches L as the input (x-coordinate) approaches a.

We write the equation of a limit as

lim f(z) = L.

T—a
This notation indicates that as = approaches a both from the left of = a and the right of z = a, the output value approaches L.
Consider the function

fla)= Z=82 =T (5.2.13)
z—T

We can factor the function in Equation 5.2.13 as shown.

(& (= +1)
.’1}'7?

Cancel like factors in numerator and denominator.

flz) =

fl@)=z+1,2#7 Simplify.
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Notice that & cannot be 7, or we would be dividing by 0, so 7 is not in the domain of the function in Equation 5.2.13 To avoid
changing the function when we simplify, we set the same condition, = # 7, for the simplified function. We can represent the
function graphically as shown in Figure 5.2.2.

y

[EEY
(=)

\\mwkmmﬂww

t f t f t f t f =X
9 10

N
=

o
.
M
a4
i
&
(=2]
~
(=]

-4

Figure 5.2.2: Because 7 is not allowed as an input, there is no pointat x = 7.

What happens at = 7 is completely different from what happens at points close to = 7 on either side. The notation

lim f(z) =8

z—7
indicates that as the input « approaches 7 from either the left or the right, the output approaches 8. The output can get as close to 8
as we like if the input is sufficiently near 7.

What happens at z = 7? When & = 7, there is no corresponding output. We write this as
f(7)does not exist.

This notation indicates that 7 is not in the domain of the function. We had already indicated this when we wrote the function as
fl@)=z+1,z#T.

Notice that the limit of a function can exist even when f(z) is not defined at & =a. Much of our subsequent work will be
determining limits of functions as x nears a, even though the output at x = a does not exist.

THE LIMIT OF A FUNCTION

A quantity L is the limit of a function f(z) as = approaches a if, as the input values of x approach a (but do not equal a),the
corresponding output values of f(z) get closer to L. Note that the value of the limit is not affected by the output value of f(z)
at a. Both a and L must be real numbers. We write it as

lim f(z)=L

T—a

Example 5.2.1: Understanding the Limit of a Function

For the following limit, define a, f(z), and L.
lim(3z +5) =11
T2

Solution

First, we recognize the notation of a limit. If the limit exists, as  approaches a, we write
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lim f(z) = L.

T—a

We are given

lim(3z +5) = 11.
z—2

This means that a = 2, f(z) =3z +5, and L =11.
Analysis

Recall that y =3z +5 is a line with no breaks. As the input values approach 2, the output values will get close to 11. This
may be phrased with the equation lim, 5 (3z +5) = 11, which means that as  nears 2 (but is not exactly 2), the output of the
function f(z) =3z +5 gets as close as we want to 3(2) +5, or 11, which is the limit L, as we take values of z sufficiently
near 2 but not at z = 2.

Exercise 5.2.1

For the following limit, define a, f(x), and L.

lim(22° —4) = 46

z—5
Solution

a=5, f(x) =2z —4, and L = 46.

Understanding Left-Hand Limits and Right-Hand Limits

We can approach the input of a function from either side of a value—from the left or the right. Figure 5.2.3 shows the values of
flz)=z+1,2#7

as described earlier and depicted in Figure 5.2.3.

Values of x approach 7 Y=7 Values of x approach 7
from the left (x < 7) from the right (x > 7)
x 6.9 6.99 6.999 7 7.001 7.01 7.1
f(x) 7.9 7.99 7.999 Undefined 8.001 8.01 8.1
Values of output approach the limit, 8 Values of output approach the limit, 8

Figure 5.2.3 are 6.9,6.99, and 6.999. The corresponding outputs are 7.9,7.99, and 7.999. These values are getting closer to 8.

The limit of values of f(z) as = approaches from the left is known as the left-hand limit. For this function, 8 is the left-hand limit

of the function f(z) =z + 1,2 # 7 as z approaches 7.
Values described as “from the right” are greater than the input value 7 and would therefore appear to the right of the value on a
number line. The input values that approach 7 from the right in Figure 5.2.3 are 7.1,7.01,and 7.001. The corresponding outputs
are 8.1,8.01,and 8.001. These values are getting closer to 8. The limit of values of f(z) as « approaches from the right is known
as the right-hand limit. For this function, 8 is also the right-hand limit of the function f(z) =z + 1,z # 7 as x approaches 7.

Figure 5.2.3 shows that we can get the output of the function within a distance of 0.1 from 8 by using an input within a distance of
0.1 from 7. In other words, we need an input z within the interval 6.9 < z < 7.1 to produce an output value of f(x) within the
interval 7.9 < f(x) < 8.1.

We also see that we can get output values of f(x) successively closer to 8 by selecting input values closer to 7. In fact, we can
obtain output values within any specified interval if we choose appropriate input values.

Figure 5.2.4 provides a visual representation of the left- and right-hand limits of the function. From the graph of f(x), we observe
the output can get infinitesimally close to L = 8 as = approaches 7 from the left and as = approaches 7 from the right.

To indicate the left-hand limit, we write

lim f(z)=8.

7"
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To indicate the right-hand limit, we write

lim f(z)=8.

=T

-<

f(x) approaches 8 ! f(x) approaches 8

@ & o e N

2__
x approaches 7! x approaches 7
from the left ! from the right
- t t + t + it} =X
-1 0 1 2 3 4 5 6a=78

Figure 5.2.4: The left- and right-hand limits are the same for this function.

LEFT- AND RIGHT-HAND LIMITS

The left-hand limit of a function f(z) as = approaches a from the left is equal to L, denoted by
lim f(z)=L.
T—a
The values of f(x) can get as close to the limit L as we like by taking values of z sufficiently close to a such that z < a and
x #a.
The right-hand limit of a function f(z), as « approaches a from the right, is equal to L, denoted by

lim f(z)=L.
z—at

The values of f(x) can get as close to the limit L as we like by taking values of z sufficiently close to a but greater than a.
Both a and L are real numbers.

Understanding Two-Sided Limits

In the previous example, the left-hand limit and right-hand limit as = approaches a are equal. If the left- and right-hand limits are
equal, we say that the function f(z) has a two-sided limit as = approaches a. More commonly, we simply refer to a two-sided
limit as a limit. If the left-hand limit does not equal the right-hand limit, or if one of them does not exist, we say the limit does not
exist.

The limit of a function f(x), as « approaches a, is equal to L, that is,
lim f(z) = L
if and only if
lim f(z) = lim f(z).

Tz—a z—a

In other words, the left-hand limit of a function f(x) as & approaches a is equal to the right-hand limit of the same function as
x approaches a. If such a limit exists, we refer to the limit as a two-sided limit. Otherwise we say the limit does not exist.
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Finding a Limit Using a Graph

To visually determine if a limit exists as « approaches a, we observe the graph of the function when z is very near to £ =a. In
Figure 5.2.5 we observe the behavior of the graph on both sides of a.

y xln:na_ flx) =L

gy i, 769 =L

-ttt = X
x<adx>a

Figure 5.2.5

To determine if a left-hand limit exists, we observe the branch of the graph to the left of * = a, but near x = a. This is where
z < a. We see that the outputs are getting close to some real number L so there is a left-hand limit.

To determine if a right-hand limit exists, observe the branch of the graph to the right of x = a, but near x = a. This is where
T > a. We see that the outputs are getting close to some real number L, so there is a right-hand limit.

If the left-hand limit and the right-hand limit are the same, as they are in Figure 5.2.5, then we know that the function has a two-
sided limit. Normally, when we refer to a “limit,” we mean a two-sided limit, unless we call it a one-sided limit.

Finally, we can look for an output value for the function f(z) when the input value z is equal to a. The coordinate pair of the point
would be (a, f(a)). If such a point exists, then f(a) has a value. If the point does not exist, as in Figure 5.2.5, then we say that
f(a) does not exist.

HOW TO: Given a function f(z), use a graph to find the limits and a function value as = approaches a.

1. Examine the graph to determine whether a left-hand limit exists.

2. Examine the graph to determine whether a right-hand limit exists.

3. If the two one-sided limits exist and are equal, then there is a two-sided limit—what we normally call a “limit.”
4. If there is a point at z = a, then f(a) is the corresponding function value.

Example 5.2.2: Finding a Limit Using a Graph

Determine the following limits and function value for the function f shown in Figure 5.2.6.

a tim, ., f(z)
b.lim, »+ f(z)
c lim, o f(z)
d f(2)
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Figure 5.2.6

Determine the following limits and function value for the function f f shown in Figure.

L 1inlac—>2‘ f(d,')
ii. limy,_5+ f(z)
iii. lim, 5 f(z)
iv. f(2)
a. Looking at Figure:

i. lim, 5~ f(z)=8; when z < 2,but infinitesimally close to 2, the output values get close to y = 8.
ii. lim,_,5+ f(z) = 3; when & > 2,but infinitesimally close to 2, the output values approach y = 3.
iii. lim,_,5 f(z) does not exist because lim,,_,5- f(z) # lim,_,,+ f(z); the left and right-hand limits are not equal.
iv. £(2) = 3 because the graph of the function f passes through the point (2, £(2)) or (2, 3).
b. Looking at Figure:

i. lim, ,,- f(z) =8; when z < 2 but infinitesimally close to 2, the output values approach y = 8.

ii. lim, 5+ f(z)=8; when z > 2 but infinitesimally close to 2, the output values approach y = 8.
iil. lim, 5 f(z) = 8; because lim,_,,- f(z) =lim,_,5+ f(x) = 8; the left and right-hand limits are equal.
iv. £(2) =4 because the graph of the function f passes through the point (2, f(2)) or (2,4).

Exercise 5.2.2:

Using the graph of the function y=f(x) y=f(x) shown in Figure, estimate the following limits.
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a. Er_]:ln_ f(x) b. ETT f(x) G ETD f(x)

d. lim__fi im A flim A
m 9 e lm )l )

g. !!r_r_ld_ f(x) h. !!rl"l4+ f(x) i !!r_r_14 f(x)

Solution

a. 0; b. 2; c. does not exist; d.—2; —2; e. 0; f. does not exist; g. 4; h. 4;i. 4

Finding a Limit Using a Table

Creating a table is a way to determine limits using numeric information. We create a table of values in which the input values of z
approach a from both sides. Then we determine if the output values get closer and closer to some real value, the limit L.

. [ **—125
lim (| ———
5 r—5
To create the table, we evaluate the function at values close to x = 5. We use some input values less than 5 and some values greater

than 5 as in Figure. The table values show that when > 5 but nearing 5, the corresponding output gets close to 75. When z > 5
but nearing 5, the corresponding output also gets close to 75.

Let’s consider an example using the following function:

Because

then

X 49 4.99 4,999 b 5.001 5.01 b1
f(x) 7351 74.8501 74.985001 | Undefined | 75.015001 | 75.1501 76.51
lim f(x) =75 lim f(x) =75
x—-S'f( ) x—=5"% )

Remember that f(5) does not exist.

lim f(z)="75= lim f(x),

5"

z—5"

lim f(z) =75.

z—5
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How to: Given a function f,use a table to find the limit as = approaches a and the value of f(a), if it exists.

1. Choose several input values that approach a a from both the left and right. Record them in a table.
2. Evaluate the function at each input value. Record them in the table.

3. Determine if the table values indicate a left-hand limit and a right-hand limit.

4. If the left-hand and right-hand limits exist and are equal, there is a two-sided limit.

5. Replace z with a to find the value of f(a).

Example 5.2.3: Finding a Limit Using a Table

Numerically estimate the limit of the following expression by setting up a table of values on both sides of the limit.
lim ( 5sin(z) )
z—0 3z

We can estimate the value of a limit, if it exists, by evaluating the function at values near z = 0. We cannot find a function
value for z = 0 directly because the result would have a denominator equal to 0, and thus would be undefined.

Solution

_5 sin(z)

o) =222

We create Figure by choosing several input values close to = 0, with half of them less than z = 0 and half of them greater
than = 0. Note that we need to be sure we are using radian mode. We evaluate the function at each input value to complete
the table.

5

The table values indicate that when z < 0 but approaching 0, the corresponding output nears 3.

When z > 0 but approaching 0, the corresponding output also nears 2,

3
X -0.1 —0.01 —0.001 0 0.001 0.01 0.1
f(x) 1.66389 1.666639 | 1.666666 | Undefined | 1.666666 | 1.666639 1.66389
. 5 . 5
lim fix)=+% lim f(x) =+
x—-O‘f( ) 3 x—-DJ( ) 3
Because
. 5 .
lim f(z) =< = lim f(z),
z—0" 3 z—0"
then
5
lim f(z) = —=.

Q & A: Is it possible to check our answer using a graphing utility?

Yes. We previously used a table to find a limit of 75 for the function f(z) = % as x approaches 5. To check, we graph the
function on a viewing window as shown in Figure. A graphical check shows both branches of the graph of the function get
close to the output 75 as x nears 5. Furthermore, we can use the ‘trace’ feature of a graphing calculator. By appraoching

x = 5 we may numerically observe the corresponding outputs getting close to 75.
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3 2 10 1 2 3 4a=56 7

Exercise 5.2.3:

Numerically estimate the limit of the following function by making a table:

ECC)

z—0 4z
Solution
20 sin(xz
z—0 4z
X 0.1 -0.01 —0.001 0 0.001 0.01 0.1
f(x) 49916708 | 4.9999167 | 4.9999992 Error 4.9999992 | 4.9999167 | 4.9916708
: '20 sin(x) : 20 sin(x)'
xllp:]o‘( ax J 5 3 J@0+( ax )

Is one method for determining a limit better than the other?

No. Both methods have advantages. Graphing allows for quick inspection. Tables can be used when graphical utilities aren’t
available, and they can be calculated to a higher precision than could be seen with an unaided eye inspecting a graph.

Example 5.2.4: Using a Graphing Utility to Determine a Limit

With the use of a graphing utility, if possible, determine the left- and right-hand limits of the following function as z
approaches 0. If the function has a limit as  approaches 0, state it. If not, discuss why there is no limit.

f(@) =3sin(=)

Solution

We can use a graphing utility to investigate the behavior of the graph close to 2 = 0. Centering around z = 0, we choose two
viewing windows such that the second one is zoomed in closer to z = 0 than the first one. The result would resemble Figure
for [—2, 2] by [—3, 3].
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-2 2

-4
Figure_12_01_012">Figure for[—0.1,0.1] by [-3,3].
Even closer to zero, we are even less able to distinguish any limits.

The closer we get to 0, the greater the swings in the output values are. That is not the behavior of a function with either a left-
hand limit or a right-hand limit. And if there is no left-hand limit or right-hand limit, there certainly is no limit to the function
f(z) as = approaches 0.

‘We write

lim (3 sin( %)) does not exist.

z—0~

lim (3 sin( %)) does not exist.

z—0*t

lim (3 sin(%)) does not exist.

z—0

Exercise 5.2.4:

Numerically estimate the following limit: lim(sin(
z—0

8 |

))-

Solution

does not exist

Access these online resources for additional instruction and practice with finding limits.

e Introduction to Limits
o Formal Definition of a Limit

Key Concepts

¢ A function has a limit if the output values approach some value L as the input values approach some quantity a. a. See
Example.

o A shorthand notation is used to describe the limit of a function according to the form ig{ll f(z) = L, which indicates that as

approaches a, both from the left of x = a and the right of z = a, the output value gets close to L.

« A function has a left-hand limit if f(x) approaches L as x approaches a a where z < a. A function has a right-hand limit if
f () approaches L as x approaches a where z > a.

o A two-sided limit exists if the left-hand limit and the right-hand limit of a function are the same. A function is said to have a
limit if it has a two-sided limit.

o A graph provides a visual method of determining the limit of a function.

o If the function has a limit as « approaches a, the branches of the graph will approach the same y— coordinate near z = a from
the left and the right. See Example.
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e A table can be used to determine if a function has a limit. The table should show input values that approach a from both
directions so that the resulting output values can be evaluated. If the output values approach some number, the function has a

limit. See Example.
o A graphing utility can also be used to find a limit. See Example.

Footnotes
o 1 https://en.Wikipedia.org/wiki/Human_height and http://en.Wikipedia.org/wiki/List_of_tallest_people

Glossary
left-hand limit
the limit of values of f(z) as  approaches from a the left, denoted

lim f(z)=L.

The values of f(z) can get as close to the limit L as we like by taking values of z sufficiently close to a a such that z < a and
T # a.. Both a and L are real numbers.
limit
when it exists, the value, L,that the output of a function f(x) approaches as the input z gets closer and closer to a but does not
equal a. The value of the output, f(z), can get as close to L as we choose to make it by using input values of z sufficiently

near to = a ,but not necessarily at z = a . Both @ and L are real numbers, and L is denoted

lim f(z) = L.

T—a

right-hand limit
the limit of values of f(z) as x approaches a from the right, denoted

lim f(z)=L.
z—at

The values of f() can get as close to the limit L as we like by taking values of z sufficiently close to a where > a, and

z # a. Both a and L are real numbers.

two-sided limit
the limit of a function

f(=),

as x approaches a,is equal to L,that is,
lim f(z) =L

T—a
if and only if
lim f(z) = lim f(z).

T—a T—a

This page titled 5.2: Finding Limits - Numerical and Graphical Approaches is shared under a CC BY 4.0 license and was authored, remixed,
and/or curated by OpenStax via source content that was edited to the style and standards of the LibreTexts platform.

12.1: Finding Limits - Numerical and Graphical Approaches by OpenStax is licensed CC BY 4.0. Original source:

https://openstax.org/details/books/precalculus.
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5.3: Finding Limits - Properties of Limits

Consider the rational function

z2—6x -7
)= ——70—
fla)=—=
The function can be factored as follows:
(2D +1)
fla)=——7—

T _*
which gives us
fl®)=2+1,2#7.
Does this mean the function f(z) is the same as the function g(z) =z +1?

The answer is no. Function f(z) does not have z = 7 in its domain, but g(z) does. Graphically, we observe there is a hole in the graph of f(z) atz =7, as
shown in Figure and no such hole in the graph of g(z), as shown in Figure.

gx) =x+1

(left) The graph of function f contains a break at z =7 and is therefore not continuous at x = 7. (Right)The graph of function g is continuous.

So, do these two different functions also have different limits as « approaches 7? Not necessarily. Remember, in determining a limit of a function as z
approaches a, what matters is whether the output approaches a real number as we get close to z = a. The existence of a limit does not depend on what happens
when z equals a.

Look again at Figure and Figure. Notice that in both graphs, as « approaches 7, the output values approach 8. This means

lim f(z) = lim g(z).

=7 =7
Remember that when determining a limit, the concern is what occurs near £ = a, not at * = a. In this section, we will use a variety of methods, such as
rewriting functions by factoring, to evaluate the limit. These methods will give us formal verification for what we formerly accomplished by intuition.

Finding the Limit of a Sum, a Difference, and a Product

Graphing a function or exploring a table of values to determine a limit can be cumbersome and time-consuming. When possible, it is more efficient to use the
properties of limits, which is a collection of theorems for finding limits.

Knowing the properties of limits allows us to compute limits directly. We can add, subtract, multiply, and divide the limits of functions as if we were performing
the operations on the functions themselves to find the limit of the result. Similarly, we can find the limit of a function raised to a power by raising the limit to that
power. We can also find the limit of the root of a function by taking the root of the limit. Using these operations on limits, we can find the limits of more
complex functions by finding the limits of their simpler component functions.

Properties of Limits

Let a, k, A, and B represent real numbers, and f and g be functions, such that lim f(z) = A and lim g(z) = B. For limits that exist and are finite, the
T—a T—a

properties of limits are summarized in Table

Constant, k limk =k
r—a
Constant times a function lim[k- f(z)] = klim f(z) = kA
r—a r—a
Sum of functions lim[f(z) + g(z)] = lim f(z) + limg(z) = A+ B
T—a r—a r—a
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Difference of functions alcgfg[f(z) —g(z)] = ilgll flz)— lﬁ%g(m) =A-B
Product of functions igg[f(x) -g(z)] = 516133 f(@)- 9151339(9&) =A-B
) ) . f@)  Imf@
Quotient of functions 3151_1)% @ = i o) = B,B #0
Function raised to an exponent }Eglg[ f@)" = [zlg?o f(z)]* = A™, where n is a positive integer
nth root of a function, where n is a positive integer ;lj% V() = \’/ }Elj{:[f (z)] = VA
Polynomial function 91513;10(1') = p(a)
v Example 5.3.1 : Given Limit of a Function
Given lim g(z) = 3 and lim h(z) = 5. Evaluate the following.
z—3 z—3
a) lim59(z)
b) lim(g(z) + f(x))
z—3
Solution
a) 3;133} 5g(z) ==5(3)=15
b) lim(g(z) + f(2)) =limg(z) + limh(z)=3+5=8
Example 5.3.1: Evaluating the Limit of a Function Algebraically
Evaluate
igr;(2m +5).
Solution
il_r):g@m +5) = il_r}rg@z) + algl_r}r;('f)) Sum of functions property (5.3.1)
=2lim(z) +lim(5) Constant times a function property (5.3.2)
z—3 z—3
=2(3)+5 Evaluate (5.3.3)
=11 (5.3.4)

Exercise 5.3.1:

Evaluate the following limit:
lim (—2z +2).
z——12

Solution

26

Finding the Limit of a Polynomial

Not all functions or their limits involve simple addition, subtraction, or multiplication. Some may include polynomials. Recall that a polynomial is an expression
consisting of the sum of two or more terms, each of which consists of a constant and a variable raised to a nonnegative integral power. To find the limit of a
polynomial function, we can find the limits of the individual terms of the function, and then add them together. Also, the limit of a polynomial function as x
approaches a is equivalent to simply evaluating the function for a.

how to: Given a function containing a polynomial, find its limit

1. Use the properties of limits to break up the polynomial into individual terms.
2. Find the limits of the individual terms.

3. Add the limits together.

4. Alternatively, evaluate the function for a.
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Example 5.3.1: Evaluating the Limit of a Function Algebraically

Evaluate
: 2
Solution
lim(52?) = 5 lim(a?) Constant times a function property (5.3.5)
z—3 z—3
=5(3%) Function raised to an exponent property (5.3.6)
=45 (5.3.7)
Exercise 5.3.1:
Evaluate
lim(z® —5).
4
Solution
59
Example 5.3.2: Evaluating the Limit of a Polynomial Algebraically
Evaluate
lim(22% — 3z +1).
z—5
Solution
lim(22% -3z +1) =lim(2z®) —lim(3z) +lim(1) Sum of functions (5.3.8)
—5 —5 —5 —5
=2lim(z*) — 3 lim(x) 4 lim(1) Constant times a function (5.3.9)
—5 z—5 z—5
=2(5°)—3(5)+1 Function raised to an exponent (5.3.10)
=236 Evaluate (5.3.11)
Exercise 5.3.2:
Evaluate the following limit:
lim (z* —42° 4 5).
z——1
Solution
10

Finding the Limit of a Power or a Root

When a limit includes a power or a root, we need another property to help us evaluate it. The square of the limit of a function equals the limit of the square of the
function; the same goes for higher powers. Likewise, the square root of the limit of a function equals the limit of the square root of the function; the same holds
true for higher roots.

Example 5.3.3: Evaluating a Limit of a Power

Evaluate
lim(3z +1)°.
2

Solution

We will take the limit of the function as 2 approaches 2 and raise the result to the 5™ power.

lgg(3z+1)5 = (}Eijg(3z+1))5 (5.3.12)
=(3(2)+1)° (5.3.13)
=7 (5.3.14)
— 16,807 (5.3.15)
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Evaluate the following limit: lim4 (10z +36)3.
z——

Solution

—64

Q & A: If we can't directly apply the properties of a limit, for example in lin%(l’?t%‘;*g), can we still determine the limit of the function as z
z— -

approaches a?

Yes. Some functions may be algebraically rearranged so that one can evaluate the limit of a simplified equivalent form of the function.

Finding the Limit of a Quotient

Finding the limit of a function expressed as a quotient can be more complicated. We often need to rewrite the function algebraically before applying the
properties of a limit. If the denominator evaluates to 0 when we apply the properties of a limit directly, we must rewrite the quotient in a different form. One
approach is to write the quotient in factored form and simplify.

Example 5.3.4: Evaluating the Limit of a Quotient by Factoring

Evaluate
2 _
Tim( ¢ —6x +8 ).
T2 T —2
Solution
Factor where possible, and simplify.
. x2—6z+8 . (z—2)(z—4)
5161_1)121( p— = 3151_1321( p— ) Factor the numerator. (5.3.16)
(z 2y (z—4)
= 111121(—) Cancel the common factors. (5.3.17)
= 13;2’
= lirrzl(z —4) Evaluate. (5.3.18)
T
=2-4=-2 (5.3.19)

Analysis

When the limit of a rational function cannot be evaluated directly, factored forms of the numerator and denominator may simplify to a result that can be
evaluated.

Notice, the function

z2 — 6z +8

fa)= ==

is equivalent to the function

fl@)=z—4,z#2.

Notice that the limit exists even though the function is not defined at z = 2.

Exercise 5.3.4

Evaluate the following limit:
. ( 2 — 112 +28 )
hIIl _— .
T T—=x
Solution

-3

Example 5.3.5: Evaluating the Limit of a Quotient by Finding the LCD

Evaluate

Solution
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Find the LCD for the denominators of the two terms in the numerator, and convert both fractions to have the LCD as their denominator.
Analysis

When determining the limit of a rational function that has terms added or subtracted in either the numerator or denominator, the first step is to find the
common denominator of the added or subtracted terms; then, convert both terms to have that denominator, or simplify the rational function by multiplying
numerator and denominator by the least common denominator. Then check to see if the resulting numerator and denominator have any common factors.

Exercise 5.3.5:

Evaluate
1,1
. 5%
lim [ ———— .
-5 ( 10+ 2z )
Solution
_ L1
50

how to: Given a limit of a function containing a root, use a conjugate to evaluate

1. If the quotient as given is not in indeterminate (%) form, evaluate directly.

2. Otherwise, rewrite the sum (or difference) of two quotients as a single quotient, using the least common denominator (LCD).

3. If the numerator includes a root, rationalize the numerator; multiply the numerator and denominator by the conjugate of the numerator. Recall that
a+t \/I_) are conjugates.

4. Simplify.

5. Evaluate the resulting limit.

Example 5.3.6: Evaluating a Limit Containing a Root Using a Conjugate

Evaluate
. < V25—z -5 )
lim (| ————— ).
z—0 x
Solution
Vo5 — 1 — V25—z—5 V25— 5
lim (M =lim ( z—5) . ( o=t Multiply numerator and denominator by the conjugate. (5.3.20)
70 z z—0 x (v/25—z+5)
: (25—z)—25 ) .
=1 Multiply: (v/25 —z —5)- (/25 — 5)=(25—z)—25. (5.3.21
ti (o iply: (VIS5 -5) (VIS5 +5) = (25 -2) ~25. (5.8.21)
=lim (71)) Combine like terms. (5.3.22)
@0 \ /(25 —x+5)
. 4 s e —
= 3161_)0 < (VT —515) > Simplify o= —1. (5.3.23)
-1
\/T +5 Evaluate. (5.3.24)
=1l
=— = 3.2
5+5 10 G52
Analysis

When determining a limit of a function with a root as one of two terms where we cannot evaluate directly, think about multiplying the numerator and
denominator by the conjugate of the terms.

Exercise 5.3.6

Evaluate the following limit: lim <
h—0

@*4)

Solution

oo~

Example 5.3.7: Evaluating the Limit of a Quotient of a Function by Factoring

Evaluate
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Solution
4— 2+ 2—
lim( z )= lim(w) Factor. (5.3.26)
z—4 \/E -2 z—4 \/5 -2
2++v=)( 2 —)@)
= lini( v) Factor —1 out of the denominator. Simplify. (5.3.27)
T—>
_(2—
=lim—(2+z) Evaluate. (5.3.28)
z—4
=-(2+v4) (5.3.29)
=1 (5.3.30)
Analysis
Multiplying by a conjugate would expand the numerator; look instead for factors in the numerator. Four is a perfect square so that the numerator is in the
form
a® —b*
and may be factored as
(a+b)(a—0).

Exercise 5.3.7

Evaluate the following limit:

Solution

2v/3

how to: Given a quotient with absolute values, evaluate its limit

1. Try factoring or finding the LCD.
2. If the limit cannot be found, choose several values close to and on either side of the input where the function is undefined.
3. Use the numeric evidence to estimate the limits on both sides.

Example 5.3.8: Evaluating the Limit of a Quotient with Absolute Values

Evaluate

Solution
The function is undefined at * = 7, so we will try values close to 7 from the left and the right.
Left-hand limit:

6.9-7]  16.99-7| 16.999-7
6.9-7 699-7  6.999-7

Right-hand limit:

[7.1-7] |7.01-7| |7.001-7]
71-7  7.01-7  7.001-7

Since the left- and right-hand limits are not equal, there is no limit.

Exercise 5.3.8

Evaluate

lim 6z
6" |:L'—6| ’

Solution

https://stats.libretexts.org/@go/page/35271


https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://stats.libretexts.org/@go/page/35271?pdf

LibreTexts*

Key Concepts

o The properties of limits can be used to perform operations on the limits of functions rather than the functions themselves. See Example.

o The limit of a polynomial function can be found by finding the sum of the limits of the individual terms. See Example and Example.

o The limit of a function that has been raised to a power equals the same power of the limit of the function. Another method is direct substitution. See
Example.

o The limit of the root of a function equals the corresponding root of the limit of the function.

o One way to find the limit of a function expressed as a quotient is to write the quotient in factored form and simplify. See Example.

o Another method of finding the limit of a complex fraction is to find the LCD. See Example.

o A limit containing a function containing a root may be evaluated using a conjugate. See Example.

o The limits of some functions expressed as quotients can be found by factoring. See Example.

o One way to evaluate the limit of a quotient containing absolute values is by using numeric evidence. Setting it up piecewise can also be useful. See Example.

Glossary

properties of limits
a collection of theorems for finding limits of functions by performing mathematical operations on the limits

This page titled 5.3: Finding Limits - Properties of Limits is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by OpenStax via source content that was
edited to the style and standards of the LibreTexts platform.

« 12.2: Finding Limits - Properties of Limits by OpenStax is licensed CC BY 4.0. Original source: https://openstax.org/details/books/precalculus.
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5.4: Continuity

Arizona is known for its dry heat. On a particular day, the temperature might rise as high as 118° F' and drop down only to a brisk
95°F'. Figure 5.4.1 shows the function T, where the output of T'(x) is the temperature in Fahrenheit degrees and the input z is the
time of day, using a 24-hour clock on a particular summer day.

120 ~
110 A
100 -

90 4

Temperature

o]
[= I -]
1

4 8 12 16 20 24
Time, Hours Since Midnight

Figure 5.4.1: Temperature as a function of time forms a continuous function.

When we analyze this graph, we notice a specific characteristic. There are no breaks in the graph. We could trace the graph without
picking up our pencil. This single observation tells us a great deal about the function. In this section, we will investigate functions
with and without breaks.

Determining Whether a Function Is Continuous at a Number

Let’s consider a specific example of temperature in terms of date and location, such as June 27, 2013, in Phoenix, AZ. The graph in
Figure 5.4.1 indicates that, at 2 a.m., the temperature was 96° F'. By 2 p.m. the temperature had risen to 116°F', and by 4 p.m. it
was 118°F. Sometime between 2 a.m. and 4 p.m., the temperature outside must have been exactly 110.5°F. In fact, any
temperature between 96° F' and 118° F' occurred at some point that day. This means all real numbers in the output between 96° F’
and 118° F are generated at some point by the function according to the intermediate value theorem,

Look again at Figure 5.4.1. There are no breaks in the function’s graph for this 24-hour period. At no point did the temperature
cease to exist, nor was there a point at which the temperature jumped instantaneously by several degrees. A function that has no
holes or breaks in its graph is known as a continuous function. Temperature as a function of time is an example of a continuous
function.

If temperature represents a continuous function, what kind of function would not be continuous? Consider an example of dollars
expressed as a function of hours of parking. Let’s create the function D, where D(z) is the output representing cost in dollars for
parking  number of hours (Figure 5.4.2).

Suppose a parking garage charges $4.00 per hour or fraction of an hour, with a $25 per day maximum charge. Park for two hours
and five minutes and the charge is $12. Park an additional hour and the charge is $16. We can never be charged $13, $14, or $15.
There are real numbers between 12 and 16 that the function never outputs. There are breaks in the function’s graph for this 24-hour
period, points at which the price of parking jumps instantaneously by several dollars.

https://stats.libretexts.org/@go/page/35272


https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://stats.libretexts.org/@go/page/35272?pdf
https://stats.libretexts.org/Courses/Fresno_City_College/New_FCC_DS_21_Finite_Mathematics_-_Spring_2023/05%3A_Introduction_to_Calculus/5.04%3A_Continuity

LibreTexts"

28
24 5 L L]

20 *=—0
16 *—0

12 *=—0

Dollars

8 *—0

4 G0

0 1 I T 1 I T I I T I T I 1 I T I T I T I T 1

Ll T
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
Hours Parked
Figure 5.4.2: Parking-garage charges form a discontinuous function.
A function that remains level for an interval and then jumps instantaneously to a higher value is called a stepwise function. This

function is an example.

A function that has any hole or break in its graph is known as a discontinuous function. A stepwise function, such as parking-
garage charges as a function of hours parked, is an example of a discontinuous function.

So how can we decide if a function is continuous at a particular number? We can check three different conditions. Let’s use the
function y = f(z) represented in Figure as an example.

y

Figure_12_03_004">Figure.
y

Figure_12_03_003">Figure approaches z = a from the left and right, the same y-coordinate is approached. Therefore, Condition 2
is satisfied. However, there could still be a hole in the graph at z = a.

Condition 3 According to Condition 3, the corresponding y y coordinate at z = a fills in the hole in the graph of f. This is written
lim f(z) = £(a).
Satisfying all three conditions means that the function is continuous. All three conditions are satisfied for the function represented
in Figure so the function is continuous as z = a.

All three conditions are satisfied. The function is continuous at z = a.

Figure through Figure provide several examples of graphs of functions that are not continuous at £ = a and the condition or
conditions that fail.

Condition 2 is satisfied. Conditions 1 and 3 both fail.
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y
f
f(a) + .
-— . e X
a

Conditions 1 and 2 are both satisfied. Condition 3 fails.
y

l S

- " L X
a

Condition 1 is satisfied. Conditions 2 and 3 fail.

y

TS

a

Conditions 1, 2, and 3 all fail.
Definition of continuity
A function f(z) is continuous at z = a provided all three of the following conditions hold true:

o Condition 1: f(a) exists.
o Condition 2: lim f(z) exists at z = a.
T—a

 Condition 3: lim f(z) = f(a)
T—a

If a function f(z) is not continuous at z = a,the function is discontinuous at z = a.

Identifying a Jump Discontinuity
Discontinuity can occur in different ways. We saw in the previous section that a function could have a left-hand limit and a right-
hand limit even if they are not equal. If the left- and right-hand limits exist but are different, the graph “jumps” at £ =a. The

function is said to have a jump discontinuity.
As an example, look at the graph of the function y = f(z) in Figure. Notice as = approaches a how the output approaches different

values from the left and from the right.

Graph of a function with a jump discontinuity.
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JUMP DISCONTINUITY

A function f(z) has a jump discontinuity at £ =a if the left- and right-hand limits both exist but are not equal:
lim f(z)# lim f(z)
z—a z—a’

Identifying Removable Discontinuity

Some functions have a discontinuity, but it is possible to redefine the function at that point to make it continuous. This type of
function is said to have a removable discontinuity. Let’s look at the function y = f(z) represented by the graph in Figure. The
function has a limit. However, there is a hole at = a. The hole can be filled by extending the domain to include the input z = a
and defining the corresponding output of the function at that value as the limit of the function at x = a.

Graph of function f with a removable discontinuity at z = a.

removable discontinuity

A function f(x) f(x) has a removable discontinuity at z = a if the limit, lim f(x), exists, but either
r—a

1. f(a) does not exist or
2. f(a), the value of the function at z = a does not equal the limit, f(a) # lim f(z).

T—a
Example 5.4.1: Identifying Discontinuities

Identify all discontinuities for the following functions as either a jump or a removable discontinuity.

2_ —
2 flw) = 22200

b.

(5.4.1)

z+1, <2
g(z) ={

—z, T >2

a. Notice that the function is defined everywhere except at x = 5.

Thus, f(5) does not exist, Condition 2 is not satisfied. Since Condition 1 is satisfied, the limit as = approaches 5 is 8, and
Condition 2 is not satisfied. This means there is a removable discontinuity at z = 5.

b. Condition 2 is satisfied because g(2) = —2.

Notice that the function is a piecewise function, and for each piece, the function is defined everywhere on its domain. Let’s
examine Condition 1 by determining the left- and right-hand limits as « approaches 2.

Left-hand limit: 1i12n (x+1) =241 =3 . The left-hand limit exists.
2~

Right-hand limit: lim (—z) = —2. The right-hand limit exists. But

z—27"

1i12q f(z) # liI;}r f(). (5.4.2)

So, 1i1121 f(z) does not exist, and Condition 2 fails: There is no removable discontinuity. However, since both left- and right-
z—

hand limits exist but are not equal, the conditions are satisfied for a jump discontinuity at = 2.

Exercise 5.4.1:

Identify all discontinuities for the following functions as either a jump or a removable discontinuity.

2_6
a f(z) = ===
T, 0<zx<4
b.g(w)={ Y& 0=
9(@) { 2z, x>4
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a. removable discontinuity at * = 6;
b. jump discontinuity at z = 4

Recognizing Continuous and Discontinuous Real-Number Functions

Many of the functions we have encountered in earlier chapters are continuous everywhere. They never have a hole in them, and

they never jump from one value to the next. For all of these functions, the limit of f(z) as = approaches a a is the same as the value

of f(z) when z =a. So lim f(z) = f(a). There are some functions that are continuous everywhere and some that are only
T—a

continuous where they are defined on their domain because they are not defined for all real numbers.

EXAMPLES OF CONTINUOUS FUNCTIONS

Logarithmic functions

Tangent functions

The following functions are continuous everywhere:

Polynomial functions Ex: f(z) =

Exponential functions Ex: f(z) = 4°1% —

Sine functions Ex: f(z) = sin(2z) — 4
Cosine functions Ex: f(z) = —cos(z +73)

The following functions are continuous everywhere they are defined on their domain:

Ex: f(z) =2In(z),z >0
Ex: f(z) = tan(z) + 2,z #5 + km, k is an integer

Ex: f(z) = & _25 TH#T

Rational functions

how to:Given a function f(z), determine if the function is continuous at z = a.

1. Check Condition 1: f(a) exists.
2. Check Condition 2: lim f(z) exists at z = a.
T—a

3. Check Condition 3: lim f(z) = f(a).
r—a
4. If all three conditions are satisfied, the function is continuous at « = a. If any one of the conditions is not satisfied, the
function is not continuous at z = a.

Example 5.4.2: Determining Whether a Piecewise Function is Continuous at a Given Number

. . <3 . .
Determine whether the function f(z) = 7 <3 i continuous at
8+x, x=>3
az=3
8
b.z =3

To determine if the function f is continuous at = a, we will determine if the three conditions of continuity are satisfied at
T =a.
a. Condition 1: Does f(a) exist?
f(3)=4(3) =12 (5.4.3)
= Condition 1 is satisfied. (5.4.4)

Condition 2: Does lim f(z) exist?
z—3
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To the left of z = 3, f(z) = 4; to the right of z = 3, f(z) = 8 + . We need to evaluate the left- and right-hand limits as
x approaches 1.

o Left-hand limit: lim f(z)= lim 4(3) =12
z—3" 3"
o Right-hand limit: lim f(z)= lim 8+z)=8+3=11
z—3

z—3"

Because lim f(z)# lim f(z),lim f(z) does not exist.
z—1" z—1" z—1

= Condition 2 fails. (5.4.5)

There is no need to proceed further. Condition 2 fails at z = 3. If any of the conditions of continuity are not satisfied at
z = 3, the function f(z) is not continuous at = 3.

_8
b.:L'—3

Condition 1: Does f (%) exist?

8 8, 32
(3)=4G)=75 (5.4.6)
= Condition 1 is satisfied. (5.4.7)

Condition 2: Does lim f (x) exist?
z—2
3

To the left of z = %, f(z) =4xz; to the right of z = %, f(xz) =8+ . We need to evaluate the left- and right-hand limits
as z approaches 3.

o Left-hand limit: lim f(z)= lim 4(%) =2

z—3 z—4 3 B
o Right-hand limit: lim f(z)= lim (8+z)=8+2% =32
- -
Because lim f(z) exists,
:E—}E
= Condition 2 is satisfied. (5.4.8)
Condition 3: Is f(%) = lim f(z)?
w—>%
32 32
(=)= —=lim f(z) (5.4.9)
R
= Condition 3 is satisfied. (5.4.10)

Because all three conditions of continuity are satisfied at * = %, the function f(z) is continuous at z = %.

Exercise 5.4.2:
L r <2

Determine whether the function f(z) = ! — _ iscontinuous at z = 2.
9z —11.5, x> 2

yes

Example 5.4.3: Determining Whether a Rational Function is Continuous at a Given Number

2— . .
Z 23 s continuous at & = 5.

Determine whether the function f(z) = <=

To determine if the function f is continuous at £ = 5, we will determine if the three conditions of continuity are satisfied at
T =25.
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Condition 1:

f(5) does not exist. (5.4.11)
= Condition 1 fails. (5.4.12)

There is no need to proceed further. Condition 2 fails at £ = 5. If any of the conditions of continuity are not satisfied at
x = 5,the function f f is not continuous at z = 5.

Analysis

See Figure. Notice that for Condition 2 we have

z? —25 (z —5)(z+5)

lim = lim (5.4.13)
=5 T—DH z—3 T 5
ZQIUI_I)IE}($+5) (5.4.14)
=5+5=10 (5.4.15)
= Condition 2 is satisfied. (5.4.16)

At x=5, x=5,there exists a removable discontinuity. See Figure.
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Exercise 5.4.3:
9—.

2
Determine whether the function f(z) = = j;z is continuous at = 3. If not, state the type of discontinuity.

No, the function is not continuous at = 3. There exists a removable discontinuity at z = 3.

Determining the Input Values for Which a Function Is Discontinuous

Now that we can identify continuous functions, jump discontinuities, and removable discontinuities, we will look at more complex
functions to find discontinuities. Here, we will analyze a piecewise function to determine if any real numbers exist where the
function is not continuous. A piecewise function may have discontinuities at the boundary points of the function as well as within
the functions that make it up.

https://stats.libretexts.org/@go/page/35272


https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://stats.libretexts.org/@go/page/35272?pdf
https://cnx.org/contents/_VPq4foj@6.94:QTGFrujQ@5/Continuity#CNX_Precalc_Figure_12_03_013
https://cnx.org/contents/_VPq4foj@6.94:QTGFrujQ@5/Continuity#CNX_Precalc_Figure_12_03_013

LibreTexts"

To determine the real numbers for which a piecewise function composed of polynomial functions is not continuous, recall that
polynomial functions themselves are continuous on the set of real numbers. Any discontinuity would be at the boundary points. So
we need to explore the three conditions of continuity at the boundary points of the piecewise function.

how to: Given a piecewise function, determine whether it is continuous at the boundary points

1. For each boundary point a of the piecewise function, determine the left- and right-hand limits as « approaches a, as well as
the function value at a.

2. Check each condition for each value to determine if all three conditions are satisfied.

3. Determine whether each value satisfies condition 1: f(a) exists.

4. Determine whether each value satisfies condition 2: }31_1}1; f(z) exists.

5. Determine whether each value satisfies condition 3: lim f(z) = f(a).
T—a

6. If all three conditions are satisfied, the function is continuous at = a. If any one of the conditions fails, the function is not
continuous at z = a.

Example 5.4.4: Determining the Input Values for Which a Piecewise Function Is Discontinuous

Determine whether the function f f is discontinuous for any real numbers.

z+1, <2
fr=4 3, 2<z<4 (5.4.17)
z2—11, z>4

Analysis

See Figure. At ¢ = 4,there exists a jump discontinuity. Notice that the function is continuous at = 2.
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Graph is continuous at z = 2 but shows a jump discontinuity at = 4.

Exercise 5.4.4:

T oT<2
Determine where the function f(z) = e 2 <z <6 is discontinuous.
2rx, x>6
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Determining Whether a Function Is Continuous

To determine whether a piecewise function is continuous or discontinuous, in addition to checking the boundary points, we must
also check whether each of the functions that make up the piecewise function is continuous.

how to: Given a piecewise function, determine whether it is continuous.

1. Determine whether each component function of the piecewise function is continuous. If there are discontinuities, do they
occur within the domain where that component function is applied?

2. For each boundary point = a of the piecewise function, determine if each of the three conditions hold.

Example 5.4.5: Determining Whether a Piecewise Function Is Continuous

Determine whether the function below is continuous. If it is not, state the location and type of each discontinuity.

fr = { sin(z), =<0 (5.4.18)

The two functions composing this piecewise function are f(z) =sin(z) on z < 0 and f(z) = z® on & > 0. The sine function
and all polynomial functions are continuous everywhere. Any discontinuities would be at the boundary point,

Atz = 0,let us check the three conditions of continuity.

Condition 1:

f(0) does not exist. (5.4.19)
= Condition 1 fails. (5.4.20)

Because all three conditions are not satisfied at = 0, the function f(z) is discontinuous at = 0.

Analysis

See Figure. There exists a removable discontinuity at z = 0; LIE)I(} f(z) =0, thus the limit exists and is finite, but f(a) does not
exist.

Function has removable discontinuity at 0.

Access these online resources for additional instruction and practice with continuity.

o Continuity at a Point
e Continuity at a Point: Concept Check

Key Concepts

¢ A continuous function can be represented by a graph without holes or breaks.
¢ A function whose graph has holes is a discontinuous function.
¢ A function is continuous at a particular number if three conditions are met:

o Condition 1: f(a) exists.

o Condition 2: 9151—13 f(z)existsatz = a.

o Condition 3: liLn f(z)=f(a).

e A function has a jump discontinuity if the left- and right-hand limits are different, causing the graph to “jump.”

o A function has a removable discontinuity if it can be redefined at its discontinuous point to make it continuous. See Example.

¢ Some functions, such as polynomial functions, are continuous everywhere. Other functions, such as logarithmic functions, are
continuous on their domain. See Example and Example.
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o For a piecewise function to be continuous each piece must be continuous on its part of the domain and the function as a whole
must be continuous at the boundaries. See Example and Example.

Glossary

continuous function
a function that has no holes or breaks in its graph

discontinuous function
a function that is not continuous at = a

jump discontinuity

a point of discontinuity in a function f(z) at £ = a where both the left and right-hand limits exist, but lim f(z) # lim f (z)
r—a r—a

removable discontinuity
a point of discontinuity in a function f(z) where the function is discontinuous, but can be redefined to make it continuous

This page titled 5.4: Continuity is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by OpenStax via source content
that was edited to the style and standards of the LibreTexts platform.

e 12.3: Continuity by OpenStax is licensed CC BY 4.0. Original source: https://openstax.org/details/books/precalculus.
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5.5: Average rate of Change and Derivatives

The average teen in the United States opens a refrigerator door an estimated 25 times per day. Supposedly, this average is up from 10 years ago
when the average teenager opened a refrigerator door 20 times per day'. It is estimated that a television is on in a home 6.75 hours per day, whereas
parents spend an estimated 5.5 minutes per day having a meaningful conversation with their children. These averages, too, are not the same as they
were 10 years ago, when the television was on an estimated 6 hours per day in the typical household, and parents spent 12 minutes per day in
meaningful conversation with their kids. What do these scenarios have in common? The functions representing them have changed over time. In this
section, we will consider methods of computing such changes over time.

Finding the Average Rate of Change of a Function

The functions describing the examples above involve a change over time. Change divided by time is one example of a rate. The rates of change in
the previous examples are each different. In other words, some changed faster than others. If we were to graph the functions, we could compare the
rates by determining the slopes of the graphs.

A tangent line to a curve is a line that intersects the curve at only a single point but does not cross it there. (The tangent line may intersect the curve
at another point away from the point of interest.) If we zoom in on a curve at that point, the curve appears linear, and the slope of the curve at that
point is close to the slope of the tangent line at that point.

Figure 5.5.1represents the function f(z) = 2% — 4z . We can see the slope at various points along the curve.

o slopeatz =—21is8
e slopeatx =—1is-1
o slopeatz =21is8

y
m=—1 [ f(x) = x3 — 4x

-5

Figure 5.5.1: Graph showing tangents to curve at -2, —1, and 2.

Let’s imagine a point on the curve of function f at = a as shown in Figure 5.5.1. The coordinates of the point are (a, f(a)). Connect this point
with a second point on the curve a little to the right of = a, with an x-value increased by some small real number k. The coordinates of this
second point are (a +h, f(a+h)) for some positive-value h.

y

fla + Wl (a, fla + h))

~af A

Figure 5.5.2: Connecting point a with a point just beyond allows us to measure a slope close to that of a tangent line at z = a.
We can calculate the slope of the line connecting the two points (a, f(a)) and (a+h, f(a+h)) , called a secant line, by applying the slope
formula,

change iny

slope = (5.5.1)

change in x
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We use the notation my,, to represent the slope of the secant line connecting two points.

_ fla+th)—f(a)

msec - 5.5-2
(a+h)—(a) ( )
_ flath)~f) 6559
o+h— g e
The slope mg. equals the average rate of change between two points (a, f(a)) and (a+h, f(a+h)).
Mgee = w (554)

the AVERAGE RATE OF CHANGE BETWEEN TWO POINTS ON A CURVE

The average rate of change (AROC) between two points (a, f(a)) and (a+h, f(a+h)) on the curve of f is the slope of the line connecting
the two points and is given by
+h)—
AROC = M (5.5.5)
Example 5.5.1: Finding the Average Rate of Change
Find the average rate of change connecting the points (2, —6) and (—1, 5).
Solution
We know the average rate of change connecting two points may be given by
+h)—
AROC = M (5.5.6)
If one point is (2, —6), or (2, f(2)), then f(2) = —6.
The value A is the displacement from 2 to —1, which equals —1 —2 = —3.
For the other point, f(a+h) is the y-coordinate at a + h , which is 2 + (—3) or —1,s0 f(a+h) = f(-1) =5 .
+h)—
AROC = M (5.5.7)
5—(—6
= % (5.5.8)
11
== (5.5.9)
11
= —— 5.5.10
- (5.5.10)
Exercise 5.5.1
Find the average rate of change connecting the points (—5,1.5)and (—2.5,9)
Solution
3

Understanding the Instantaneous Rate of Change

Now that we can find the average rate of change, suppose we make h in Figure 5.5.2 smaller and smaller. Then a +h will approach a as h gets
smaller, getting closer and closer to 0. Likewise, the second point (a+ h, f(a+h)) will approach the first point, (a, f(a)). As a consequence, the
connecting line between the two points, called the secant line, will get closer and closer to being a tangent to the function at * = a, and the slope of
the secant line will get closer and closer to the slope of the tangent at £ = a (Figure 5.5.3).
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Secant Line
PloQ,

Secant Line

QZ Pto Q2

Tangent Line
atk = a

fla)y

V&

Figure 5.5.3: The connecting line between two points moves closer to being a tangent line at z = a.

Because we are looking for the slope of the tangent at z = a, we can think of the measure of the slope of the curve of a function f at a given point
as the rate of change at a particular instant. We call this slope the instantaneous rate of change, or the derivative of the function at # = a. Both
can be found by finding the limit of the slope of a line connecting the point at # = a with a second point infinitesimally close along the curve. For a
function f both the instantaneous rate of change of the function and the derivative of the function at = a are written as f’(a), and we can define
them as a two-sided limit that has the same value whether approached from the left or the right.

flat+h)—f(a)

(@) =1i 5.11
#'(@) = lim = (5:5.11)
The expression by which the limit is found is known as the difference quotient.
DEFINITION OF INSTANTANEOUS RATE OF CHANGE AND DERIVATIVE
The derivative, or instantaneous rate of change, of a function f at = a, is given by
h) —
£'(a) = lim L@FM —f(@) (5.5.12)

flat+h)—f(a)
h

The expression is called the difference quotient.

We use the difference quotient to evaluate the limit of the rate of change of the function as ~ approaches 0.

Derivatives: Interpretations and Notation

The derivative of a function can be interpreted in different ways. It can be observed as the behavior of a graph of the function or calculated as a
numerical rate of change of the function.

¢ The derivative of a function f(z) at a point = a is the slope of the tangent line to the curve f(z) at z = a. The derivative of f(z)atz =a is
written f'(a).

 The derivative f’(a) measures how the curve changes at the point (a, f(a)).

e The derivative f ’(a) may be thought of as the instantaneous rate of change of the function f(z) at z = a.

o If a function measures distance as a function of time, then the derivative measures the instantaneous velocity at time t = a .

NOTATIONS FOR THE DERIVATIVE

The equation of the derivative of a function f(z) is written as y’ = f'(z), where y = f(x). The notation f’'(z) is read as “f prime of z.”
Alternate notations for the derivative include the following:
, ,_dy _df d
fla)=y'=——=—"—=—f
dez dzx dzx
The expression f'(z) is now a function of z; this function gives the slope of the curve y = f(z) at any value of z. The derivative of a function
f(z) at a point z = a is denoted f'(a).

(z) =Df(z) (5.5.13)

how to: Given a function f, find the derivative by applying the definition of the derivative.

1. Calculate f(a+h).
2. Calculate f(a).
3. Substitute and simplify w

4. Evaluate the limit if it exists: f’(a) = lim

flath)—f(a)
h—0 h ’
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Example 5.5.1: Finding the Derivative of a Polynomial Function

Find the derivative of the function f(z) =z? —3z +5 atz =a.
Solution

We have:

B)—
fla)= }lin[} M Definition of a derivative (5.5.14)
—

Substitute f(a+h) = (a+h)2—3(a+h)+5 and f(a) =a®—3a+5.
(a+h)(a+h)—3(a+h)+5—(a®> —3a+5)

(@) =1i 5.1
f (@) = lim & (5.5.15)
’+2ah+h*—3a—3h+5—a’+3a—5
S e to—atda Evaluate to remove parentheses. (5.5.16)
h—0 h
a¥+2ah+h’— 3¢ —3h+ y— a¥ + 3 —
=lim Y -l Yoy Y Simplify. (5.5.17)
h—0 h
2ah +h* —3h
=lim ok e Factor out an h. (5.5.18)
h—0 h
=2a+0-3 Evaluate the limit. (5.5.19)
—2a-3 (5.5.20)

Exercise 5.5.1

Find the derivative of the function f(z) =32? + 7z atz =a

Solution

fa)=6a+7

# Definition: Derivative of a Polynomial

We do not have to use the limit to get a derivative of a polynomial.
f(z) = az™

The derivative is as follows

n—1

f'(z) =naz

Repeat this process for each term in the polynomial.

v/ Example 5.5.1

Find the derivative of the function f(z) =322+ 7z atz =a

Solution

The derivative of the function f/(z) =2 3z! +1 % 720 .
=z

=1

flz)=2%3z+1x7z.

atx =a

f'(a)=2%3a+1%x7=6a+7 .

Finding Derivatives of Functions with Roots

To find derivatives of functions with roots, we use the methods we have learned to find limits of functions with roots, including multiplying by a
conjugate.
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Example 5.5.1: Finding the Derivative of a Function with a Root

Find the derivative of the function f(z) =4,/ at z = 36.
We have f(z) = 4x'/2 the derivative is

£/(@) = (1/2)ta1/7,

() = (1/2)4z1/2

f'(z) =2271/2,

x =36

£'(36) =2x3671/

f'(36) =2/36/2

\(f'(36) = 2/6 = 1/3.

Exercise 5.5.1:

Find the derivative of the function f(z) =9./z atz =9.

ol |

Finding Instantaneous Rates of Change

Many applications of the derivative involve determining the rate of change at a given instant of a function with the independent variable time—
which is why the term instantaneous is used. Consider the height of a ball tossed upward with an initial velocity of 64 feet per second, given by
s(t) = —16t% +64t + 6 , where ¢t is measured in seconds and s(t) is measured in feet. We know the path is that of a parabola. The derivative will
tell us how the height is changing at any given point in time. The height of the ball is shown in Figure as a function of time. In physics, we call this
the “s-t graph.”

Example 5.5.1: Finding the Instantaneous Rate of Change

Using the function above, s(t) = —16t* + 64t + 6 ,what is the instantaneous velocity of the ball at 1 second and 3 seconds into its flight?
The velocity at t =1 and ¢ = 3 is the instantaneous rate of change of distance per time, or velocity. Notice that the initial height is 6 feet. To
find the instantaneous velocity, we find the derivative and evaluate itat¢ =1 and ¢t = 3:
fla+h)—f(a)
{ _ .5.21
£'(a) = lim = (5.5.21)
—16(t+h)%2+64(t+h)+6 — (—16t> + 64t +6
= llziI% ( ) ( )h ( ) Substitute s(¢ + h) and s(t). (5.5.22)
—
—16t2 —32ht — h% + 64t +64h +6 + 16t> — 64t —6
= lim o% ot Distribute (5.5.23)
h—0 h
—32ht — h? +64h
= lim 32kt —h” + 64 Simplify. (5.5.24)
h—0 h
—32t—h+64
=lim VA ) Factor the numerator. (5.5.25)
h—0 b/
= }Linox —32t—h+64 Cancel out the common factorh. (5.5.26)
—
s'(t) =—-32t+64 Evaluate the limit by lettingh = 0. (56.5.27)
For any value of ¢, s'(t) tells us the velocity at that value of ¢.
Evaluatet =1 and t = 3.
s'(1) =-32(1)+64 =32 (5.5.28)
s'(3) =—-32(3)+64=-32 (5.5.29)
The velocity of the ball after 1 second is 32 feet per second, as it is on the way up.
The velocity of the ball after 3 seconds is —32 feet per second, as it is on the way down.

https://stats.libretexts.org/@go/page/35273


https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://stats.libretexts.org/@go/page/35273?pdf
https://cnx.org/contents/_VPq4foj@6.94:i2wMA8Gu@6/Derivatives#CNX_Precalc_Figure_12_04_004

LibreTexts"

The position of the ball is given bys(t) = —16¢2 + 64t +6. What is its velocity 2 seconds into flight?

o

Using Graphs to Find Instantaneous Rates of Change
We can estimate an instantaneous rate of change at z = a by observing the slope of the curve of the function f(z) at z = a. We do this by drawing
a line tangent to the function at z = a and finding its slope.

how to: Given a graph of a function f(z), find the instantaneous rate of change of the function at z = a.

1. Locate = a on the graph of the function f(z).
2. Draw a tangent line, a line that goes through z = a at a and at no other point in that section of the curve. Extend the line far enough to

calculate its slope as

change in y (5.5.30)
change in z. e

Example 5.5.1: Estimating the Derivative at a Point on the Graph of a Function

From the graph of the function y = f(z) presented in Figure, estimate each of the following:

£(0); £(2); £'(0); f'(2)

To find the functional value, f(a), find the y-coordinate at z = a.

To find the derivative at z = a, f '(a), draw a tangent line at z = a, and estimate the slope of that tangent line. See Figure.
 f(0) is the y-coordinate at z = 0. The point has coordinates (0, 1), thus f(0) =1.

o f(2) is the y-coordinate at z = 2. The point has coordinates (2, 1), thus f(2) =1.
o f’(0)is found by estimating the slope of the tangent line to the curve at z = 0. The tangent line to the curve at z = 0 appears horizontal.

Horizontal lines have a slope of 0, thus f’(0) = 0.
e f’(2)is found by estimating the slope of the tangent line to the curve at z = 2. Observe the path of the tangent line to the curve at z = 2. As
the z value moves one unit to the right, the y value moves up four units to another point on the line. Thus, the slope is 4, so f'(2) = 4.

Exercise 5.5.1:

Using the graph of the functionf(z) = z* — 3z shown in Figure, estimate: f(1), f'(1), £(0)and f’(0).

-2,-2,0,0, -3
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Using Instantaneous Rates of Change to Solve Real-World Problems

Another way to interpret an instantaneous rate of change at = a is to observe the function in a real-world context. The unit for the derivative of a
function f(z) is
output units
.p—. (5.5.31)
input unit
Such a unit shows by how many units the output changes for each one-unit change of input. The instantaneous rate of change at a given instant
shows the same thing: the units of change of output per one-unit change of input.

One example of an instantaneous rate of change is a marginal cost. For example, suppose the production cost for a company to produce x items is
given by C(z), in thousands of dollars. The derivative function tells us how the cost is changing for any value of z in the domain of the function. In
other words, C'(z) is interpreted as a marginal cost, the additional cost in thousands of dollars of producing one more item when z items have
been produced. For example, C''(11) is the approximate additional cost in thousands of dollars of producing the 12™ item after 11 items have been
produced. C'’(11) = 2.50 means that when 11 items have been produced, producing the 12" jtem would increase the total cost by approximately
$2,500.00.

Example 5.5.1: Finding a Marginal Cost

The cost in dollars of producing  laptop computers in dollars is f(z) = x? —100z. At the point where 200 computers have been produced,
what is the approximate cost of producing the 201%tunit?

If f(z) = 2® — 100z describes the cost of producing = computers, f'(z) will describe the marginal cost. We need to find the derivative. For
purposes of calculating the derivative, we can use the following functions:

fla+b) =(z+h)>—100(z +h) (5.5.32)

f(a) =a*—100a (5.5.33)
f(z) = w Formula for a derivative (5.5.34)

_ (22—
_ (x+h) IOO(m:h) (z* —100z) (5.5.35)
Substitute f(a+ h) and f(a). (5.5.36)
2 2 _ _ _z?
-t LR 100;: i Multiply polynomials, distribute. (5.5.37)
= 2xh+h"2-100hA Collect like terms. (5.5.38)
2z +h—100
= M Factor and cancel like terms. (5.5.39)
/4

=2z +h—100 Simplify. (5.5.40)
=2z —100 Evaluate when h = 0. (5.5.41)
f'(z) =2z —100 Formula for marginal cost (5.5.42)
£7(200) = 2(200) — 100 = 300 Evaluate for 200 units. (5.5.43)

The marginal cost of producing the 201% unit will be approximately $300.

Example 5.5.1:Interpreting a Derivative in Context

A car leaves an intersection. The distance it travels in miles is given by the function f(t), where ¢ represents hours. Explain the following
notations:

£(0)=0F"(1) =60£(1) =70£(2.5) = 150

First we need to evaluate the function f(¢) and the derivative of the function f’(¢), and distinguish between the two. When we evaluate the
function f(t), we are finding the distance the car has traveled in ¢ hours. When we evaluate the derivative f'(t), f'(t), we are finding the speed of
the car after ¢ hours.

a. £(0) = 0 means that in zero hours, the car has traveled zero miles.

b. f’(1) = 60 means that one hour into the trip, the car is traveling 60 miles per hour.

c. f(1) =70 means that one hour into the trip, the car has traveled 70 miles. At some point during the first hour, then, the car must have been
traveling faster than it was at the 1-hour mark.

d. f(2.5) = 150 means that two hours and thirty minutes into the trip, the car has traveled 150 miles.
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A runner runs along a straight east-west road. The function f(¢) gives how many feet eastward of her starting point she is after ¢ seconds.
Interpret each of the following as it relates to the runner.

£(0) =0; £(10) = 150; £'(10) = 15; £/(20) = —10; f(40) = —100

a. After zero seconds, she has traveled 0 feet.

b. After 10 seconds, she has traveled 150 feet east.

c. After 10 seconds, she is moving eastward at a rate of 15 ft/sec.
d. After 20 seconds, she is moving westward at a rate of 10 ft/sec.
e. After 40 seconds, she is 100 feet westward of her starting point.

Finding Points Where a Function’s Derivative Does Not Exist

To understand where a function’s derivative does not exist, we need to recall what normally happens when a function f(z) has a derivative at
x =a. Suppose we use a graphing utility to zoom in on z =a. If the function f(z) is differentiable, that is, if it is a function that can be
differentiated, then the closer one zooms in, the more closely the graph approaches a straight line. This characteristic is called linearity.

Look at the graph in Figure. The closer we zoom in on the point, the more linear the curve appears.

y

f

|
Graph appears
linear

/ \

Figure_12_04_009">Figure, the graph does not approach a straight line. No matter how close we zoom in, the graph maintains its sharp corner.

Graph of the function f(z) = |z|,with x-axis from 0.1 to 0.1 and y-axis from —0.1 to 0.1.

What are the characteristics of a graph that is not differentiable at a point? Here are some examples in which function f(z) is not differentiable at
r=a.

In Figure, we see the graph of
2
z <2
f(z):{six 230 (5.5.44)

Notice that, as  approaches 2 from the left, the left-hand limit may be observed to be 4, while as « approaches 2 from the right, the right-hand limit
may be observed to be 6. We see that it has a discontinuity at z = 2.

The graph of f(z) has a discontinuity at z = 2.
In Figure, we see the graph of f(z) = |z|. We see that the graph has a corner point at z = 0.

The graph of f(x) = |x| has a corner point at z = 0.

2
In Figure, we see that the graph of f(z) =23 has a cusp at z = 0. A cusp has a unique feature. Moving away from the cusp, both the left-hand and
right-hand limits approach either infinity or negative infinity. Notice the tangent lines as & approaches 0 from both the left and the right appear to
get increasingly steeper, but one has a negative slope, the other has a positive slope.
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The graph of f(z) = 2% hasa cuspatz =0.

In Figure, we see that the graph of f(z) = 2713 has a vertical tangent at & = 0. Recall that vertical tangents are vertical lines, so where a vertical
tangent exists, the slope of the line is undefined. This is why the derivative, which measures the slope, does not exist there.

The graph of f(z) = 7 has a vertical tangent at z = 0.

differentiability

A function f(z) is differentiable at z = a if the derivative exists at z = a,which means that f'(a) exists.
There are four cases for which a function f(z) is not differentiable at a point z = a.

1. When there is a discontinuity at x = a.

2. When there is a corner point at £ = a.

3. When there is a cusp at z = a.

4. Any other time when there is a vertical tangent at t = a.

Example 5.5.1: Determining Where a Function Is Continuous and Differentiable from a Graph

Using Figure, determine where the function is

a. continuous

b. discontinuous

c. differentiable

d. not differentiable

At the points where the graph is discontinuous or not differentiable, state why.
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Figure_12_04_016">Figure.
Three intervals where the function is continuous
The graph of is differentiable on (—oco, —2)U(—2,—-1)U(-1,1)U(1,2)U(2,00) . The graph of f(z) is not differentiable at z = —2
because it is a point of discontinuity, at x = —1 because of a sharp corner, at x = 1 because it is a point of discontinuity, and at x = 2 because
of a sharp corner. See Figure.

Five intervals where the function is differentiable

Exercise 5.5.1:

Determine where the function y = f(z) shown in Figure is continuous and differentiable from the graph.

The graph of f is continuous on (—o0,1)U(1,3)U(3,00). The graph of f f is discontinuous at £ =1 and = = 3. The graph of f is
differentiable on (—o0, 1)U (1, 3) U (3, 00). The graph of f is not differentiable at z =1 and z = 3.

Finding an Equation of a Line Tangent to the Graph of a Function

The equation of a tangent line to a curve of the function f(z) at z = a is derived from the point-slope form of a line, y = m(z — 1) +y; . The
slope of the line is the slope of the curve at z = a and is therefore equal to f'(a), the derivative of f(z) at z = a. The coordinate pair of the point

on the line at z = a is (a, f(a)).
If we substitute into the point-slope form, we have
The equation of the tangent line is
y=f'(a)(x —a)+ f(a) (5.5.45)
The equation of a line tangent to the curve of a function f at a point = a is
y=f'(a)(z —a)+ f(a) (5.5.46)

how to: Given a function f, find the equation of a line tangent to the function at z = a.
f(ath)—f(a)
e

1. Find the derivative of f(z)atz = a using f'(a) = }lzin(}
ﬁ

2. Evaluate the function at z = a. This is f(a).
3. Substitute (a, f(a)) and f'(a) into y = f'(a)(z —a) + f(a) .
4. Write the equation of the tangent line in the form y = max +b.

Example 5.5.1: Finding the Equation of a Line Tangent to a Function at a Point

Find the equation of a line tangent to the curve f(z) =22 —4z atz = 3.

Using:
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h) —
f/(a) = 1im LM = f(@) (5.5.47)
h—0 h
Substitute f(a+h) = (a+h)?—4(a+h) and f(a) =a® —4a.
a+h)(a+h)—4(a+h)— (a2 —4a
f'(a) =lim ( I )~ 4 )= ) (5.5.48)
h—0 h
2 +2ah+h? —4a—4h—a®+4
— g e 2 4 o +ia Remove parentheses. (5.5.49)
h—0 h
a¥+2ah+h?— 4o —4h— a¥ + 4
=lim 4 = o+ Combine like terms. (5.5.50)
h—0 h
2ah +h? —4h
=lim ——— .5.51
fin =, (5551
2a+h—4
=lim M Factor out h. (5.5.52)
h—0 h
=2a+0-4 (5.5.53)
f'(a) =2a—4 Evaluate the limit. (5.5.54)
') =23)—4=2 (5.5.55)
Equation of tangent line at z = 3:
y = f'(a)(x—a)+ f(a) (5.5.56)
y =)= —3)+f(3) (5.5.57)
y =2(z—3)+(-3) (5.5.58)
y=2x—9 (5.5.59)
Analysis
We can use a graphing utility to graph the function and the tangent line. In so doing, we can observe the point of tangency at z = 3 as shown in
Figure.
Graph confirms the point of tangency at x = 3.
Exercise 5.5.1:
Find the equation of a tangent line to the curve of the function f(z) =522 —z +4 atz =2.
y =19z — 16

Finding the Instantaneous Speed of a Particle

If a function measures position versus time, the derivative measures displacement versus time, or the speed of the object. A change in speed or
direction relative to a change in time is known as velocity. The velocity at a given instant is known as instantaneous velocity.

In trying to find the speed or velocity of an object at a given instant, we seem to encounter a contradiction. We normally define speed as the distance
traveled divided by the elapsed time. But in an instant, no distance is traveled, and no time elapses. How will we divide zero by zero? The use of a
derivative solves this problem. A derivative allows us to say that even while the object’s velocity is constantly changing, it has a certain velocity at a
given instant. That means that if the object traveled at that exact velocity for a unit of time, it would travel the specified distance.

INSTANTANEOUS VELOCITY

Let the function s(¢) represent the position of an object at time ¢. The instantaneous velocity or velocity of the object at time ¢ = a is given by

slath)—s(a) (5.5.60)

Example 5.5.1: Finding the Instantaneous Velocity

A ball is tossed upward from a height of 200 feet with an initial velocity of 36 ft/sec. If the height of the ball in feet after ¢ seconds is given by
s(t) = —16t2 + 36t + 200, find the instantaneous velocity of the ball at ¢t = 2.

First, we must find the derivative s'(t). Then we evaluate the derivative at t = 2, using s(a +h) = —16(a+h)*>+36(a+h)+200 and
s(a) = —16a® +36a -+ 200.
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. s(a+h)—s(a)
=]l .5.61
s'(a) lim 5 (5.5.61)
_ —16(a+h)? +36(a+h)+200 — (—16a* +36a +200) (5.5.62)
T 0 h e
—16(a2 +2 h? h) 4200 — (—16a? 2
_jim 6(a” +2ah +h*)+36(a+h)+200 — (—16a* + 36a +200) (5.5.63)
h—0 h
—16a% —32ah — 16h> 200 +16a* — 36a — 2
~ lim 6a” —32ah —16h* +36a + 36k +200 + 16a” — 36a — 200 (5.5.64)
h—0 h
—160* — 32ah — 16h* + 36a +36h + 200+ 164~ — 36a — 200
=lim (5.5.65)
h—0 h
—32ah —16h? h
e O (5.5.66)
h—0 h
—32a—16h +36
_ iy X320 ) (5.5.67)
h—0 h/
=1lim(—32a —16h +36) (5.5.68)
h—0
=—-32a—-16-0+36 (5.5.69)
s'(a) =—32a+36 (5.5.70)
s'(2) =-32(2)+36 (5.5.71)
=-28 (5.5.72)
Analysis
This result means that at time ¢ = 2 seconds, the ball is dropping at a rate of 28 ft/sec.
Exercise 5.5.1:
A fireworks rocket is shot upward out of a pit 12 ft below the ground at a velocity of 60 ft/sec. Its height in feet after ¢ seconds is given by
s = —16t2 + 60t — 12. What is its instantaneous velocity after 4 seconds?
—68 ft/sec, it is dropping back to Earth at a rate of 68 ft/s.

Access these online resources for additional instruction and practice with derivatives.

o Estimate the Derivative

e Estimate the Derivative Ex. 4

Visit this website for additional practice questions from Learningpod.

Key Equations

average rate of change AROC = £ (‘“'h})l—f (@)

’ : h)—
derivative of a function frla)= }Ig% fe 1)7, —

Key Concepts

o The slope of the secant line connecting two points is the average rate of change of the function between those points. See Example.

o The derivative, or instantaneous rate of change, is a measure of the slope of the curve of a function at a given point, or the slope of the line
tangent to the curve at that point. See Example, Example, and Example.

o The difference quotient is the quotient in the formula for the instantaneous rate of change:

fla+h)—f(a)
h

o Instantaneous rates of change can be used to find solutions to many real-world problems. See Example.

o The instantaneous rate of change can be found by observing the slope of a function at a point on a graph by drawing a line tangent to the function
at that point. See Example.

« Instantaneous rates of change can be interpreted to describe real-world situations. See Example and Example.

o Some functions are not differentiable at a point or points. See Example.

o The point-slope form of a line can be used to find the equation of a line tangent to the curve of a function. See Example.

o Velocity is a change in position relative to time. Instantaneous velocity describes the velocity of an object at a given instant. Average velocity
describes the velocity maintained over an interval of time.
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o Using the derivative makes it possible to calculate instantaneous velocity even though there is no elapsed time. See Example.

Section Exercises
Verbal

How is the slope of a linear function similar to the derivative?

The slope of a linear function stays the same. The derivative of a general function varies according to . Both the slope of a line and the derivative
at a point measure the rate of change of the function.

What is the difference between the average rate of change of a function on the interval [z,  + h] and the derivative of the function at z?

A car traveled 110 miles during the time period from 2:00 P.M. to 4:00 P.M. What was the car's average velocity? At exactly 2:30 P.M., the speed of
the car registered exactly 62 miles per hour. What is another name for the speed of the car at 2:30 P.M.? Why does this speed differ from the average
velocity?

Average velocity is 55 miles per hour. The instantaneous velocity at 2:30 p.m. is 62 miles per hour. The instantaneous velocity measures the velocity
of the car at an instant of time whereas the average velocity gives the velocity of the car over an interval.

Explain the concept of the slope of a curve at point x.

Suppose water is flowing into a tank at an average rate of 45 gallons per minute. Translate this statement into the language of mathematics.

The average rate of change of the amount of water in the tank is 45 gallons per minute. If f(x) is the function giving the amount of water in the tank
at any time ¢,then the average rate of change of f(z) betweent =a and ¢ =b is f(a) +45(b —a).

Algebraic

flz+h)—f(=)
h

For the following exercises, use the definition of derivative }Lim to calculate the derivative of each function.
to0

f(z)=3z—4
flz)=—-2z+1
fa) =2

flz)=2? -2z +1
\(f(x)=2xA2+x—3

() =4z +1
f(z)=222+5
f@)= 75
Fe) ==t
f) =%

—16(
3+2z)°
f(z)=+v1+3z

f(z) =32 —2? +2z+5
f(z) =92% -2z +2
flz)=5
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f(z) =57

fl@)=0

For the following exercises, find the average rate of change between the two points.
(—2,0) and (—4,5)

(4,-3)and (-2,-1)

=

(0,5) and (6,5)

(7,—2)and (7,10)

undefined

For the following polynomial functions, find the derivatives.
flz)=2"+1

flz)=-32>-Tz=6

Fle)=—6z—7
flz)="7x?
f(z) =3z®+22% +z —26

fix)=92%+4z 41

For the following functions, find the equation of the tangent line to the curve at the given point = on the curve.
f(z)=222 -3z z=3

fl@)=2%41 z=2

y=12z —-15

f@)=vE =9

For the following exercise, find &k such that the given line is tangent to the graph of the function.
flz)=2—kz, y=4z—9

k=—-10ork=2

Graphical

For the following exercises, consider the graph of the function f and determine where the function is continuous/discontinuous and
differentiable/not differentiable.
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Figure_12_04_202.jpg" style="width: 487px; height: 457px;" width="487px" height="457px"
src="/@api/deki/files/26500/CNX_Precalc_Figure_12_04_202.jpg" />
Discontinuous at x = —2 and = 0. Not differentiable at -2, 0, 2.
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Figure_12_04_204.jpg" style="width: 402px; height: 374px;" width="402px" height="374px"

src="/@api/deki/files/26493/CNX_Precalc_Figure_12_04_204.jpg" />
Discontinuous at z = 5. Not differentiable at -4, -2, 0, 1, 3, 4, 5.

For the following exercises, use Figure to estimate either the function at a given value of x or the derivative at a given value of z, as indicated.
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F(-1)

£(0)

£(0) =2

)

@)

\(f(2)=-6£(2)=—6
f(3)
f(=1)

f£3)=9
Sketch the function based on the information below:
f(z) =2z, f(2) =4

Technology

Numerically evaluate the derivative. Explore the behavior of the graph of f(z) =2 around z =1 by graphing the function on the following

domains: [0.9,1.1],[0.99,1.01], [0.999, 1.0013nd [0.9999,1.0001] We can use the feature on our calculator that automatically sets Ymin and
Ymax to the Xmin and Xmax values we preset. (On some of the commonly used graphing calculators, this feature may be called ZOOM FIT or
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ZOOM AUTO). By examining the corresponding range values for this viewing window, approximate how the curve changes at =1, that is,
approximate the derivative at x = 1.

Answers vary. The slope of the tangent line near x =1 is 2.

Real-World Applications

For the following exercises, explain the notation in words. The volume f(¢) of a tank of gasoline, in gallons, ¢ minutes after noon.
7(0) =600

£'(30) =-20

At 12:30 p.m., the rate of change of the number of gallons in the tank is —20 gallons per minute. That is, the tank is losing 20 gallons per minute.
f(30)=0

£(200) =30

At 200 minutes after noon, the volume of gallons in the tank is changing at the rate of 30 gallons per minute.

£(240) =500

For the following exercises, explain the functions in words. The height, s, of a projectile after ¢ seconds is given by s(t) = —16t2 + 80¢.

s(2) =96

The height of the projectile after 2 seconds is 96 feet.

§(2)=16

s(3) =96

The height of the projectile at t = 3 seconds is 96 feet.

§(3)=-16

s(0) =0, s(5)=0.

The height of the projectile is zero at ¢ =0 and again at ¢ = 5. In other words, the projectile starts on the ground and falls to earth again after 5
seconds.

For the following exercises, the volume V' of a sphere with respect to its radius r is given by V' = %71'7"3.

Find the average rate of change of V' as r changes from 1 cm to 2 cm.

Find the instantaneous rate of change of V' when r=3 cm. r=3 cm.

36m

For the following exercises, the revenue generated by selling  items is given by R(z) = 2z* + 10z .

Find the average change of the revenue function as  changes from z =10 to z = 20.

Find R'(10) and interpret.

$50.00 per unit, which is the instantaneous rate of change of revenue when exactly 10 units are sold.

Find R'(15) and interpret. Compare R’(15) to R'(10), and explain the difference.

For the following exercises, the cost of producing z cellphones is described by the function C(z) = z? — 4z +1000.
Find the average rate of change in the total cost as = changes from =10 to z = 15.

$21 per unit
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Find the approximate marginal cost, when 15 cellphones have been produced, of producing the 16 cellphone.
Find the approximate marginal cost, when 20 cellphones have been produced, of producing the 215t cellphone.

$36
Extension

For the following exercises, use the definition for the derivative at a point z = a, lim %
T—a

flz)=
f(z) =5z -z +4

, to find the derivative of the functions.

%=

"(z) =10a—1
flz)=—2?+4z+7
@) =57

4
(3-2)

Chapter Review Exercises

Finding_Limits: A Numerical and Graphical Approach

For the following exercises, use Figure.

t t } t X
8 6 4 20\ 2 4 6 8
ol
~4
6l
-8
“10+
lim f(z)
——1T
2
lim f(x)
r——1"
lim f(z)
z——1
does not exist
lim f(z)
At what values of z is the function discontinuous? What condition of continuity is violated?
Discontinuous at z = —1 (lim f(z) does not exist), = 3 (jump discontinuity),and z = 7 ((\lim \limits_{x \to a} f(x)\) does not exist).
r—a
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Using Table, estimate lim f(z).
z—0

-0.1 2.875
-0.01 2.92
-0.001 2.998
0 Undefined
0.001 2.9987
0.01 2.865
0.1 2.78145
0.15 2.678

3

For the following exercises, with the use of a graphing utility, use numerical or graphical evidence to determine the left- and right-hand limits of the
function given as x approaches a. If the function has limit as = approaches a, state it. If not, discuss why there is no limit.

lz| -1, ife#1

= =1

f(@) {x3,if:c:1 .

1 .

—= fz=-2
O G S

(z+1)?, ife #-2
lim f(z)=1
-2

Az +3 ife<1

f(x)—{fs/a ife>1%""

Finding_Limits: Properties of Limits

For the following exercises, find the limits if lim f(z) = —3 and limg(z) =5.

T—C T—C

lim((z) +g())

2
im L&

1 o)

lim(f(z) - g(x)

—15
. 322 +22+1  z>0
1 —

e f(@), f(z) {5x+3 z<0
. 3z +2z+1  z>0
1 =

lim f(x), f() {5$+3 2 <0

3
lim (3z — [z])

3"

For the following exercises, evaluate the limits using algebraic techniques.

. h+6)2-36
lim( L9 56)
h—0
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12

. 22625
2525 V2=5)

li —z% -9z
lim(=22)

-10
lim 7—/12z+1

z—4 z—4

1 1
PR

Continuity,

For the following exercises, use numerical evidence to determine whether the limit exists at = a. If not, describe the behavior of the graph of the
function at = a.

fl@)=Fa=4
f@)= ==

(2—1) 30 =

At z = 4,the function has a vertical asymptote.

p— - . —
f(.’t) T x2—z—6 5@ 3

_ 62°4+232420.  _ 5
fle)==m0a=—3
removable discontinuity at a = —%

fe)=3=a=9

99—z
For the following exercises, determine where the given function f(z) is continuous. Where it is not continuous, state which conditions fail, and
classify any discontinuities.

f(z) =22 -2z 15

continuous on (—o0, 00)
_ 222015
flz) ==

22
f({l}) = 23—41:-7—4

removable discontinuity at z = 2. f(2) is not defined, but limits exist.

___a-125
f(m) T 222-122+10

discontinuity at z = 0 and = = 2. Both f(0) and f(2) are not defined.
_ 42

f@) = o5

f@)= 5%

removable discontinuity at z =— 2. f (- 2)is not defined.
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Derivatives

For the following exercises, find the average rate of change w

f(z)=3z+2
fl@)=5

0

f@)=e
For the following exercises, find the derivative of the function.
f(x)=4z -6

f(z) =522 -3z

Find the equation of the tangent line to the graph of f(z) at the indicated x value.
f(z)=—2%+4z;2 =2.

y=—-8x+16

For the following exercises, with the aid of a graphing utility, explain why the function is not differentiable everywhere on its domain. Specify the
points where the function is not differentiable.

fe) =&

x|
Given that the volume of a right circular cone is V = %wr2h and that a given cone has a fixed height of 9 cm and variable radius length, find the
instantaneous rate of change of volume with respect to radius length when the radius is 2 cm. Give an exact answer in terms of

127

Practice Test
For the following exercises, use the graph of f in Figure.
fQ@)

3
lim f(x)

z——1"

lim f(z)

r——1"

0

lim f(z)
z——1

2 /(@)
-1

At what values of  is f discontinuous? What property of continuity is violated?

@ 0 5.5.21 https://stats.libretexts.org/@go/page/35273



https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://stats.libretexts.org/@go/page/35273?pdf
https://cnx.org/contents/_VPq4foj@6.94:i2wMA8Gu@6/Derivatives#CNX_Precalc_Figure_12_04_208

LibreTexts"

For the following exercises, with the use of a graphing utility, use numerical or graphical evidence to determine the left- and right-hand limits of the
function given as x approaches a. If the function has a limit as « approaches a,state it. If not, discuss why there is no limit

1 .
-—3 ifz <2
—{z™% =% 0=9
f(@) {x3+1, ife>2 °

lim f(z)= —ga and lim f(z) =9 Thus, the limit of the function as z approaches 2 does not exist.
2" z—2

3 +1, ife <1
fl)=1 322 -1 ifr=1a=1

)
—vz+3 +4, ife >1
For the following exercises, evaluate each limit using algebraic techniques.
1,1

. 5
,}3{15( To72z)

For the following exercises, determine whether or not the given function f is continuous. If it is continuous, show why. If it is not continuous, state
which conditions fail.

flz)=va?—4

_ 2* 42’ -92+36
f( )7 33224226

removable discontinuity at x = 3

For the following exercises, use the definition of a derivative to find the derivative of the given function at x = a.

fz) = 5321

flz) = %

fl(m) == 33
2a2

f(z)=22%2+9z
discontinuous at —2,0, not differentiable at —2,0, 2.

For the following exercises, with the aid of a graphing utility, explain why the function is not differentiable everywhere on its domain. Specify the
points where the function is not differentiable.

f@)=lz -2 -]z +2|
fla)=—2

not differentiable at = 0 (no limit)

For the following exercises, explain the notation in words when the height of a projectile in feet, s, is a function of time t t in seconds after launch
and is given by the function s(t).

s(0)
5(2)

the height of the projectile at ¢ = 2 seconds
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5'(2)
s(2)=s(1)

2-1

the average velocity from¢ =1 tot =2

s(t)=0
For the following exercises, use technology to evaluate the limit.
lim sin(z)
z—0 3z
1
3
lim tan?(z)
-0 22
. sin(z)(1—cos(z))
T
0

Evaluate the limit by hand.

linllf(a:),where f(m):{4§_7 z#1

‘-4 rz=1

At what value(s) of z is the function below discontinuous?

o -{&-7 27

x“—4 z=1
For the following exercises, consider the function whose graph appears in Figure.
Find the average rate of change of the function from =1 to x = 3.
2
Find all values of z at which f'(z) =0.
z=1
Find all values of z at which f’(z) does not exist.
Find an equation of the tangent line to the graph of f the indicated point: f(z) = 322 — 2z — 6,2 = —2
y=—14z — 18
For the following exercises, use the function f(z) =z(1 — m)% .
Graph the function f(z) =z(1— m)% by entering f(z) =z ((1 — :1:)2)% and then by entering f(z) =z((1 —=z) 3 )2,

Explore the behavior of the graph of f(z) around =1 by graphing the function on the following domains, [0.9, 1.1], [0.99, 1.01], [0.999, 1.001],
and [0.9999, 1.0001]. Use this information to determine whether the function appears to be differentiable at z = 1.

The graph is not differentiable at z = 1 (cusp).

For the following exercises, find the derivative of each of the functions using the definition: }lLLin(} w
"

f(z)=2z-38
f(z) =422 -7
f(z) =8z
fe)=o—La?
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e
f’(:t) = (2:1)2
o) = 7
flz)=—2*+1
F@) =372
f(z)=2*+2°
f@)= a1

Footnotes

o 1 www.csun.edu/science/health/d...tv&health.html Source provided.

Glossary

average rate of change
the slope of the line connecting the two points (a, f(a)) and (a+h, f(a+h)) on the curve of f(z); it is given by

fla+h)—f(a)
A .

AROC = (5.5.73)

derivative

the slope of a function at a given point; denoted f ’(a),at a pointz =a itis f'(a) = lim w

,providing the limit exists.
h—0

differentiable
a function f(z) for which the derivative exists at z = a. In other words, if f'(a) f'(a) exists.

instantaneous rate of change

the slope of a function at a given point; at z = a it is given by f'(a) = ’llin& fath)—fla)
—

instantaneous velocity

the change in speed or direction at a given instant; a function s(¢) represents the position of an object at time ¢,and the instantaneous velocity or
s(a+h)—s(a)

velocity of the object at time ¢ = a is given by s'(a) = ]lzin[} A
e

secant line

a line that intersects two points on a curve

tangent line

a line that intersects a curve at a single point

This page titled 5.5: Average rate of Change and Derivatives is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by OpenStax via source
content that was edited to the style and standards of the LibreTexts platform.

e 12.4: Derivatives by OpenStax is licensed CC BY 4.0. Original source: https://openstax.org/details/books/precalculus.
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5.E: Introduction to Calculus (Exercises)

5.1: Finding Limits - Numerical and Graphical Approaches
In this section, we will examine numerical and graphical approaches to identifying limits.

Verbal

1) Explain the difference between a value at = a and the limit as  approaches a.

Answer
The value of the function, the output, at z = a is f(a). When the lim f(z) is taken, the values of = get infinitely close to a but
T—a
never equal a. As the values of 2 approach a from the left and right, the limit is the value that the function is approaching.
2) Explain why we say a function does not have a limit as = approaches a if, as « approaches a, the left-hand limit is not equal to
the right-hand limit.
Graphical

For the exercises 3-14, estimate the functional values and the limits from the graph of the function f provided in the Figure
below.

3) lim f(z)

r——2"
Answer

—4

4) lim f(x)

z——2"

5) lim
z——2f(z)

Answer

—4

6) f(—2)

7)  lim
z——1" f(z)

Answer

2

8) lim f(z)

z—1"

9) lim f(z)

Answer

does not exist

10) f(1)
11) lilg f(z)

Answer
4
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12) lim f(z)

z—4"

13) lini f(z)

Answer

does not exist

14) f(4)
For the exercises 15-21, draw the graph of a function from the functional values and limits provided.

15) lirg} f(z)=2, h%l f(z) :—3,ﬂ1”i£r21f(m) =2, f(0) =4, f(2) =1, f(-3) does not exist.

Answer

Answers will vary.

16) lim f(z) =0, lim =2, lim f(2) =3, £(2) =5, £(0)

=27

Answer

Answers will vary.

17) lim f(z) =2, 111211 f(w):_?”}:lirolf(w):57f(0):17f(1):0

=27

Answer

Answers will vary.

18) lir?f} f(z)=0, lirg f(z) =5, ﬂlgrgf(x) =0, f(5) =4, f(3) does not exist.

Answer

Answers will vary.
19) lim f(z) =6, lim f(z)=—1,lim f(z) =5, f(4) =6, f(2) =6
z—4 6" z—0

Answer

Answers will vary.

20) Jim f(z) =2, lim f(z) = ~2,lim f(z) =4, (-3) =0, (0) =0

z—17"

Answer

Answers will vary.

21) lim f(z) = 7r2,xlig1 f(z) :%, lim f(z) =0, f(7) = v/2, f(0) does not exist.

=T z—1

Answer

Answers will vary.
For the exercises 22-26, use a graphing calculator to determine the limit to 5 decimal places as  approaches 0.
22) f(z)=(1 —l—w)f
23)g(z)=(1 +m)%

Answer
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7.38906
24) h(z) = (1+z)*
25)i(z) = (1+a)=

Answer

54.59815

26) j(z) = (1 +2)*
27) Based on the pattern you observed in the exercises above, make a conjecture as to the limit of

f(z)=(1 —&—m)%,g(m) =(1 —l—x)%, and h(z) = (1+x)*.

Answer

€% ~403.428794, e” ~ 1096.633158, e”

For the exercises 28-29, use a graphing utility to find graphical evidence to determine the left- and right-hand limits of the
function given as  approaches a. If the function has a limit as = approaches a,state it. If not, discuss why there is no limit.

z|—1, ife#£1
28)(x):{m3| ifa:ilazl

1 . _
29)(x):{“1’ fr=-2 _

(z+1)?, ife#£-2

Answer

Numeric

For the exercises 30-38, use numerical evidence to determine whether the limit exists at x = a. If not, describe the behavior
of the graph of the function near = a. Round answers to two decimal places.

z? — 4z
30) f(2) = Tg—ia=4

22—z —6
31)f(m)=Wm=3
Answer

2 _ .

lim (m) _ 5083
z—3 r2 -9 6
2) f(z) z?2 —6x —7 7

:—;a:
32—z
z2-1
33) f(z) = ————:a =1
) f(@) x2-3x+2
Answer
2 _
im (—2 =L ) = _2.00
=1\ 22 -3z +2
1—22
34 =——;a=1
) f(z) x2—3z+2 N
10 — 1022
35) f(z) = ———:a=1
) f(z) 2 -3z +2
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Answer
10 — 102
lim (&> =20.00
1\ 22 -3z 42
x 3
36) flx) = —————;a=—
) /(@) 6z —5x —6 2
x
37 fla)=———a=—=
) /(@) 42 +4z+1 2
Answer
lim (;) does not exist. Function values decrease without bound as « approaches —0.5 from either left or right.
ot 472 +4x +1

38) f(z) = ﬁ;a:4

For the exercises 39-41, use a calculator to estimate the limit by preparing a table of values. If there is no limit, describe the
behavior of the function as  approaches the given value.

7tanz

39) lim
z—0

Answer

7tanzx

lim =

7
z—0 3z 3

40) lim
z—4 r —

Answer

. 2sinz
41) lim
z—0 4tanz

Answer

2sinx 1
im ==
z—0 4tanz 2

For the exercises 42-49, use a graphing utility to find numerical or graphical evidence to determine the left and right-hand
limits of the function given as  approaches a. If the function has a limit as  approaches a, state it. If not, discuss why
there is no limit.

1
42) lime®”
z—0
1

43) lim ee_ <
z—0

Answer

lim e®
z—0

aml,_.

=1.0

x|
44) lim —
z—=0 I
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1
45) lim w
z——-1 4+ 1
Answer
z+1 —(z+1 z+1 z+1
lim | | = ( ) =—1 and lim | | = ( ) =1 ; since the right-hand limit does not equal the left-
e——1" T+1 (z+1) a1t T+1 (x+1)
N | :
hand limit, lim does not exist.
z—-1 T
46) tim 125
) P 5—x
47) a:l—lgll (:B + 1)2
Answer
1
lim ——— does not exist. The function increases without bound as « approaches —1 from either side.
e=-1 (z +1)2
48) 1i
) acl—I>Il1 (:L' — 1)3
49) li
. 9”1—1’% 1—e*
Answer
linol does not exist. Function values approach 5 from the left and approach 0 from the right.
701 —ev

50) Use numerical and graphical evidence to compare and contrast the limits of two functions whose formulas appear similar:

1—
f@)-|
limits of the functions f(z) and g(z) as  approaches 0. If the functions have a limit as = approaches 0, state it. If not, discuss why
there is no limit.

1
and g(z) = tT

as x approaches 0. Use a graphing utility, if possible, to determine the left- and right-hand

Extensions
51) According to the Theory of Relativity, the mass m m of a particle depends on its velocity v. That is
Mo
1—(v?/c?)

where m,, is the mass when the particle is at rest and c is the speed of light. Find the limit of the mass, m, as v approaches c™.

Answer

Through examination of the postulates and an understanding of relativistic physics, as v — ¢, m — co. Take this one step
further to the solution,

. . m,
limm=lim ——— =
v—c” v—c 1— (’Uz/Cz)

52) Allow the speed of light, c, to be equal to 1.0. If the mass, m, is 1, what occurs to m as v — ¢? Using the values listed in the
Table below, make a conjecture as to what the mass is as v approaches 1.00.

v m
0.5 1.15
0.9 2.29
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v m
0.95 3.20
0.99 7.09
0.999 22.36

0.99999 223.61

5.2: Finding Limits - Properties of Limits

Graphing a function or exploring a table of values to determine a limit can be cumbersome and time-consuming. When possible, it
is more efficient to use the properties of limits, which is a collection of theorems for finding limits. Knowing the properties of
limits allows us to compute limits directly.

Verbal

1) Give an example of a type of function f whose limit, as = approaches a, is f(a).

Answer

If f is a polynomial function, the limit of a polynomial function as « approaches a will always be f(a).

0
2) When direct substitution is used to evaluate the limit of a rational function as z approaches a and the result is f(a) = 0 ,does
this mean that the limit of f does not exist?

3) What does it mean to say the limit of f(x), as z approaches c, is undefined?

Answer

It could mean either (1) the values of the function increase or decrease without bound as  approaches ¢, or (2) the left and
right-hand limits are not equal.

Algebraic
For the exercises 4-30, evaluate the limits algebraically.
4) lim(3)
-5z
5) li
) zgg < :1,‘2 - 1 >
Answer
-10
3
2 _
6) lim (1: 5z+6 )
z—2 T+ 2
. z? -9
7) lg% ( z—3 )
Answer
6
2 _ _
8) lim (—x 2z 3 )
z——1 x4+ 1
6x2 — 17z +12
9) i —_—
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Answer
1
2
8z2 +18x — 35
mHm(ii;L_J
a1 2x+7
2 _
1) lim | —2=2
=3 \ x—5Hr+6
Answer
6
. —7z*—2143
12) lim [ ————
z—-3 \ —12z% + 10822
. 2 +2z—3
i (25
Answer

does not exist

3 _
1) ;lfm<(3+h 27 )

—0 h
51 (2—-h)*-8
%) 5o h
Answer
—12
2 _
16) lim (M)
h—0 h
17) lim <—V5_h_‘/g)
h—0 h
Answer
V5
10

18) 9101_% <—V3_Z_\/§>

19) lim z 81
z—9 3—x

Answer

—108

2

20) lim <ﬁ—w)

z—1 1— \/5

T
21) li _
)zlig(\ﬂmx 1 )

Answer
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Answer
6
-2
24) lim ( = =2 )
T2~ T —2
. |z —2|
25) 1
Answer
1

o6 Lim (122!

27) lim (L‘”)
r—4~ 4—x

Answer

1
o8 1img (124
)ziri}f 4—zx

20 Limg [ 124

Answer

does not exist

_ 2
30) lim (Lﬂczﬂﬂ)
T T —

For the exercises 31-33, use the given information to evaluate the limits: lim f(z) = 3,limg(z) =5
r—c r—c
31) lim[2f(z) + /g(z)]
T—C

Answer

6-++/5
32) lim[3f(2) + /g(2)]

. f(=z)
) i 9(z)

Answer
3
5
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For the exercises 34-43, evaluate the following limits.

34) lim cos(wz)
z—2

35) limssin(mz)
z—2

Answer
0

36) lim sin ( g)

z—2

37)f(w):{ix2+2w+1, <0 f(z)

-3, z > 05 z—0"
Answer
-3
_[222+22+1, <0 ..
38) f(z) = {z -3, z > 0; xligl f(@)
222 +2z+1 <0 ..
39 = ’ =1
)0 ={ 277 TS0 i)
Answer

does not exist; right-hand limit is not the same as the left-hand limit.

40) lim vr+5-3

z—4 r—4
41) lim (2z — [z1)

2"
Answer
2
42) lim vr+T7-3

=2 2 —x —2
2

43) lim

z—3T T4 —
Answer

Limit does not exist; limit approaches infinity.

f(@+h)— f(=)
o .

For the exercises 44-53, find the average rate of change
44) f(z)=z+1
45) f(z) =22 -1

Answer

4x +2h

46) f(z) =22 + 3z +4
47) f(z) =z +4x — 100

Answer
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2z +h+4
48) f(z) =3z* +1
49) f(z) = cos(z)
Answer

cos(z +h) — cos(z)
h

50) f(z) =223 — 4z
1) (&) = =

Answer

—_

z(z+h)

52) £ () = —

53) f(2) = /&

Answer
-1

Viih vz

Graphical
54) Find an equation that could be represented by the Figure below.

Figure below.

Answer

z2+5x+6
o) = r+3

For the exercises 56-57, refer to the Figure below.
56) What is the right-hand limit of the function as  approaches 0?

57) What is the left-hand limit of the function as = approaches 0?

Answer
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does not exist

Real-World Applications

58) The position function s(¢) = —16t% 4 144t gives the position of a projectile as a function of time. Find the average velocity
(average rate of change) on the interval [1, 2].

59) The height of a projectile is given by s(t) = —64t? +192¢ Find the average rate of change of the height from ¢ = 1 second to
t = 1.5 seconds.
Answer

52
60) The amount of money in an account after ¢ years compounded continuously at 4.25% interest is given by the formula
A = Aye®%2% where A is the initial amount invested. Find the average rate of change of the balance of the account from ¢t = 1
year to t = 2 years if the initial amount invested is $1, 000.00.
5.3: Continuity

A function that remains level for an interval and then jumps instantaneously to a higher value is called a stepwise function. This
function is an example. A function that has any hole or break in its graph is known as a discontinuous function. A stepwise
function, such as parking-garage charges as a function of hours parked, is an example of a discontinuous function. We can check
three different conditions to decide if a function is continuous at a particular number.

Verbal

1) State in your own words what it means for a function f to be continuous at x = c.

Answer

Informally, if a function is continuous at = ¢, then there is no break in the graph of the function at f(c), and f(c) is defined.

2) State in your own words what it means for a function to be continuous on the interval (a, b).

Algebraic

For the exercises 3-22, determine why the function f is discontinuous at a given point @ on the graph. State which condition
fails.

3) f(z)=In|z+3|,a=-3

Answer

discontinuous at a = —3; f(—3) does not exist

4)f(m)=ln|5x—2|,a:§

z? —16
5 = —-——— = —4
) f@) =2
Answer
removable discontinuity at a = —4; f(—4) is not defined
z? — 16z
6) f(z)=———,a=0
x
T x#3
7 = ’ =3
o ={5 T3
Answer

Discontinuous at a = 3; 111131 f(z) =3, but f(3) = 6, which is not equal to the limit.
T
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8)f(1:):{5’ m#OaZO

3, z=0
1
— 9
9 f@)={ 3=z’ “72a=2
3, =2
Answer

lim f(z) does not exist.
z—2

1
10)f(:v)={ 16’ ST 04— 6

z2, x #—6
3+, z<l1
1) f(z) =< =, z=1la=1
z2, z>1
Answer
lim f(z)=4; lim f(z)=1. Therefore, lim f(z) does not exist.
z—1" z—1T z—1
3—z, z<l1
12) f(z z=1la=1
Zm s z>1
3 +2m z<l1
z>1
Answer
lim f(x) =5 # lim f(x) =—1 . Thus lim f(z) does not exist.
z—1" z—1" z—1

z2, <=2
14) f(z) =< 2z +1, z=-2a=-2

z3, x> -2
z2—9
z+3 "’ z< -3
15 f(z) =4 = -9, z=-3a=-3
1
-, z > -3
T
Answer
lim f(z) = —=
im f(zx)=——
zto—3+ 3

Therefore, lim3 f(z) does not exist.
z——

x> -9
T3 057

16) f(z) = 'y z:_3(1—3
—6, z>—3
2
—4

17) f(@) = = a=2

Answer

£(2) is not defined.
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25 — 22
18 - a=
V(@) = 0125
z2 -9z
9 f@) = 51, 12200 3
Answer

f(—3) is not defined.

x3 —27
T
21) f(z) = —,a=0
||
Answer
£(0) is not defined.
2|z +2|
) f(e) =y a

For the exercises 23-35, determine whether or not the given function f is continuous everywhere. If it is continuous
everywhere it is defined, state for what range it is continuous. If it is discontinuous, state where it is discontinuous.

23) f(z) =2% -2z —15
Answer

Continuous on (—o0, 00)

2_2z—15
2 fle) = —5—

25) f(z) =232

Answer

Continuous on (—o0, 00)

26) f(z) = —sin(3z)
|z —2|
z? -2z

27) f(z) =

Answer
Discontinuous at £ = 0 andz = 2

28) f(z) =tan(z)+2

29) f(z) =2z —i—g

Answer

Discontinuous at ¢ =0
30) f(z) =log,(z)
31) f(z) = lnz?

Answer

Continuous on (0, co)
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32) f(z) =€**
33) f(z) =z —4
Answer

Continuous on [4, 00)
34) f(z) = sec(z) -3
35) f(z) = z% +sin(z)
Answer

Continuous on (—o0, 00) .

36) Determine the values of b and ¢ such that the following function is continuous on the entire real number line.
\[f(x)= \begin{cases}x+1, && 1
Graphical

For the exercises 37-39, refer to the Figure below. Each square represents one square unit. For each value of a, determine
which of the three conditions of continuity are satisfied at + = a and which are not.

37 x=-3

Answer

1, but not 2 or 3

38)r =2
39 =4
Answer

1 and 2, but not 3

12
For the exercises 40-43, use a graphing utility to graph the function f(x) = sin (_7r) as in Figure. Set the xz-axis a short
T
distance before and after 0 to illustrate the point of discontinuity.
40) Which conditions for continuity fail at the point of discontinuity?

41) Evaluate f(0).

Answer

£(0) is undefined.

42) Solve for z if f(z) =0.
43) What is the domain of f(z)?

Answer
(—00,0) U (0, 00)

For the exercises 44-45, consider the function shown in the Figure below.
44) At what z-coordinates is the function discontinuous?

45) What condition of continuity is violated at these points?

Answer

Atz = —1, the limit does not exist. At z =1, (1) does not exist.
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At z = 2, there appears to be a vertical asymptote, and the limit does not exist.

46) Consider the function shown in the Figure below. At what x-coordinates is the function discontinuous? What condition(s) of
continuity were violated?

47) Construct a function that passes through the origin with a constant slope of 1, with removable discontinuities at = —7 and
r=1.
Answer

23 +6x2—Tr

(z+7)(z—1)

1
is graphed in the Figure below. It appears to be continuous on the interval [—3, 3], but there is an

48) The function f(z) = z -
z—

x-value on that interval at which the function is discontinuous. Determine the value of x at which the function is discontinuous,
and explain the pitfall of utilizing technology when considering continuity of a function by examining its graph.

49) Find the limit linll f(z) and determine if the following function is continuous at z = 1:
T—

[ 2?44 x#1
fx_{z z=1

Answer

The function is discontinuous at = 1 because the limit as « approaches 1 is 5 and f(1) = 2.

sin(2z)

50) The graph of f(z) = is shown in the Figure below. Is the function f(z) continuous at z = 07 Why or why not?

5.4: Derivatives

Change divided by time is one example of a rate. The rates of change in the previous examples are each different. In other words,
some changed faster than others. If we were to graph the functions, we could compare the rates by determining the slopes of the
graphs.

Verbal

1) How is the slope of a linear function similar to the derivative?

Answer
The slope of a linear function stays the same. The derivative of a general function varies according to z. Both the slope of a line
and the derivative at a point measure the rate of change of the function.

2) What is the difference between the average rate of change of a function on the interval [z, + h| and the derivative of the

function at x?

3) A car traveled 110 miles during the time period from 2:00 P.M. to 4:00 P.M. What was the car's average velocity? At exactly
2:30 P.M,, the speed of the car registered exactly 62 miles per hour. What is another name for the speed of the car at 2:30 P.M.?
Why does this speed differ from the average velocity?

Answer

Average velocity is 55 miles per hour. The instantaneous velocity at 2:30 p.m. is 62 miles per hour. The instantaneous velocity
measures the velocity of the car at an instant of time whereas the average velocity gives the velocity of the car over an interval.

4) Explain the concept of the slope of a curve at point x.

5) Suppose water is flowing into a tank at an average rate of 45 gallons per minute. Translate this statement into the language of
mathematics.

Answer
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The average rate of change of the amount of water in the tank is 45 gallons per minute. If f(z) is the function giving the
amount of water in the tank at any time ¢, then the average rate of change of f(z) between t=a and t=0 is

fla)+45(b—a) .

Algebraic
) .. J@+h)—f(=z) . .
For the exercises 6-17, use the definition of derivative ’llm‘é h to calculate the derivative of each function.
—
6) f(z) =3z —4

7) f(z) = -2z +1
Answer
7'(@) =2
8) f(z)=a2—2z+1
9) f(z) =2z +z -3
Answer
fl(z)=4z+1

10) f(z) =22® +5

-1
) fz)=—
Answer
F(z) = _ 1
(z-2)?
2
12) f(a) = =
5—2
13) f(z) = 3+2z
Answer
—16
(3+2x)2

14) f(z) =143z
15) f(z) = 32® —2® +22 +5

Answer
f'(z) =92> — 2z +2

16) f(@) =5

17) f(z) =5=

Answer
f(x)=0

For the exercises 18-21, find the average rate of change between the two points.
18) (—2,0) and (—4, 5)
19) (4, —3)and (—2,-1)
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Answer
1

3
20) (0,5) and (6,5)
21) (7,—2) and (7, 10)
Answer

undefined

For the polynomial functions 22-25, find the derivatives.
22) f(z) =2 +1
23) f(z) = —322 -T2z =6

Answer
F(z) =62 —7
24) f(z) = T2
25) f(z) =3z% +22% +2 — 26

Answer
f'(z) =92% +4z +1
For the functions 26-28, find the equation of the tangent line to the curve at the given point « on the curve.
26) f(z) =223z =3
27) f(z) =22 +1 z=2
Answer
y=12z —-15
28) f(z)=+/z =9
29) For the following exercise, find k such that the given line is tangent to the graph of the function.
f(z)=2®—kz y=4z -9

Answer

k=—-10ork=2

Graphical

For the exercises 30-33, consider the graph of the function f and determine where the function is continuous/discontinuous
and differentiable/not differentiable.

30)
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31)

31

Answer

Discontinuous at x = —2 and z = 0. Not differentiable at —2, 0, 2.

32)
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L et

33)

Answer

Discontinuous at = 5. Not differentiable at —4, —2,0,1,3,4,5

For the exercises 34-43, use the Figure below to estimate either the function at a given value of x or the derivative at a given
value of @, as indicated.
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34) £(-1)

35) £(0)

Answer
F(0)=-2

36) £(1)

37) £(2)

Answer
f(2)=-6

38) £(3)

39) f'(-1)

Answer
f'(=1)=9

40) £'(0)

41) f'(1)

Answer
fr1)=-3

42) f'(2)

43) f'(3)

Answer
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f'3)=9
44) Sketch the function based on the information below:
f'(z) =22, f(2) =4
Technology

45) Numerically evaluate the derivative. Explore the behavior of the graph of f(z) = x? around z = 1 by graphing the function on

the following domains: [0.9,1.1],[0.99,1.01],[0.999,1.001],[0.9999,1.000We can use the feature on our calculator that
automatically sets Ymin and Ymax to the Xmin and Xmax values we preset. (On some of the commonly used graphing calculators,
this feature may be called ZOOM FIT or ZOOM AUTO). By examining the corresponding range values for this viewing window,
approximate how the curve changes at = 1, that is, approximate the derivative at x = 1.

Answer

Answers vary. The slope of the tangent line near z =1 is 2.

Real-World Applications

For the exercises 46-50, explain the notation in words. The volume f(¢) of a tank of gasoline, in gallons, ¢ minutes after
noon.

46) f(0) =600

47) f'(30) = —20

Answer
At 12:30 p.m., the rate of change of the number of gallons in the tank is —20 gallons per minute. That is, the tank is losing 20
gallons per minute.

48) f(30) =0

49) f'(200) =30

Answer

At 200minutes after noon, the volume of gallons in the tank is changing at the rate of 30 gallons per minute.

50) £(240) = 500

For the exercises 51-55, explain the functions in words. The height, s, of a projectile after £ seconds is given by
s(t) = —16t2 +80t.

51) 3(2) =96
Answer

The height of the projectile after 2 seconds is 96 feet.

52) s’ (2) =16
53) 3(3) =96
Answer

The height of the projectile at £ = 3 seconds is 96 feet.
54) s'(3) =—16
55) s(0) =0,s(5)=0

Answer
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The height of the projectile is zero at ¢ =0 and again at ¢ = 5. In other words, the projectile starts on the ground and falls to
earth again after 5 seconds.

4
For the exercises 56-57, the volume V of a sphere with respect to its radius 7 is given by V = g‘rr'r3 .

56) Find the average rate of change of V' as r changes from 1 cm to 2 cm.

57) Find the instantaneous rate of change of V" when r =3 cm.

Answer

367

For the exercises 58-60, the revenue generated by selling x items is given by R(z) = 22> + 10zx.
58) Find the average change of the revenue function as & changes from « = 10 to = 20.

59) Find R’(10) and interpret.

Answer

$50.00per unit, which is the instantaneous rate of change of revenue when exactly 10 units are sold.

60) Find R'(15) and interpret. Compare R'(15) to R'(10), and explain the difference.
For the exercises 61-63, the cost of producing x cellphones is described by the function C(xz) = x> — 4 + 1000 .
61) Find the average rate of change in the total cost as « changes from z = 10 to z = 15.

Answer

$21 per unit

62) Find the approximate marginal cost, when 15 cellphones have been produced, of producing the 16" cellphone.

63) Find the approximate marginal cost, when 20 cellphones have been produced, of producing the 21% cellphone.

Answer
$36
Extension
. o . f(z)—f(a) X N
For the exercises 64-67, use the definition for the derivative at a point © = a, lim —————— to find the derivative of
Tr—a r—a

the functions.

1
64) f(z) = —
z
65) f(z) =522 —z+4
Answer
f(z)=10a—1

66) f(z) = —z2 +4z+7

—4
67) f(@) = 35—
Answer
_4
(3—=)?
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1.1: 5.6 Derivatives of Polynomials

# Definition: Derivative of Polynomials

Given the function f(x) = 6x>+ 3x + 6, find the derivative. When the function is a polynomial, you can find the derivative by
doing the following for each term.

f'(x) = 2(6)x%1 + (1)(B)x? + (0)6x%1 =12x1 +3x0+0=12x+3
1) Bring the exponent down and multiply it by the coefficient.

2) Subtract one from the exponent.

3) Simplify.

4) The derivative of a constant is 0.

v/ Example 1.1.5.6.1

Find the derivative of the following polynomial.
f(x) =4x3-5x2 +10x - 5

Solution

f(x)=34)x>"! - 2)G)x*" 1+ @)A0x -0
fi(x) = 12x% - 10x' + 10x° - 0

f'(x) = 12x? - 10x + 10

1.1: 5.6 Derivatives of Polynomials is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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5.R: Introduction to Calculus (Review)

5.1: Finding Limits - Numerical and Graphical Approaches

For the exercises 1-6, use the Figure below.

107

S 6 4 5 ON2 4 6 8

1) lim_f(z)

z——1
Answer

2

2) lim f(z)

z——1"

3) lim f(z)

Answer

does not exist
4) lim f(x
) lim £(z)
5) At what values of z is the function discontinuous? What condition of continuity is violated?

Answer

Discontinuous at z = —1 (lim f(z) does not exist) , ¢ = 3 (jump discontinuity) , and z =7 (lim f(z) does not exist) .

T—a T—a

6) Using the Table below, estimate lin(} f(z).
T

-0.1 2.875
—-0.01 2.92
—-0.001 2.998
0 Undefined
0.001 2.9987
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0.01 2.865
0.1 2.78145
0.15 2.678
Answer
3

For the exercises 7-9, with the use of a graphing utility, use numerical or graphical evidence to determine the left- and right-
hand limits of the function given as  approaches a. If the function has limit as « approaches a, state it. If not, discuss why
there is no limit.

7)f(m):{|m|—1 ife A1

3 ifr=1

1 o
8)f(ar)={:r+1 fz==2 _

Answer
lim f(z) =1
_JVz+3 ifz<l
9)f($)—{_\3/5 ife>1971
5.2: Finding Limits - Properties of Limits

For the exercises 1-6, find the limits if lim f(z) = —3 and lim g(z) = 5.
r—c T—cC

1) lim(f () + g(x))

T—C

Answer

2
f(z)

2) lim ——
z—c g(;p)

3 lim(f(@) - x))

Answer

—15

4) lim f(z), f(z)

z—0"

322+2z+1 z>0
5z +3 x <0

5) lim f(z), f(z)

z—0"

322+2z+1 z>0
5z +3 x <0

Answer

3

6) lim (3z — [z1])

z—3"

For the exercises 7-11, evaluate the limits using algebraic techniques.

https://stats.libretexts.org/@go/page/35275


https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://stats.libretexts.org/@go/page/35275?pdf

LibreTexts-
7 lim ( (h+6: —36 )

Answer
12

Answer

—-10

10) lim (7
z—4

:+
11)1im<3 )
3+

z—3

Answer
1

9
5.3: Continuity

For the exercises 1-5, use numerical evidence to determine whether the limit exists at ® = a. If not, describe the behavior of
the graph of the function at x = a.

-2
D flz)=——r5 a=4
-2
2)f(ﬂc)zm; a=4
Answer

At z = 4, the function has a vertical asymptote.

—
3)f(113)— 1172—212—6 ’ a=3
6z%+23z +20 5
4 = —; e pp——
) f(z) 1 o5 0T
Answer
. - 5
removable discontinuity at a = — 3
vz —3
5) fz) = “g—3 a=9

For the exercises 6-12, determine where the given function f(x) is continuous. Where it is not continuous, state which
conditions fail, and classify any discontinuities.

6) f(z) =2® — 2z — 15

Answer

continuous on (—o0, 00)
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z? -2z —15
NiE)=——5—
z? -2z
8 =
) f(z) 7 dpid
Answer

removable discontinuity at z = 2. f(2) is not defined, but limits exist.

x3—125
9 =— =
V(@) = o e 10
10 @y
Answer

discontinuity at z = 0 and = 2. Both f£(0) and f(2) are not defined.

T+2
1D fle) = z2 -3z —10
T +2
12) f(z) =
) f@) = S
Answer
removable discontinuity at z = —2. f(—2) is not defined.

5.4: Derivatives
fl@+h)—f@)

For the exercises 1-5, find the average rate of change f(x) =

h

1) f(z)=3z+2
2) f(z)=5
Answer

0
3 fl2) = —
4) f(z) = In(z)
Answer

fe) = In(z + hzl— In(x)
5) f(z) = e
For the exercises 6-7, find the derivative of the function.
6) f(z) =4z —6
Answer

4

7) f(z) = 52® — 3z

8) Find the equation of the tangent line to the graph of f(z) at the indicated x value.

f(z)=—2%+4z; z =2
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Answer
y=—8x+16

9) For the following exercise, with the aid of a graphing utility, explain why the function is not differentiable everywhere on its
domain. Specify the points where the function is not differentiable.
x
fle)=—
|z|
1
10) Given that the volume of a right circular cone is V = gﬂ'?"zh and that a given cone has a fixed height of 9 cm and variable
radius length, find the instantaneous rate of change of volume with respect to radius length when the radius is 2 cm. Give an exact
answer in terms of 7.

Answer
127

Practice Test

For the exercises 1-6, use the graph of f in the Figure below.

1) f(1)
Answer
3

2) lim f(=)

z——1"

3) lim f(z)

z——1"
Answer

0
4) lim f(z)

5) lim2 f(@)

T——

Answer

-1

6) At what values of x is f discontinuous? What property of continuity is violated?
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1

7)f(w)={§_3 fes2 g2
2 +1  ifz>2

Answer
5
lim f(z) =——a and lim f(z)=9
z—2" 2 z—2"

Thus, the limit of the function as & approaches 2 does not exist.

z3+1 ifr<1
8) f(z) =< 322 —1 ifr=1a=1
—vz+3+4 ifz>1

For the exercises 9-11, evaluate each limit using algebraic techniques.

1 1
_+_
1. 5 x
9) lim (10+23:)

Answer
1

50

. Vh24+25 -5
10) }Lm(} W
—

11) li ! L
o\ R +h
Answer

1

For the exercises 12-13, determine whether or not the given function f is continuous. If it is continuous, show why. If it is
not continuous, state which conditions fail.

12) f(z) = va? -4

x3 —4z2 -9z + 36
3 —322+22x—6

13) f(z) =

Answer

removable discontinuity at z = 3

For the exercises 14-16, use the definition of a derivative to find the derivative of the given function at x = a.

14) f(z) = 5—1—32w
19) f(@) = =
Answer
fa)=——
2a?

16) f(z) = 222 + 9z

17) For the graph in the Figure below, determine where the function is continuous/discontinuous and differentiable/not
differentiable.
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P g W o

(p—C
=1
fx)
=3
-4+
-5

Answer
discontinuous at —2, 0, not differentiable at —2, 0, 2.
For the exercises 18-19, with the aid of a graphing utility, explain why the function is not differentiable everywhere on its
domain. Specify the points where the function is not differentiable.
18) f(z) = |z — 2| — |z +2|

2
19) f(z) = Lt ol
€z

Answer
not differentiable at = 0 (no limit)
For the exercises 20-24, explain the notation in words when the height of a projectile in feet, s, is a function of time ¢ in
seconds after launch and is given by the function s(t).
20) s5(0)
21) s(2)

Answer

the height of the projectile at ¢t = 2 seconds

22) §'(2)

5(2) —s(1)
23) 51
Answer

the average velocity fromt =1tot =2

24) s(t) =0
For the exercises 25-28, use technology to evaluate the limit.

sin(z)

3z

25) lim
z—0

Answer
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1
3
2
26) lim 22 (@)

z—0

sin(z)(1 — cos(z))
22

27) lim
z—0

Answer

0

28) Evaluate the limit by hand.

. _JAx -7 z#1
igr%f(m), where f(z) = { 24 w1
At what value(s) of z is the function below discontinuous?
_ J4z-T7 xz#1
f(x)_{x2—4 z=1

For the exercises 29-32, consider the function whose graph appears in Figure.

29) Find the average rate of change of the function from z =1 to z = 3.

Answer

2
30) Find all values of x at which f'(z) = 0.

Answer

r=1

31) Find all values of = at which f’(z) does not exist.

32) Find an equation of the tangent line to the graph of f the indicated point: f(z) = 3z —2z —6, z = —2

Answer

y=-—14z —18

For the exercises 33-34, use the function f(z) = (1 — a:)%

2 1
33) Graph the function f(z) =z(1—z)5% 5

2
by entering f(z) = m((l —)?) 5 and then by entering f(z) == ((1 —x)%) .

34) Explore the behavior of the graph of f(z) around x =1 by graphing the function on the following domains,
[0.9,1.1],[0.99,1.01],[0.999,1.0014nd [0.9999, 1.0001] Use this information to determine whether the function appears to be
differentiable atz = 1.
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Answer

The graph is not differentiable at x =1 (cusp).

f(z+h) - f(=)
h

For the exercises 35-42, find the derivative of each of the functions using the definition: ;Lin})
e

35) f(z) =2z —8
36) f(z) =4z* -7

Answer

f'(z) =8z

37) f(z)=z — %aﬂ

) f(e) = —
Answer
, 1
f ($)=—(2+x)2
39) fle)=—~

41) f(z) = 2 + 23
22) f(z) =V —1

Answer

flw)=——

2/x—1
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CHAPTER OVERVIEW

6: Mathematics of Finance

@b Learning Objectives

In this chapter, you will learn to:

1. Solve financial problems that involve simple interest.

2. Solve problems involving compound interest.

3. Find the future value of an annuity, and the amount of payments to a sinking fund.
4. Find the future value of an annuity, and an installment payment on a loan.

6.1: Simple and Compound Interest
6.1.1: Simple and Compound Interest (Exercises)
6.2: Annuities and Sinking Funds
6.2.1: Annuities and Sinking Funds (Exercises)
6.3: Present Value of an Annuity and Installment Payment
6.3.1: Present Value of an Annuity and Installment Payment (Exercises)
6.4: Miscellaneous Application Problems
6.4.1: Miscellaneous Application Problems (Exercises)
6.5: Classification of Finance Problems
6.5.1: Classification of Finance Problems (Exercises)

6.6: Chapter Review

This page titled 6: Mathematics of Finance is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Rupinder Sekhon

and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.
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6.1: Simple and Compound Interest

4b Learning Objectives

In this section, you will learn to:

1. Find simple interest.

2. Find the present value for simple interest.

3. Find discounts and proceeds for simple interest.

4. Find the future value of a lump-sum using compound interest.
5. Find the present value of a lump-sum using compound interest.
6. Find the effective interest rate using compound interest.

Simple Interest

It costs to borrow money. The rent one pays for the use of money is called the interest. The amount of money that is being
borrowed or loaned is called the principle or present value. Simple interest is paid only on the original amount borrowed. When
the money is loaned out, the person who borrows the money generally pays a fixed rate of interest on the principle for the time
period he keeps the money. Although the interest rate is often specified for a year, it may be specified for a week, a month, or a
quarter, etc. The credit card companies often list their charges as monthly rates, sometimes it is as high as 2.75% a month.

# Definition: Simple Interest

If an amount P is borrowed for a time ¢ at an interest rate of  per time period, then the simple interest is given by

I=P-r-t

# Definition: Accumulated Value

The total amount F'V, also called the accumulated value or the future value, is given by

FV =P+1
=P+ Prt
or
FV =P(1+rt) (6.1.1)

where interest rate 7 is expressed in decimals.

v/ Example 6.1.1

Ursula borrows $600 for 5 months at a simple interest rate of 15% per year. Find the interest, and the total amount she is
obligated to pay?

Solution
The interest is computed by multiplying the principle with the interest rate and the time.

I =Prt

The total amount is

https://stats.libretexts.org/@go/page/35279
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FV =P+I
=$600 +$37.50
=$637.50
Incidentally, the total amount can be computed directly via Equation 6.1.1 as
FV =P(1+rt)
=$600[1+ (0.15)(5/12)]
=$600(1+0.0625)
=$637.50

v/ Example 6.1.2

Jose deposited $2500 in an account that pays 6% simple interest. How much money will he have at the end of 3 years?
Solution

The total amount or the future value is given by Equation 6.1.1.

FV =P(1+rt)
— $2500[1 + (.06)(3)]
FV = $2950

v/ Example 6.1.3

Darnel owes a total of $3060 which includes 12% interest for the three years he borrowed the money. How much did he
originally borrow?

Solution

This time we are asked to compute the principle P via Equation 6.1.1.
$3060 =P[1+(0.12)(3)]
$3060 =P(1.36)
$3060

1.36
$2250 =P Darnel originally borrowed $2250.

v/ Example 6.1.4

A Visa credit card company charges a 1.5% finance charge for each month on the unpaid balance. If Martha owed $2350 and
has not paid her bill for three months, how much does she owe now?

Solution

Before we attempt the problem, the reader should note that in this problem the rate of finance charge is given per month and
not per year.

The total amount Martha owes is the previous unpaid balance plus the finance charge.
FV =$2350+$2350(.015)(3) = $2350 +$105.75 = $2455.75
Alternatively, again, we can compute the amount directly by using formula FV = P(1 4+ rt)

FV =$2350[1+(.015)(3)] = $2350(1.045) = $2455.75
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Discount and Proceeds

Banks often deduct the simple interest from the loan amount at the time that the loan is made. When this happens, we say the loan
has been discounted. The interest that is deducted is called the discount, and the actual amount that is given to the borrower is
called the proceeds. The amount the borrower is obligated to repay is called the maturity value.

# Discount and Proceeds

If an amount M is borrowed for a time ¢ at a discount rate of r per year, then the discount D is
D=M-r-t

The proceeds P, the actual amount the borrower gets, is given by

P=M-D
=M — Mrt
or
P=M(1-rt)

where interest rate r is expressed in decimals.

v/ Example 6.1.5

Francisco borrows $1200 for 10 months at a simple interest rate of 15% per year. Determine the discount and the proceeds.

Solution
The discount D is the interest on the loan that the bank deducts from the loan amount.
D =Mrt
D =$1200(0.15) (15) = $150
Therefore, the bank deducts $150 from the maturity value of $1200, and gives Francisco $1050. Francisco is obligated to repay
the bank $1200.

In this case, the discount D = $150, and the proceeds

P =$1200—$150 = $1050.

v/ Example 6.1.6

If Francisco wants to receive $1200 for 10 months at a simple interest rate of 15% per year, what amount of loan should he
apply for?

Solution
In this problem, we are given the proceeds P and are being asked to find the maturity value M.
We have P =$1200, » =0.15, ¢t = 10/12 . We need to find M.
We know P =M — D
but also D = Mrt
therefore

P =M-Mrt

=M(1 —rt)

$1200 =M [1—(0.15) (%)]
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We need to solve for M.
$1200 = M(1 —0.125)

$1200 = M(0.875)
$1200

0.875
$1371.43 =M

Therefore, Francisco should ask for a loan for $1371.43.

The bank will discount $171.43 and Francisco will receive $1200.

Simple Interest Summary

Below is a summary of the formulas we developed for calculations involving simple interest:

X Simple interest

If an amount P is borrowed for a time ¢ at an interest rate of  per time period, then the simple interest is given by
I=P-r-t
The total amount A, also called the accumulated value or the future value, is given by
FV=P+1I=P+Prt
or
FV =P(1+rt)

where interest rate r is expressed in decimals.

X Discount and Proceeds

If an amount M is borrowed for a time ¢ at a discount rate of r per year, then the discount D is
D=M-r-t

The proceeds P, the actual amount the borrower gets, is given by

P=M-D
P=M—Mrt
or
P=M(1—rt)

where interest rate r is expressed in decimals.

At the end of the loan's term, the borrower repays the entire maturity amount M.

Compound Interest

In the last section, we examined problems involving simple interest. Simple interest is generally charged when the lending period is
short and often less than a year. When the money is loaned or borrowed for a longer time period, if the interest is paid (or charged)
not only on the principle, but also on the past interest, then we say the interest is compounded.

Suppose we deposit $200 in an account that pays 8% interest. At the end of one year, we will have $200 + $200(.08) = $200(1 +
.08) = $216.
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Now, suppose we put this amount, $216, in the same account. After another year, we will have $216 + $216(.08) = $216(1 + .08) =
$233.28.

So, an initial deposit of $200 has accumulated to $233.28 in two years. Further note that had it been simple interest, this amount
would have accumulated to only $232. The reason the amount is slightly higher is because the interest ($16) we earned the first
year, was put back into the account. And this $16 amount itself earned for one year interest of $16(.08) = $1.28, thus resulting in
the increase. So, we have earned interest on the principle as well as on the past interest, and that is why we call it compound
interest.

Now suppose we leave this amount, $233.28, in the bank for another year, the final amount will be $233.28 + $233.28(.08) =
$233.28(1 +.08) = $251.94.

Now, let us look at the mathematical part of this problem to devise an easier way to solve these problems.
After one year, we had $200(1 + .08) = $216
After two years, we had $216(1 + .08)
But $216 = $200(1 + .08), therefore, the above expression becomes
$200(1 +.08)(1 +.08) = $200(1 + .08)2 = $233.28
After three years, we get
$233.28(1+.08) = $200(1 +.08)(1+4.08)(1 +.08)
which can be written as
$200(1 +.08)% = $251.94
Suppose we are asked to find the total amount at the end of 5 years, we will get
200(1 4-.08)° = $293.87

We summarize as follows:

The original amount $200 =$200
The amount after one year $200(1 + .08) =$216
The amount after two years $200(1 +.08)? = $233.28
The amount after three years $200(1 +.08)> =$251.94
The amount after five years $200(1 + .08)° =$293.87
The amount after t years $200(1 +.08)"

COMPOUNDING PERIODS

Banks often compound interest more than one time a year. Consider a bank that pays 8% interest but compounds it four times a
year, or quarterly. This means that every quarter, the bank will pay an interest equal to one-fourth of 8%, or 2%.

Now if we deposit $200 in the bank, after one quarter we will have $200 (1 + %) or $204.
After two quarters, we will have $200 (1 + %) 2 or $208.08.
After one year, we will have $200 (1 + %) ! or $216.49.
After three years, we will have $200 (1 + %) 2 or $253.65, etc.
The original amount $200 =$200

The amount after one quarter $200 (1 = %) =$204
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2

The amount after two quarters $200 (1 + 7 ) =$208.08
4

The amount after one year $200 (1 4k %) =$216.49
8

The amount after two years $200 (1 + %) =$234.31
12

The amount after three years $200 (1 4L %) =$253.65
20

The amount after five years $200 (1 + %) =$297.19
4t

The amount after t years $200 (1 4 %)

Therefore, if we invest a lump-sum amount of P dollars at an interest rate 7, compounded n times a year, then after ¢ years the
final amount is given by

7- mt
FV:P(1+—)
m

The following examples use the compound interest formula F'V = P (1 + %) mt

v/ Example 6.1.7

If $3500 is invested at 9% compounded monthly, what will the future value be in four years?
Solution

Clearly an interest of .09/12 is paid every month for four years. The interest is compounded 4 x 12 =48 times over the four-
year period. We get

FV = $3500 (1 + %) = $3500(1.0075)*® = $5009.92

$3500 invested at 9% compounded monthly will accumulate to $5009.92 in four years.

v/ Example 6.1.8

How much should be invested in an account paying 9% compounded daily for it to accumulate to $5,000 in five years?
Solution

We know the future value, but need to find the principle.

09 365x5
$5000 = P (1++22)
$5000 = P(1.568225)

$3188.32 =P

$3188,32 invested into an account paying 9% compounded daily will accumulate to $5,000 in five years.

v/ Example 6.1.9

If $4,000 is invested at 4% compounded annually, how long will it take to accumulate to $6,000?
Solution

m = 1 because annual compounding means compounding only once per year. The formula simplifies to FV = (1+7)! when
m=1.
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$6000 = 4000(1 +.04)"

6000 .
1000 = 104
1.5 =1.04

We use logarithms to solve for the value of ¢ because the variable ¢ is in the exponent.
t =log; (4(1.5)

Using the change of base formula we can solve for ¢:
M ) R
T n(Loq) | oooYeAs

It takes 10.33 years for $4000 to accumulate to $6000 if invested at 4% interest, compounded annually

v/ Example 6.1.10

If $5,000 is invested now for 6 years what interest rate compounded quarterly is needed to obtain an accumulated value of
$8000.

Solution

We have m = 4 for quarterly compounding.

$8000 — $5000 (1 + 2) oo

$
5o~ (1+7)

Py 24
1.6 = (1 —)
L

We use roots to solve for ¢ because the variable 7 is in the base, whereas the exponent is a known number.
o r
V1.6=1+ Z

Many calculators have a built in “nth root” key or function. In the TI-84 calculator, this is found in the Math menu. Roots can
also be calculated as fractional exponents; if necessary, the previous step can be rewritten as

1.6/24 =142
1

Evaluating the left side of the equation gives
1.0197765 =1+
0.0197765 =
r=4(0.0197765) =0.0791

An interest rate of (0.0791 * 100 = 7.91) 7.91% is needed in order for $5000 invested now to accumulate to $8000 at the end of
6 years, with interest compounded quarterly.

Effective Interest Rate

Banks are required to state their interest rate in terms of an “effective yield” ” or “effective interest rate”, for comparison
purposes. The effective rate is also called the Annual Percentage Yield (APY) or Annual Percentage Rate (APR).

The effective rate is the interest rate compounded annually would be equivalent to the stated rate and compounding periods. The
next example shows how to calculate the effective rate.

To examine several investments to see which has the best rate, we find and compare the effective rate for each investment.

Example 6.1.11illustrates how to calculate the effective rate.
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If Bank A pays 7.2% interest compounded monthly, what is the effective interest rate?
If Bank B pays 7.25% interest compounded semiannually, what is the effective interest rate? Which bank pays more interest?

Solution

Bank A: Suppose we deposit $1 in this bank and leave it for a year, we will get
1(1+222) ™ 1 0744
rgrr = 1.0744 -1 =0.0744

We earned interest of $1.0744 - $1.00 = $.0744 on an investment of $1.

The effective interest rate is 7.44%, often referred to as the APY or APR.

Bank B: The effective rate is calculated as

0722
I‘EFFZI(l—F%) —1=.0738

The effective interest rate is 7.38%.

Bank A pays slightly higher interest, with an effective rate of 7.44%, compared to Bank B with effective rate 7.38%.

Continuous Compounding

Interest can be compounded yearly, semiannually, quarterly, monthly, and daily. Using the same calculation methods, we could
compound every hour, every minute, and even every second. As the compounding period gets shorter and shorter, we move toward
the concept of continuous compounding.

But what do we mean when we say the interest is compounded continuously, and how do we compute such amounts? When interest
is compounded "infinitely many times", we say that the interest is compounded continuously. Our next objective is to derive a
formula to model continuous compounding.

Suppose we put $1 in an account that pays 100% interest. If the interest is compounded once a year, the total amount after one year
will be $1(1+1) = $2.

« If the interest is compounded semiannually, in one year we will have $1(1 +1/2)? = $2.25
« If the interest is compounded quarterly, in one year we will have $1(1 +1/4)* = $2.44

« If the interest is compounded monthly, in one year we will have $1(1 +1/12)!? = $2.61

o If the interest is compounded daily, in one year we will have $1(1 +1/365)3% = $2.71

We show the results as follows:

Frequency of compounding Formula Total amount
Annually $1(1+1) $2
Semiannually $1(1+1/2)> $2.25
Quarterly $1(1+1/4)* = $2.44 $2.44140625
Monthly $1(1+1/12)" $2.61303529
Daily $1(1+ 1/365)%" $2.71456748
Hourly $1(1 + 1/8760)57% $2.71812699
Every minute $1(1+ 1/525600)°20%0 $2.71827922
Every Second $1(1 + 1/31536000)3!536000 $2.71828247
Continuously $1(2.718281828...) $2.718281828...
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We have noticed that the $1 we invested does not grow without bound. It starts to stabilize to an irrational number 2.718281828...
given the name "e" after the great mathematician Euler.

In mathematics, we say that as m becomes infinitely large the expression equals (1 + %) " e.

Therefore, it is natural that the number e play a part in continuous compounding.
mt
— et

It can be shown that as m becomes infinitely large the expression (1 + #)

Therefore, it follows that if we invest $P at an interest rate r per year, compounded continuously, after ¢ years the final amount
will be given by

v/ Example \(\Pagelndex{12\)

$3500 is invested at 9% compounded continuously. Find the future value in four years.

FV=P-.¢"

Solution
Using the formula for the continuous compounding, we get FV = Pe™ .
FV = $3500¢0-09>4

FV =$3500¢%36
FV =$5016.65

v/ Example 6.1.13

If an amount is invested at 7% compounded continuously, what is the effective interest rate?
Solution

If we deposit $1 in the bank at 7% compounded continuously for one year, and subtract that $1 from the final amount, we get
the effective interest rate in decimals.

TEFF — 160'07 —1

T'EFF — 1.0725 -1

T'EFF — .0725 or 725%

v/ Example 6.1.14

If an amount is invested at 7% compounded continuously, how long will it take to double?
We offer two solutions.

Solution 1 uses logarithms to calculate the exact answer, so it is preferred. We already used this method in Example 6.1.9 to
solve for time needed for an investment to accumulate to a specified future value.

Solution 2 provides an estimated solution that is applicable only to doubling time, but not to other multiples. Students should
find out from their instructor if there is a preference as to which solution method is to be used for doubling time problems.

Solution: Solution 1: Calculating the answer exactly: Pe’'"t = F'V.

We don’t know the initial value of the priniciple but we do know that the accumulated value is double (twice) the principle.

P07t _ op
We divide both sides by P
Using natural logarithm:
.07t =1n(2)

t =1n(2)/.07 = 9.9 years
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It takes 9.9 years for money to double if invested at 7% continuous interest.
Solution 2: Estimating the answer using the Law of 72:

The Law of 72 is a useful tool for estimating the time needed for an investment to double in value.

The Rule of 72

The rule of 72 is a simple and often very useful mathematical shortcut that can help you estimate the impact of any interest or
growth rate and can be used in situations ranging from financial calculations to projections of population growth. The formula
for the rule of 72 is expressed as the unknown (the required amount of time to double a value) calculated by taking the
number 72 and dividing it by the known interest rate or growth rate. When using this formula, it is important to note that the
rate should be expressed as a whole integer, not as a percentage. So, as a result, we have

Years for an Amount to Double=72/(Interest or Growth Rate)

This formula can be extremely practical when working with financial estimates or projections and for understanding how
compound interest can have a dramatic effect on an original amount or monetary balance.

Following are just a few examples of how the rule of 72 can help you solve problems very quickly and very easily, often
enabling you to solve them “in your head,” without the need for a calculator or spreadsheet.

Let’s say you are interested in knowing how long it will take your savings account balance to double. If your account earns an
interest rate of 9%, your money will take 72/9 or 8, years to double. However, if you are earning only 6% on this same
investment, your money will take 72/6, or 12, years to double.

Now let’s say you have a specific future purchasing need and you know that you will need to double your money in five years.
In this case, you would be required to invest it at an interest rate of 72/5, or 14.4%. Through these sample examples, it is easy
to see how relatively small changes in a growth or interest rate can have significant impact on the time required for a balance to
double in size.

The number of years required to double money ~ 72 + interest rate(%) = years.

With technology available to do calculations using logarithms, we would use the Law of 72 only for quick estimates of
doubling times. Using the Law of 72 as an estimate works only for doubling times, but not other multiples, so it’s not a
replacement for knowing how to find exact solutions.

However, the Law of 72 can be useful to help quickly estimate many “doubling time” problems mentally, which can be useful
in compound interest applications as well as other applications involving exponential growth.

v/ Example 6.1.15

a. At the peak growth rate in the 1960’s the world's population had a doubling time of 35 years. At that time, approximately
what was the growth rate?

b. As of 2015, the world population’s annual growth rate was approximately 1.14%. Based on that rate, find the approximate
doubling time.

Solution
a. According to the law of 72,
doubling time = 35 ~ 72 +r
r =~ 2.057 expressed as a percent
Therefore, the world population was growing at an approximate rate of 2.057% in the 1960’s.
b.. According to the law of 72,
doubling time t ~ 72 +r =72 +1.14 ~ 63.157 years
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If the world population were to continue to grow at the annual growth rate of 1.14% , it would take approximately 64 years for
the population to double.

COMPOUND INTEREST SUMMARY

Below is a summary of the formulas we developed for calculations involving compound interest:

COMPOUND INTEREST n times per year

1. If an amount P is invested for ¢ years at an interest rate 7 per year, compounded m times a year, then the future value is
given by

FV:P(L+%)W

P is called the principle and is also called the present value.
2. If a bank pays an interest rate r per year, compounded m times a year, then the effective interest rate is given by

r m
TEFF = (l-i-—) -1
m

CONTINUOUSLY COMPOUNDED INTEREST

3. If an amount P is invested for ¢ years at an interest rate r per year, compounded continuously, then the future value is given
by

FV =Pe"
4. If a bank pays an interest rate  per year, compounded 7 times a year, then the effective interest rate is given by
rgrrp = €ef —1
5. The Law of 72 states that

The number of years to double money is approximately 72 + interest rate

This page titled 6.1: Simple and Compound Interest is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Rupinder
Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

e 6.1: Simple Interest and Discount by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:
https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.

e 6.2: Compound Interest by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:
https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.
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6.1.1: Simple and Compound Interest (Exercises)

SECTION 6.1 PROBLEM SET: SIMPLE INTEREST AND DISCOUNT

Do the following simple interest problems.

1) If an amount of $2,000 is borrowed at a simple interest
rate of 10% for 3 years, how much is the interest?

3) John borrows $2400 for 3 years at 9% simple interest.
How much will he owe at the end of 3 years?

5) If an amount of $2,160, which includes a 10% simple

interest for 2 years, is paid back, how much was borrowed

2 years earlier?

7) Shanti charged $800 on her charge card and did not
make a payment for six months. If there is a monthly
charge of 1.5%, how much does she owe?

2) You borrow $4,500 for six months at a simple interest rate of
8%. How much is the interest?

4) Jessica takes a loan of $800 for 4 months at 12% simple
interest. How much does she owe at the end of the 4-month
period?

6) Jamie just paid off a loan of $2,544, the principal and simple
interest. If he took out the loan six months ago at 12% simple
interest, what was the amount borrowed?

8) A credit card company charges 18% interest on the unpaid
balance. If you owed $2000 three months ago and have been
delinquent since, how much do you owe?

SECTION 6.1 PROBLEM SET: SIMPLE INTEREST AND DISCOUNT

Do the following simple interest problems.

9) An amount of $2000 is borrowed for 3 years. At the
end of the three years, $2660 is paid back. What was the
simple interest rate?

11) Jose agrees to pay $2,000 in one year at an interest
rate of 12%. The bank subtracts the discount of 12% of
$2,000, and gives the rest to Jose. Find the amount of
the discount and the proceeds to Jose.

13) An amount of $8,000 is borrowed at a discount rate
of 12%, find the proceeds if the length of the loan is 7
months.

15) Derek needs $2400 new equipment for his shop. He
can borrow this money at a discount rate of 14% for a
year. Find the amount of the loan he should ask for so
that his proceeds are $2400.

10) Nancy borrowed $1,800 and paid back $1,920, four months later.
What was the simple interest rate?

12) Tasha signs a note for a discounted loan agreeing to pay $1200 in
8 months at an 18% discount rate. Determine the amount of the
discount and the proceeds to her.

14) An amount of $4,000 is borrowed at a discount rate of 10%, find
the proceeds if the length of the loan is 180 days.

16) Mary owes Jim $750, and wants to repay him. Mary decides to
borrow the amount from her bank at a discount rate of 16%. If she
borrows the money for 10 months, find the amount of the loan she
should ask for so that her proceeds are $750?

SECTION 6.1 PROBLEM SET: COMPOUND INTEREST

Do the following compound interest problems involving a lump-sum amount.

17) What will the final amount be in 4 years if $8,000 is invested

at 9.2% compounded monthly.?

19) Lydia's aunt Rose left her $5,000. Lydia spent $1,000 on her

wardrobe and deposited the rest

in an account that pays 6.9% compounded daily. How much

money will she have in 5 years?

21) Bank A pays 5% compounded daily, while

Bank B pays 5.12% compounded monthly. Which bank pays

more? Explain.

18) How much should be invested at 10.3% for it
to amount to $10,000 in 6 years?

20) Thuy needs $1,850 in eight months for her college tuition.
How much money should she deposit lump sum in an account
paying 8.2% compounded monthly to achieve that goal?

22) EZ Photo Company needs five copying machines in 2 1/2
years for a total cost of $15,000. How much money should be
deposited now to pay for these machines, if the interest rate is 8%
compounded semiannually?
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23) Jon's grandfather planned to give him $12,000 in 10 years. Jon

has convinced his grandfather to pay him $6,000 now, instead. If =~ 24) What will be the price of a $20,000 car in 5 years if the
Jon invests this $6,000 at 7.5% compounded continuously, how inflation rate is 6%?

much money will he have in 10 years?

SECTION 6.1 PROBLEM SET: COMPOUND INTEREST

Do the following compound interest problems.

25) At an interest rate of 8% compounded continuously, how 26) If an investment earns 10% compounded continuously, in how

many years will it take to double your money? many years will it triple?

27) The City Library ordered a new computer system costing 28) Mr. and Mrs. Tran is expecting a baby girl in a few days. They

$158,000; it will be delivered in 6 months, and the full amount want to put away money for her college education now. How much

will be due 30 days after delivery. How much must be deposited money should they deposit in an account paying 10.2% so they
today into an account paying 7.5% compounded monthly to have  will have $100,000 in 18 years to pay for their daughter's

$158,000 in 7 months? educational expenses?
29) Find the effective interest rate for an account paying 7.2% 30) If a bank pays 5.75% compounded monthly, what is the
compounded quarterly. effective interest rate?

31) Th lati f the Afri ti f C 12
) The population of the Adfrican nation of Cameroon was 32) According to the Law of 72, if an amount grows at an annual

million people in the year 2015; it has been growing at a rate of .

. . rate of 1%, then it doubles every seventy-two years. Suppose a
2.5% per year. If the population continues to grows at a rate, what
will the population be in 2030?

(http://databank.worldbank.org/data on 4/26/2016)

bank pays 5% interest, how long will it take for you to double your
money? How about at 15%?

This page titled 6.1.1: Simple and Compound Interest (Exercises) is shared under a CC BY 4.0 license and was authored, remixed, and/or curated
by Rupinder Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

e 6.2.1: Compound Interest (Exercises) by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:
https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.
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6.2: Annuities and Sinking Funds

Learning Objectives

In this section, you will learn to:

1. Find the future value of an annuity.
2. Find the amount of payments to a sinking fund.

Ordinary Annuity

In the first two sections of this chapter, we examined problems where money was deposited in a lump sum in an account and left
there for the entire period. Now, we will solve problems where timely payments are made in an account. When a sequence of
payments of some fixed amount is made in an account at equal intervals, we call that an annuity. And this is the subject of this
section.

To develop a formula to find the value of an annuity, we will need to recall the formula for the sum of a geometric series. A
geometric series is of the form:

a+azx+az® +az’ +... +az". (6.2.1)

In a geometric series, each subsequent term is obtained by multiplying the preceding term by a number, called the common ratio.
A geometric series is completely determined by knowing its first term, the common ratio, and the number of terms.

The first term of the series in Equation 6.2.1 is a, the common ratio is «, and the number of terms is n 4+ 1. The following are
some examples of geometric series.

3+6+124+24448
This above series has first term ¢ = 3 and common ratio z = 2
246+18454+162
This above series has first term ¢ = 2 and common ratio z = 3
37+3.7+0.37+0.037+0.0037
This above series has first term a = 35 and common ratio z = 0.1

In your algebra class, you developed a formula for finding the sum of a geometric series. You probably used r as the symbol for the
ratio, but we are using x because r is the symbol we have been using for the interest rate. The formula for the sum of the terms of a
geometric series with first term a, common ratio  and last term azx" is:

a(wnJrl _1)
z—1

We will use this formula to find the value of an annuity. Consider the following example.

Example 6.2.1

If at the end of each month a deposit of $500 is made in an account that pays 8% compounded monthly, what will the final
amount be after five years?

Solution

There are 60 deposits made in this account. The first payment stays in the account for 59 months, the second payment for 58
months, the third for 57 months, and so on.

o The first payment of $500 will accumulate to an amount of $500(1 + 0.08/12)°.

o The second payment of $500 will accumulate to an amount of $500(1 + 0.08/12)8,
o The third payment will accumulate to $500(1 + 0.08/12)7.

 The fourth payment will accumulate to $500(1 + 0.08/12)56.
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Andsoon...

Finally the next to last (59") payment will accumulate to $500(1 +0.08/12)*

The last payment is taken out at the same time it is made and will not earn any interest.

To find the total amount in five years, we need to add the accumulated value of these sixty payments.

In other words, we must find the sum of the following series.
$500(1 +0.08/12)% +$500(1 +0.08,/12)%® +$500(1 +0.08/12)%" +. .. +$500
Written backward, we have
$500 +$500(1 +0.08/12) +$500(1 +0.08/12)* +... +$500(1 +0.08/12)*
This is a geometric series with a = $500, » = (1 +0.08/12, and n = 59. The sum is

$500 [(1+0.08/12)60 —1]
0.08/12

$500(73.47686)

= $36,738.43

sum —

When the payments are made at the end of each period rather than the beginning, we call it an ordinary annuity.

Future Value of an Ordinary Annuity

If a payment of PMT dollars is made in account m times a year at an interest r, then the final amount 'V after ¢ years is

v PMT [(1+r/m)™ —1]

r/m

The future value is also called the accumulated value

X Example 6.2.2

Tanya deposits $300 at the end of each quarter in her savings account. If the account earns 5.75% compounded quarterly,
how much money will she have in 4 years?

Solution

The future value of this annuity can be found using the above formula.

8300 [(1+.0575/4)"° —1]
0.0575/4

=$300(17.8463)

=$5353.89

FV

If Tanya deposits $300 into a savings account earning 5.75% compounded quarterly for four years, then at the end of 4
years, she will have $5,353.89

v/ Example 6.2.3

Robert needs $5,000 in three years. How much should he deposit monthly in an account that pays 8% compounded monthly to
achieve his goal?

Solution

If Robert saves PMT dollars per month, after three years, he will have
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PMT [(1+.08/12)3¢ —1]
0.08/12

But we'd like this amount to be $5,000. Therefore,

PMT [(1+.08/12)36 —1]

08/12 =$5000
PMT(40.5356) = $5000
5000
PMT = 40.5356
=$123.35

Robert needs to deposit $123.35 at the end of each month for three years into an account paying 8% compounded monthly to
have $5,000 at the end of 5 years.

Sinking Fund

When a business deposits money at regular intervals into an account to save for a future purchase of equipment, the savings fund is
referred to as a "sinking fund." Calculating the sinking fund deposit uses the same method as the previous problem.

v/ Example 6.2.4

A business needs $450,000 in five years. How much should be deposited each quarter in a sinking fund that earns 9%
compounded quarterly to have this amount in five years?

Solution

Again, suppose that PMT dollars are deposited each quarter in the sinking fund. After five years, the future value of the fund
should be $450,000. This suggests the following relationship:

PMT [(1+0.09/4)% —1]

= $450, 000
0.09/4
PMT(24.9115) = 450,000
450000
PMT = 24.9115
=$18,063.93

The business needs to deposit $18,063.93 at the end of each quarter for five years into a sinking fund earning interest of 9%
compounded quarterly to have $450,000 at the end of 5 years.

Annuity Due

If the payment is made at the beginning of each period rather than at the end, we call it an annuity due. The formula for the
annuity due can be derived similarly. Reconsider Example 1, with the change that the deposits are made at the beginning of each
month.

Example 6.2.5

If at the beginning of each month, a deposit of $500 is made in an account that pays 8% compounded monthly, what will the
final amount be after five years?

Solution

There are 60 deposits made in this account. The first payment stays in the account for 60 months, the second payment for 59
months, the third for 58 months, and so on.

o The first payment of $500 will accumulate to an amount of $500(1 +0.08/12)5
« The second payment of $500 will accumulate to an amount of $500(1 +.08/12)%°.
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e The third payment will accumulate to $500(1 +0.08,/12)8
Andsoon...
The last payment is in the account for a month and accumulates to $500(1 4 0.08/12)
To find the total amount in five years, we need to find the sum of the series:
$500(1 +0.08/12)% +$500(1 +0.08/12)°° +-$500(1 +0.08/12) +. .. +$500(1 +0.08/12)
Written backward, we have
$500(1 +0.08/12) +$500(1 +0.08/12)2 +. .. +$500(1 +0.08,/12)%
If we add $500 to this series and later subtract that $500, the value will not change. We get
$500 +$500(1 +0.08/12) +$500(1 +0.08/12)2 +. .. +$500(1 +0.08/12)%° — $500
Except for the last term, we have a geometric series with a = $500, r = (1 + .08/12), and n = 60. Therefore, the sum is
e $500 [(1+0.08/12)6 —1]
0.08/12
=$500(74.9667) — $500

=$37483.35 — $500
=$36983.35

—$500

So, in the case of an annuity due, to find the future value, we increase the number of periods n by one and subtract one payment.

X Future Value of an "Annuity Due"

_ PMT [(1+1/m)™* —1]

r/m

FVv —PMT

Summary

Finally, the author wishes that the students learn the concepts so they will not have to memorize every formula. It is for this reason
formulas are kept at a minimum. But before we conclude this section, we will once again mention one single equation that will help
us find the future value and the sinking fund payment.

If a payment of PMT dollars is made in an account m times a year at an interest r, then the future value F'V after ¢ years is
PMT [(1+1/m)™ —1]

r/m

FV

Note that the formula assumes that the payment period is the same as the compounding period. If these are not the same, then this
formula does not apply.

This page titled 6.2: Annuities and Sinking Funds is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Rupinder
Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

e 6.3: Annuities and Sinking Funds by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:

https://www.deanza.edw/faculty/bloomroberta/math11/afm3files.html.html.
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6.2.1: Annuities and Sinking Funds (Exercises)

SECTION 6.2 PROBLEM SET: ANNUITIES AND SINKING FUNDS

Each of the following problems involves an annuity - a sequence of payments.

1) Find the future value of an annuity of $200 per month for 5
years at 6% compounded monthly.

3) At the end of each month Rita deposits $300 in an account that
pays 5%. What will the final amount be in 4 years?

5) A firm needs to replace most of its machinery in five years at a
cost of $500,000. The company wishes to create a sinking fund to
have this money available in five years. How much should the
quarterly deposits be if the fund earns 8%?

7) A company has a $120,000 note due in 4 years. How much
should be deposited at the end of each quarter in a sinking fund to
pay off the note in four years if the interest rate is 8%?

9) Is it better to receive $400 at the beginning of each month for
six years, or a lump sum of $25,000 today if the interest rate is
7%? Explain.

11) Mrs. Gill puts $2200 at the end of each year in her IRA
account which earns 9% per year. How much total money will she
have in this account after 20 years?

2) How much money should be deposited at the end of each month
in an account paying 7.5% for it to amount to $10,000 in 5 years?

4) Mr. Chang wants to retire in 10 years and can save $650 every
three months. If the interest rate is 7.8%, how much will he have
(a) at the end of 5 years? (b) at the end of 10 years?

6) Mrs. Brown needs $5,000 in three years. If the interest rate is
9%, how much should she save at the end of each month to have
that amount in three years?

8) You are now 20 years of age and decide to save $100 at the end
of each month until you are 65. If the interest rate is 9.2%, how
much money will you have when you are 65?

10) To save money for a vacation, Jill decided to save $125 at the
beginning of each month for the next 8 months. If the interest rate
is 7%, how much money will she have at the end of 8 months?

12) If the inflation rate stays at 6% per year for the next five years,
how much will the price be of a $15,000 car in five years? How
much must you save at the end of each month at an interest rate of
7.3% to buy that car in 5 years?

This page titled 6.2.1: Annuities and Sinking Funds (Exercises) is shared under a CC BY 4.0 license and was authored, remixed, and/or curated

by Rupinder Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

e 6.3.1: Annuities and Sinking Funds (Exercises) by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:

https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.
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6.3: Present Value of an Annuity and Installment Payment

4b Learning Objectives

In this section, you will learn to:

1. Find the present value of an annuity.
2. Find the amount of installment payment on a loan.

PRESENT VALUE OF AN ANNUITY

In Section 6.2, we learned to find the future value of a series of payments. We will now learn to amortize a loan (determine the
periodic payment in exchange for a loan taken), and to find the present value of an annuity.

The present value of an annuity is the amount of money we would need now in order to be able to make the payments of a specific
amount in the future. In other words, the present value is the value needed to fund a future stream of payments, such as a monthly
retirement payment.

We break this down step by step to understand the concept of the present value of an annuity. After that, the examples provide a
more efficient way to do the calculations by working with concepts and calculations we have already explored in Sections 6.1 and
6.2.

Suppose Carlos owns a small business and employs an assistant manager to help him run the business. Assume it is January 1 now.
Carlos plans to pay his assistant manager a $1000 bonus at the end of this year and another $1000 bonus at the end of the following
year. Carlos’ business had good profits this year so he wants to put the money for his assistant’s future bonuses into a savings
account now. The money he puts in now will earn interest at the rate of 4% per year compounded annually while in the savings
account.

How much money should Carlos put into the savings account now to withdraw $1000 one year from now and another $1000 two
years from now?

At first, this sounds like a sinking fund. But it is different. In a sinking fund, we put money into the fund with periodic payments to
save to accumulate to a specified lump sum that is the future value at the end of a specified time period.

In this case, we want to put a lump sum into the savings account now, so that lump sum is our principle or present value, PV. Then,
we want to withdraw that amount as a series of period payments; in this case, the withdrawals are an annuity with $1000 payments
at the end of years 1 and 2.

We need to determine the amount we need in the account now, the present value, to be able to withdraw the periodic payments
later.

(]

Time (vears) 0 1
L

I I
Deposit of Present Vahe: SP

Withdrawals $1000 $1000
for Payments

We use the compound interest formula from Section 6.1 with » = 0.04 and m = 1 for annual compounding to determine the present
value of each payment of $1000.

Consider the first payment of $1000 at the end of year 1. Let P be its present value for the first payment.
$1000=P;(1.04)! so P, = $ 961.54
Now consider the second payment of $1000 at the end of year 2. Let P, is the present value for the second payment.

$1000=P,(1.04)%so P,=$924.56

To make the $1000 payments at the specified times in the future, the amount that Carlos needs to deposit now is the present value
PV =P +P,=$961.54+$924.56 = $1886.10

https://stats.libretexts.org/@go/page/35283



https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://stats.libretexts.org/@go/page/35283?pdf
https://stats.libretexts.org/Courses/Fresno_City_College/New_FCC_DS_21_Finite_Mathematics_-_Spring_2023/06%3A_Mathematics_of_Finance/6.03%3A_Present_Value_of_an_Annuity_and_Installment_Payment

LibreTexts"

The calculation above was useful to illustrate the meaning of the present value of an annuity.
But, it is not an efficient way to calculate the present value. If we were to have a large number of annuity payments, the step-by-
step calculation would be long and tedious.

Example 6.3.1 investigates and develops an efficient way to calculate the present value of an annuity, by relating the future
(accumulated) value of an annuity and its present value.

v/ Example 6.3.1

Suppose you have won a lottery that pays $1,000 per month for the next 20 years. But, you prefer to have the entire amount
now. If the interest rate is 8%, how much will you accept?

Solution

This classic present value problem needs our complete attention because the rationalization we use to solve this problem will
be used again in the following problems.

Consider, for argument purposes, that two people Mr. Cash, and Mr. Credit have won the same lottery of $1,000 per month for
the next 20 years. Mr. Credit is happy with his $1,000 monthly payment, but Mr. Cash wants to have the entire amount now.

Our job is to determine how much Mr. Cash should get. We reason as follows:

If Mr. Cash accepts P dollars, then the PV dollars deposited at 8% for 20 years should yield the same amount as the $1,000
monthly payments for 20 years. In other words, we are comparing the future values for both Mr. Cash and Mr. Credit, and we
would like the future values to be equal.

Since Mr. Cash is receiving a lump sum of x dollars, its future value is given by the lump sum formula we studied in Section
6.1, and it is

PV =P(1+.08/12)240

Since Mr. Credit is receiving a sequence of payments, or an annuity, of $1,000 per month, its future value is given by the
annuity formula we learned in Section 6.1. This value is

$1000 [(1+.08/12)%40 —1]
V =
.08/12

The only way Mr. Cash will agree to the amount he receives is if these two future values are equal. So, we set them equal and
solve for the unknown.

$1000 [(1+.08/12)240 71]
240 _
PV(1+.08/12)%0 = T

PV(4.9268) = $1000(589.02041)
PV(4.9268) = $589020.41
PV = $119,554.36

The present value of an ordinary annuity of $1,000 each month for 20 years at 8% is $119,554.36

The reader should also note that if Mr. Cash takes his lump sum of PV = $119,554.36 and invests it at 8% compounded
monthly, he will have an accumulated value of FV=$589,020.41 in 20 years.

INSTALLMENT PAYMENT ON A LOAN

If a person or business needs to buy or pay for something now (a car, a home, college tuition, equipment for a business) but does
not have the money, they can borrow the money as a loan.

They receive the loan amount called the principle (or present value) now and are obligated to pay back the principle in the future
over a stated amount of time (term of the loan), as regular periodic payments with interest.

Example 6.3.2 examines how to calculate the loan payment, using reasoning similar to Example 6.3.1.
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Find the monthly payment for a car costing $15,000 if the loan is amortized over five years at an interest rate of 9%.
Solution
Again, consider the following scenario:

Two people, Mr. Cash and Mr. Credit, go to buy the same car that costs $15,000. Mr. Cash pays cash and drives away, but Mr.
Credit wants to make monthly payments for five years.

Our job is to determine the amount of the monthly payment. We reason as follows:

If Mr. Credit pays PMT dollars per month, then the PMT dollar payment deposited each month at 9% for 5 years should yield
the same amount as the $15,000 lump sum deposited for 5 years.

Again, we are comparing the future values for both Mr. Cash and Mr. Credit, and we would like them to be the same.

Since Mr. Cash is paying a lump sum of $15,000, its future value is given by the lump sum formula, and it is
$15,000(1 +.09/12)%

Mr. Credit wishes to make a sequence of payments, or an annuity, of PMT dollars per month, and its future value is given by
the annuity formula, and this value is
PMT [(1+.09/12)% —1]
.09/12

We set the two future amounts equal and solve for the unknown.

PMT[(1+.09/12)" 1]
60 __
$15,000(1+.09/12)% = 09/12

$15,000(1.5657) = PMT(75.4241)
$311.38 = PMT

Therefore, the monthly payment needed to repay the loan is $311.38 for five years.

SECTION 6.3 SUMMARY

We summarize the method used in examples 6.3.1 and 6.3.2 below.

The Equation to Find the Present Value of an Annuity,
Or the Installment Payment for a Loan

If a payment of PMT dollars is made in an account m times a year at an interest r, then the present value PV of the annuity
after ¢ years is

PMT [(1+r/m)™ —1]

PV(1+r/m)™ = */m

When used for a loan, the amount PV is the loan amount, and PMT is the periodic payment needed to repay the loan over a
term of ¢ years with m payments per year.

If the present value or loan amount is needed, solve for PV

If the periodic payment is needed, solve for PMT'.

Note that the formula assumes that the payment period is the same as the compounding period. If these are not the same, then
this formula does not apply.

Finally, we note that many finite mathematics and finance books develop the formula for the present value of an annuity differently.

Instead of using the formula:
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PMT [(1+r/m)™t —1]

r/m

PV(1l+r/m)™ = (6.3.1)
and solving for the present value PV after substituting the numerical values for the other items in the formula, many textbooks first
solve the formula for PV in order to develop a new formula for the present value. Then the numerical information can be
substituted into the present value formula and evaluated, without needing to solve algebraically for PV.

Alternate Method to find Present Value of an Annuity
_ PMT[(14r/m)™*~1]

r/m

Starting with formula 6.3.1: PV(1 +1/m)™

Divide both sides by (1 +7/m)™ to isolate PV, and simplify

PMT[(1+r/m)™ —1] 1
PV = r/m e +7r/m)m
py - PMTI _r(/lnj’"/m)_mt] (6.3.2)

The authors of this book believe that it is easier to use formula 6.3.1 at the top of this page and solve for PV or PMT as needed.
In this approach, there are fewer formulas to understand, and many students find it easier to learn.

However, some people prefer formula 6.3.2, and it is mathematically correct to use that method. Note that if you choose to use
formula 6.3.2, you need to be careful with the negative exponents in the formula. And if you needed to find the periodic payment,
you would still need to do the algebra to solve for the value of m.

It would be a good idea to check with your instructor to see if he or she has a preference. In fact, you can usually tell your
instructor’s preference by noting how he or she explains and demonstrates these types of problems in class.

This page titled 6.3: Present Value of an Annuity and Installment Payment is shared under a CC BY 4.0 license and was authored, remixed, and/or
curated by Rupinder Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

e 6.4: Present Value of an Annuity and Installment Payment by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original

source: https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.
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6.3.1: Present Value of an Annuity and Installment Payment (Exercises)

SECTION 6.3 PROBLEM SET: PRESENT VALUE OF AN ANNUITY AND INSTALLMENT PAYMENT

For the following problems, show all work.

1) Shawn has won a lottery paying him $10,000 per month for the
next 20 years. He'd rather have the whole amount in one lump
sum today. If the current interest rate is 8.2%, how much money
can he hope to get?

3) You determine that you can afford $250 per month for a car.
What is the maximum amount you can afford to pay for a car if
the interest rate is 9% and you want to repay the loan in 5 years?

5) If the $200,000 loan in the previous problem is financed over
15 years rather than 30 years at 10%, what will the monthly
payment be?

7) The Gomez family bought a house for $450,000. They paid
20% down and amortized the rest at 5.2% over a 30-year period.
Find their monthly payment.

9) A firm needs a piece of machinery that has a useful life of 5
years. It has an option of leasing it for $10,000 a year, or buying it
for $40,000 cash. If the interest rate is 10%, which choice is
better?

11) Vijay's tuition at college for the next year is $32,000. His
parents have decided to pay the tuition by making nine monthly
payments. If the interest rate is 6%, what is the monthly payment?

2) Sonya bought a car for $15,000. Find the monthly payment if
the loan is to be amortized over 5 years at a rate of 10.1%.

4) Compute the monthly payment for a house loan of $200,000 to
be financed over 30 years at an interest rate of 10%.

6) Friendly Auto offers Jennifer a car for $2000 down and $300
per month for 5 years. Jason wants to buy the same car but wants
to pay cash. How much must Jason pay if the interest rate is 9.4%?

8) Mr. and Mrs. Wong purchased their new house for $350,000.
They made a down payment of 15%, and amortized the rest over
30 years. If the interest rate is 5.8%, find their monthly payment.

10) Jackie wants to buy a $19,000 car, but she can afford to pay
only $300 per month for 5 years. If the interest rate is 6%, how
much does she need to put down?

12) Glen borrowed $10,000 for his college education at 8%
compounded quarterly. Three years later, after graduating and
finding a job, he decided to start paying off his loan. If the loan is
amortized over five years at 9%, find his monthly payment for the
next five years.

This page titled 6.3.1: Present Value of an Annuity and Installment Payment (Exercises) is shared under a CC BY 4.0 license and was authored,

remixed, and/or curated by Rupinder Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts

platform.

¢ 6.4.1: Present Value of an Annuity and Installment Payment (Exercises) by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0.

Original source: https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.
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6.4: Miscellaneous Application Problems

4b Learning Objectives

In this section, you will learn to apply to concepts for compound interest for savings and annuities to:

1. Find the outstanding balance, partway through the term of a loan, of the future payments still remaining on the loan.
2. Perform financial calculations in situations involving several stages of savings and/or annuities.

3. Find the fair market value of a bond.

4. Construct an amortization schedule for a loan.

We have already developed the tools to solve most finance problems. Now we use these tools to solve some application problems.

OUTSTANDING BALANCE ON A LOAN

One of the most common problems deals with finding the balance owed at a given time during the life of a loan. Suppose a person
buys a house and amortizes the loan over 30 years, but decides to sell the house a few years later. At the time of the sale, he is
obligated to pay off his lender, therefore, he needs to know the balance he owes. Since most long term loans are paid off
prematurely, we are often confronted with this problem.

To find the outstanding balance of a loan at a specified time, we need to find the present value P of all future payments that have
not yet been paid. In this case t does not represent the entire term of the loan. Instead:

o t represents the time that still remains on the loan
o nt represents the total number of future payments.

v/ Example 6.4.1

Mr. Jackson bought his house in 1995, and financed the loan for 30 years at an interest rate of 7.8%. His monthly payment was
$1260. In 2015, Mr. Jackson decides to pay off the loan. Find the balance of the loan he still owes.

Solution

The reader should note that the original amount of the loan is not mentioned in the problem. That is because we don't need to
know that to find the balance.

The original loan was for 30 years. 20 years have past so there are years still remaining. 12(10) = 120 payments still remain to

be paid on this loan.

As for the bank or lender is concerned, Mr. Jackson is obligated to pay $1260 each month for 10 more years; he still owes a
total of 120 payments. But since Mr. Jackson wants to pay it all off now, we need to find the present value P at the time of
repayment of the remaining 10 years of payments of $1260 each month. Using the formula we get for the present value of an
annuity, we get

$1260 [(1+.078/12)'20 —1)]

(.078/12)
P(2.17597) = $227957.85

P =$104761.48
X to find the outstanding balance of a loan

If a loan has a payment of m dollars made n times a year at an interest r, then the outstanding value of the loan when there are
t years still remaining on the loan is given by P:

P(1+.078/12)'% =

m [(1+r/n)" —1]

P(1+r/n)" = /n

IMPORTANT: Note that ¢ is not the original term of the loan but instead ¢ is the amount of time still remaining in the future nt
is the number of payments still remaining in the future
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If the problem does not directly state the amount of time still remaining in the term of the loan, then it must be calculated
BEFORE using the above formula as ¢ = original term of loan - time already passed since the start date of the loan.

Note that there are other methods to find the outstanding balance on a loan, but the method illustrated above is the easiest.

One alternate method would be to use an amortization schedule, as illustrated toward the end of this section. An amortization
schedule shows the payments, interest, and outstanding balance step by step after each loan payment. An amortization schedule is
tedious to calculate by hand but can be easily constructed using spreadsheet software.

Another way to find the outstanding balance, that we will not illustrate here, is to find the difference A - B, where

A = the original loan amount (principal) accumulated to the date on which we want to find the outstanding balance (using
compound interest formula)

B = the accumulated value of all payments that have been made as of the date on which we want to find the outstanding balance
(using formula for accumulated value of an annuity)

In this case we would need do a compound interest calculation and an annuity calculation; we then need to find the difference
between them. Three calculations are needed instead of one.

It is a mathematically acceptable way to calculate the outstanding balance. However, it is very strongly recommended that
students use the method explained in box above and illustrated in Example 6.4.1, as it is much simpler.

PROBLEMS INVOLVING MULTIPLE STAGES OF SAVINGS AND/OR ANNUITIES
Consider the following situations:

a. Suppose a baby, Aisha, is born and her grandparents invest $5000 in a college fund. The money remains invested for 18 years
until Aisha enters college, and then is withdrawn in equal semiannual payments over the 4 years that Aisha expects to need to
finish college. The college investment fund earns 5% interest compounded semiannually. How much money can Aisha
withdraw from the account every six months while she is in college?

b. Aisha graduates college and starts a job. She saves $1000 each quarter, depositing it into a retirement savings account. Suppose
that Aisha saves for 30 years and then retires. At retirement she wants to withdraw money as an annuity that pays a constant
amount every month for 25 years. During the savings phase, the retirement account earns 6% interest compounded quarterly.
During the annuity payout phase, the retirement account earns 4.8% interest compounded monthly. Calculate Aisha’s monthly
retirement annuity payout.

These problems appear complicated. But each can be broken down into two smaller problems involving compound interest on
savings or involving annuities. Often the problem involves a savings period followed by an annuity period. ; the accumulated value
from first part of the problem may become a present value in the second part. Read each problem carefully to determine what is
needed.

v/ Example 6.4.2

Suppose a baby, Aisha, is born and her grandparents invest $8000 in a college fund. The money remains invested for 18 years
until Aisha enters college, and then is withdrawn in equal semiannual payments over the 4 years that Aisha expects to attend
college. The college investment fund earns 5% interest compounded semiannually. How much money can Aisha withdraw
from the account every six months while she is in college?

Solution

Part 1: Accumulation of College Savings: Find the accumulated value at the end of 18 years of a sum of $8000 invested at
5% compounded semiannually.

A =$8000(1 +.05/2)2*18) = $8000(1.025)3¢ = $8000(2.432535)
A= $19460.28

Part 2: Seminannual annuity payout from savings to put toward college expenses. Find the amount of the semiannual
payout for four years using the accumulated savings from part 1 of the problem with an interest rate of 5% compounded
semiannually.
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A= $19460.28 in Part 1 is the accumulated value at the end of the savings period. This becomes the present value

P=$19460.28 when calculating the semiannual payments in Part 2.

m 1+£)2X4—1]

.05)2x4 [( 2

$19460.28 (1+ )" = —575

$23710.46 = m(8.73612)
m = $2714.07

Aisha will be able to withdraw $2714.07 semiannually for her college expenses.

v/ Example 6.4.3

Aisha graduates college and starts a job. She saves $1000 each quarter, depositing it into a retirement savings account. Suppose
that Aisha saves for 30 years and then retires. At retirement she wants to withdraw money as an annuity that pays a constant
amount every month for 25 years. During the savings phase, the retirement account earns 6% interest compounded quarterly.
During the annuity payout phase, the retirement account earns 4.8% interest compounded monthly. Calculate Aisha’s monthly
retirement annuity payout.

Solution

Part 1: Accumulation of Retirement Savings: Find the accumulated value at the end of 30 years of $1000 deposited at the
end of each quarter into a retirement savings account earning 6% interest compounded quarterly.

_ $1000 [(1-&-.06/4)4*30—1}

- (.06/4)
A=$331288.19

Part 2: Monthly retirement annuity payout: Find the amount of the monthly annuity payments for 25 years using the
accumulated savings from part 1 of the problem with an interest rate of 4.8% compounded monthly.

A= $331288.19 in Part 1 is the accumulated value at the end of the savings period. This amount will become the present value
P =$331288.19 when calculating the monthly retirement annuity payments in Part 2.

m[(1+.o48/12)12x25 —1]
(:048/12)

$331288.19(1 +.048/12)12x% =

$1097285.90 = m(578.04483)
m = $1898.27

Aisha will have a monthly retirement annuity income of $1898.27 when she retires.

FAIR MARKET VALUE OF A BOND

Whenever a business, and for that matter the U. S. government, needs to raise money it does it by selling bonds. A bond is a
certificate of promise that states the terms of the agreement. Usually the business sells bonds for the face amount of $1,000 each
for a stated term, a period of time ending at a specified maturity date.

The person who buys the bond, the bondhelder, pays $1,000 to buy the bond.

The bondholder is promised two things: First that he will get his $1,000 back at the maturity date, and second that he will receive a
fixed amount of interest every six months.

As the market interest rates change, the price of the bond starts to fluctuate. The bonds are bought and sold in the market at their
fair market value.

The interest rate a bond pays is fixed, but if the market interest rate goes up, the value of the bond drops since the money invested
in the bond could earn more if invested elsewhere. When the value of the bond drops, we say it is trading at a discount.

On the other hand, if the market interest rate drops, the value of the bond goes up since the bond now yields a higher return than the
market interest rate, and we say it is trading at a premium.
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The Orange Computer Company needs to raise money to expand. It issues a 10-year $1,000 bond that pays $30 every six
months. If the current market interest rate is 7%, what is the fair market value of the bond?

Solution

The bond certificate promises us two things - An amount of $1,000 to be paid in 10 years, and a semi-annual payment of $30
for ten years. Therefore, to find the fair market value of the bond, we need to find the present value of the lump sum of $1,000
we are to receive in 10 years, as well as, the present value of the $30 semi-annual payments for the 10 years.

We will let P; = the present value of the face amount of $1,000
P(1+.07/2)%° =$1,000
Since the interest is paid twice a year, the interest is compounded twice a year and nt = 2(10)=20
P;(1.9898) = $1,000
P, =$502.56
We will let P, = the present value of the $30 semi-annual payments is
$30 [(1+.07/2)* —1]
(.07/2)

Py(1+.07/2)% =
P,(1.9898) =848.39
Py =$426.37
The present value of the lump-sum $1,000 = $502.56
The present value of the $30 semi-annual payments = $426.37
The fair market value of the bond is P = P14+ P, = $502.56 + $426.37 = $928.93

Note that because the market interest rate of 7% is higher than the bond’s implied interest rate of 6% implied by the semiannual
payments, the bond is selling at a discount; its fair market value of $928.93 is less than its face value of $1000.

v/ Example 6.4.5

A state issues a 15 year $1000 bond that pays $25 every six months. If the current market interest rate is 4%, what is the fair
market value of the bond?

Solution

The bond certificate promises two things - an amount of $1,000 to be paid in 15 years, and semi-annual payments of $25 for 15
years. To find the fair market value of the bond, we find the present value of the $1,000 face value we are to receive in 15 years
and add it to the present value of the $25 semi-annual payments for the 15 years. In this example, nt = 2(15) = 30.

We will let P; = the present value of the lump-sum $1,000
P;(1+.04/2)% =$1,000
P; =$552.07

We will let P, = the present value of the $25 semi-annual payments is

$25[(1+.04/2)3°—1]
P,(1 —|—.O4/2)30 =" 2

Py(1.18114) = $1014.20
P, = $559.90

The present value of the lump-sum $1,000 = $552.07

The present value of the $30 semi-annual payments = $559.90

https://stats.libretexts.org/@go/page/35285


https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://stats.libretexts.org/@go/page/35285?pdf

LibreTexts"

Therefore, the fair market value of the bond is
P=P +P,=%552.07+$559.90 = $1111.97

Because the market interest rate of 4% is lower than the interest rate of 5% implied by the semiannual payments, the bond is
selling at a premium: the fair market value of $1,111.97 is more than the face value of $1,000.

To summarize:

X 1o find the Fair Market Value of a Bond

Find the present value of the face amount A that is payable at the maturity date:
A =P;(1+r/n)"™; solve to find P,
Find the present value of the semiannually payments of $m over the term of the bond:

m [(1+r/n)"t —1]

Py(1+r/n)™ = /n

; solve to find Py

The fair market value (or present value or price or current value) of the bond is the sum of the present values calculated above:

P=P,+P,

AMORTIZATION SCHEDULE FOR A LOAN

An amortization schedule is a table that lists all payments on a loan, splits them into the portion devoted to interest and the portion
that is applied to repay principal, and calculates the outstanding balance on the loan after each payment is made.

v/ Example 6.4.6

An amount of $500 is borrowed for 6 months at a rate of 12%. Make an amortization schedule showing the monthly payment,
the monthly interest on the outstanding balance, the portion of the payment contributing toward reducing the debt, and the
outstanding balance.

Solution

The reader can verify that the monthly payment is $86.27.

The first month, the outstanding balance is $500, and therefore, the monthly interest on the outstanding balance is
(outstanding balance)(the monthly interest rate) = ($500)(.12/12) = $5

This means, the first month, out of the $86.27 payment, $5 goes toward the interest and the remaining $81.27 toward the
balance leaving a new balance of $500 - $81.27 = $418.73.

Similarly, the second month, the outstanding balance is $418.73, and the monthly interest on the outstanding balance is
($418.73)(.12/12) = $4.19. Again, out of the $86.27 payment, $4.19 goes toward the interest and the remaining $82.08 toward
the balance leaving a new balance of $418.73 - $82.08 = $336.65. The process continues in the table below.

Payment # Payment Interest Debt Payment Balance
1 $86.27 $5 $81.27 $418.73
2 $86.27 $4.19 $82.08 $336.65
3 $86.27 $3.37 $82.90 $253.75
4 $86.27 $2.54 $83.73 $170.02
5 $86.27 $1.70 $84.57 $85.45
6 $86.27 $0.85 $85.42 $0.03
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l Note that the last balance of 3 cents is due to error in rounding off.

An amortization schedule is usually lengthy and tedious to calculate by hand. For example, an amortization schedule for a 30 year
mortgage loan with monthly payments would have (12)(30)=360 rows of calculations in the amortization schedule table. A car loan
with 5 years of monthly payments would have 12(5)=60 rows of calculations in the amortization schedule table. However it would
be straightforward to use a spreadsheet application on a computer to do these repetitive calculations by inputting and copying
formulas for the calculations into the cells.

Most of the other applications in this section's problem set are reasonably straightforward, and can be solved by taking a little extra

care in interpreting them. And remember, there is often more than one way to solve a problem.

This page titled 6.4: Miscellaneous Application Problems is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by
Rupinder Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

e 6.5: Miscellaneous Application Problems by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:
https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.
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6.4.1: Miscellaneous Application Problems (Exercises)

SECTION 6.4 PROBLEM SET: MISCELLANEOUS APPLICATION PROBLEMS

For problems 1 - 4, assume a $200,000 house loan is amortized over 30 years at an interest rate of 5.4%.

1) Find the monthly payment.

3) Find the balance of the loan after 100 payments.

2) Find the balance owed after 20 years.

4) Find the monthly payment if the original loan were amortized
over 15 years.

6.4 PROBLEM SET: MISCELLANEOUS APPLICATION PROBLEMS

5) Mr. Patel wants to pay off his car loan. The monthly payment
for his car is $365, and he has 16 payments left. If the loan was
financed at 6.5%, how much does he owe?

7) Fourteen months after Dan bought his new car he lost his job.
His car was repossessed by his lender after he made only 14
monthly payments of $376 each. If the loan was financed over a
4-year period at an interest rate of 6.3%, how much did the car
cost the lender? In other words, how much did Dan still owe on
the car?

9) Mr. Smith is planning to retire in 25 years and would like to
have $250,000 then. What monthly payment made at the end of
each month to an account that pays 6.5% will achieve his
objective?

11) Mrs. Garcia is planning to retire in 20 years. She starts to save
for retirement by depositing $2000 each quarter into a retirement
investment account that earns 6% interest compounded quarterly.
Find the accumulated value of her retirement savings at the end of
20 years.

6) An amount of $2000 is borrowed for a year at a rate of 7%.
Make an amortization schedule showing the monthly payment, the
monthly interest on the outstanding balance, the portion of the
payment going toward reducing the debt, and the balance.

8) You have a choice of either receiving $5,000 at the end of each
year for the next 5 years or receiving $3000 per year for the next
10 years. If the current interest rate is 9%, which is better?

10) Assume Mr. Smith has reached retirement and has $250,000 in
an account which is earning 6.5%. He would now like to make
equal monthly withdrawals for the next 15 years to completely
deplete this account. Find the withdrawal payment.

12) Assume Mrs. Garcia has reached retirement and has
accumulated the amount found in question 13 in a retirement
savings account. She would now like to make equal monthly
withdrawals for the next 15 years to completely deplete this
account. Find the withdrawal payment. Assume the account now
pays 5.4% compounded monthly.

SECTION 6.4 PROBLEM SET: MISCELLANEOUS APPLICATION PROBLEMS

13) A ten-year $1,000 bond pays $35 every six months. If the
current interest rate is 8.2%, find the fair market value of the
bond.

Hint: You must do the following.

a) Find the present value of $1000.

b) Find the present value of the $35 payments.

c) The fair market value of the bond =a +b

15) A twenty-year $1,000 bond pays $30 every six months. If the
current interest rate is 4.2%, find the fair market value of the
bond.

Hint: You must do the following.

a) Find the present value of $1000.

b) Find the present value of the $30 payments.

¢) The fair market value of the bond =a +b

14) Find the fair market value of the ten-year $1,000 bond that
pays $35 every six months, if the current interest rate has dropped
to 6%.

Hint: You must do the following.

a) Find the present value of $1000.

b) Find the present value of the $35 payments.

¢) The fair market value of the bond=a +b

16) Find the fair market value of the twenty-year $1,000 bond that
pays $30 every six months, if the current interest rate has increased
to 7.5%.

SECTION 6.4 PROBLEM SET: MISCELLANEOUS APPLICATION PROBLEMS
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17) Mr. and Mrs. Nguyen deposit $10,000 into a college
investment account when their new baby grandchild is born. The
account earns 6.25% interest compounded quarterly.

a) When their grandchild reaches the age of 18, what is the
accumulated value of the college investment account?

b) The Nguyen’s grandchild has just reached the age of 18 and
started college. If she is to withdraw the money in the college
savings account n equal monthly payments over the next 4 years,
how much money will be withdrawn each month?

18) Mr. Singh is 38 and plans to retire at age 65. He opens a
retirement savings account.

a) Mr. Singh wants to save enough money to

accumulate $500,000 by the time he retires.

The retirement investment account pays 7% interest compounded
monthly. How much does he need to deposit each month to
achieve this goal?

b) Mr. Singh has now reached at 65 and retires.

How much money can he withdraw each month for 25 years if the
retirement investment account now pays 5.2% interest,
compounded monthly?

This page titled 6.4.1: Miscellaneous Application Problems (Exercises) is shared under a CC BY 4.0 license and was authored, remixed, and/or

curated by Rupinder Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

e 6.5.1: Miscellaneous Application Problems (Exercises) by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:
https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.
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6.5: Classification of Finance Problems

4b Learning Objectives

In this section, you will review the concepts of chapter 6 to:

1. Re-examine the types of financial problems and classify them.
2. Re-examine the vocabulary words used in describing financial calculations

We'd like to remind the reader that the hardest part of solving a finance problem is determining the category it falls into. So in this
section, we will emphasize the classification of problems rather than finding the actual solution.

We suggest that the student read each problem carefully and look for the word or words that may give clues to the kind of problem
that is presented. For instance, students often fail to distinguish a lump-sum problem from an annuity. Since the payments are made
each period, an annuity problem contains words such as each, every, per etc.. One should also be aware that in the case of a lump-
sum, only a single deposit is made, while in an annuity numerous deposits are made at equal spaced time intervals. To help
interpret the vocabulary used in the problems, we include a glossary at the end of this section.

Students often confuse the present value with the future value. For example, if a car costs $15,000, then this is its present value.
Surely, you cannot convince the dealer to accept $15,000 in some future time, say, in five years. Recall how we found the
installment payment for that car. We assumed that two people, Mr. Cash and Mr. Credit, were buying two identical cars both
costing $15, 000 each. To settle the argument that both people should pay exactly the same amount, we put Mr. Cash's cash of
$15,000 in the bank as a lump-sum and Mr. Credit's monthly payments of x dollars each as an annuity. Then we make sure that the
future values of these two accounts are equal. As you remember, at an interest rate of 9%

the future value of Mr. Cash's lump-sum was $15,000(1 +.09/12)% and

. (1+.09/12)6071]

the future value of Mr. Credit's annuity was 00/12

To solve the problem, we set the two expressions equal and solve for m.

The present value of an annuity is found in exactly the same way. For example, suppose Mr. Credit is told that he can buy a
particular car for $311.38 a month for five years, and Mr. Cash wants to know how much he needs to pay. We are finding the
present value of the annuity of $311.38 per month, which is the same as finding the price of the car. This time our unknown
quantity is the price of the car. Now suppose the price of the car is P, then

the future value of Mr. Cash's lump-sum is P(1 +.09/12)%, and

$311.38 [(1+.09/12)"’°71]
09/12

the future value of Mr. Credit's annuity is

Setting them equal we get,

$311.38 [(1+.09/12)6°71]
P(1+.09/12)% = e

P(1.5657) = ($311.38)(75.4241)
P(1.5657) = $23,485.57
P =$15,000.04

CLASSIFICATION OF PROBLEMS AND EQUATIONS FOR SolutionS

We now list six problems that form a basis for all finance problems.
Further, we classify these problems and give an equation for the solution.

v/ Example 6.5.1

If $2,000 is invested at 7% compounded quarterly, what will the final amount be in 5 years?

Classification: Future (accumulated) Value of a Lump-sum or FV of a lump-sum.
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Equation:

FV = A = $2000(1 +.07/4)2

v/ Example 6.5.2

How much should be invested at 8% compounded yearly, for the final amount to be $5,000 in five years?
Classification: Present Value of a Lump-sum or PV of a lump-sum.
Equation:

PV(1+.08)% =$5,000

v Example 6.5.3

If $200 is invested each month at 8.5% compounded monthly, what will the final amount be in 4 years?
Classification: Future (accumulated) Value of an Annuity or FV of an annuity.
Equation:

~ $200[(1+.085/12)*° —1]

FV=A
.085/12

v/ Example 6.5.4

How much should be invested each month at 9% for it to accumulate to $8,000 in three years?
Classification: Sinking Fund Payment
Equation:
m [(1+.09/12)* —1]
.09/12

= $8,000

v/ Example 6.5.5

Keith has won a lottery paying him $2,000 per month for the next 10 years. He'd rather have the entire sum now. If the
interest rate is 7.6%, how much should he receive?

Classification: Present Value of an Annuity or PV of an annuity.
Equation:

$2000 [(1+.076/12)120 —1]
.076/12

PV(1+.076,/12)%° =

v/ Example 6.5.6

Mr. A has just donated $25,000 to his alma mater. Mr. B would like to donate an equivalent amount, but would like to pay
by monthly payments over a five year period. If the interest rate is 8.2%, determine the size of the monthly payment?

Classification: Installment Payment.
Equation:

m [(1+.082/12)%0 —1]

=$25,000(1 +.082/12)%

.082/12
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GLOSSARY: VOCABULARY AND SYMBOLS USED IN FINANCIAL CALCULATIONS

As we’ve seen in these examples, it’s important to read the problems carefully to correctly identify the situation. It is essential to
understand to vocabulary for financial problems. Many of the vocabulary words used are listed in the glossary below for easy

reference.
t Term
P Principal
P Present Value
A Accumulated Value
Future Value
D Discount
m Periodic Payment
Number of payment periods and
n

compounding periods per year

Time period for a loan or investment. In this
book t is represented in years and should be
converted into years when it is stated in
months or other units.

Principal is the amount of money borrowed
in a loan.
If a sum of money is invested for a period
of time, the sum invested at the start is the
Principal.

Value of money at the beginning of the time
period.

Value of money at the end of the time
period

In loans involving simple interest, a
discount occurs if the interest is deducted
from the loan amount at the beginning of
the loan period, rather than being repaid at
the end of the loan period.

The amount of a constant periodic payment
that occurs at regular intervals during the
time period under consideration (examples:
periodic payments made to repay a loan,
regular periodic payments into a bank
account as savings, regular periodic
payment to a retired person as an annuity,)

In this book, when we consider periodic
payments, we will always have the
compounding period be the same as the
payment period.

In general the compounding and payment
periods do not have to be the same, but the
calculations are more complicated if they
are different. If the periods differ, formulas
for the calculations can be found in finance
textbooks or various online resources.
Calculations can easily be done using
technology such as an online financial
calculator, or financial functions in a
spreadsheet, or a financial pocket

calculator.
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nt = (number of periods per year)

X (number of years)

nt gives the total number of payment and

compounding periods

In some situations we will calculate nt as

the multiplication shown above. In other

nt Number of periods situations the pro.bl.em ma}f state nt, such as
a problem describing an investment of 18
months duration compounded monthly. In
this example: nt = 18 months and n = 12;
then ¢ = 1.5 years but ¢ is not stated
explicitly in the problem. The TI-84+
calculators built in TVM solver uses
N =nt.

The stated annual interest rate. This is
stated as a percent but converted to decimal
form when using financial calculation

Annual interest rate formulas.

Nominal rate If a bank account pays 3% interest
compounded quarterly, then 3% is the
nominal rate, and it is included in the
financial formulas as r = 0.03

If a bank account pays 3% interest
compounded quarterly, then r/n = 0.03/4 =

r/n Interest rate per compounding period 0. 075, corresponding to a rate of 0.75% per
quarter. Some Finite Math books use the
symbol  to represent r /n

The effective rate is the interest rate
compounded annually that would give the

Effective Rate same interest rate as the compounded rate
— Effective Annual Interest Rate stated for the investment.
APY Annual Percentage Yield The effective rate provides a uniform way
APR Annual Percentage Rate for investors or borrowers to compare
different interest rates with different
compounding periods.
Money paid by a borrower for the use of
money borrowed as a loan.
Money earned over time when depositing
money into a savings account, certificate of
I Interest deposit, or money market account. When a

person deposits money in a bank account,
the person depositing the funds is
essentially temporarily lending the money
to the bank and the bank pays interest to the

depositor.
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A fund set up by making payments over a
period of time into a savings or investment
account in order to save to fund a future
Sinking Fund purchase. Businesses use sinking. funds to
save for a future purchase of equipment at
the end of the savings period by making
periodic installment payments into a

sinking fund.

An annuity is a stream of periodic
payments. In this book it refers to a stream
of constant periodic payments made at the
end of each compounding period for a
specific amount of time.

In common use the term annuity generally
refers to a constant stream of periodic
payments received by a person as

Annuity retirement income, such as from a pension.

Annuity payments in general may be made
at the end of each payment period (ordinary
annuity) or at the start of each period
(annuity due).

The compounding periods and payment
periods do not need to be equal, but in this
textbook we only consider situations when
these periods are equal.

A single sum of money paid or deposited at
one time, rather than being spread out over
time.
An example is lottery winnings if the
Lump Sum recipient cl?ooses to receilve a single “?urn.p
sum” one-time payment, instead of periodic
payments over a period of time or as.
Use of the word lump sum indicates that
this is a one time transaction and is not a

stream of periodic payments.

An amount of money that is borrowed with
the understanding that the borrower needs
to repay the loan to the lender in the future
by the end of a period of time that is called
the term of the loan.
The repayment is most often accomplished
through periodic payments until the loan
Loan has been completely repaid over the term of
the loan.
However there are also loans that can be
repaid as a single sum at the end of the term
of the loan, with interest paid -either
periodically over the term or in a lump sum
at the end of the loan or as a discount at the

start of the loan.
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6.5.1: Classification of Finance Problems (Exercises)

SECTION 6.5 PROBLEM SET: CLASSIFICATION OF FINANCE PROBLEMS
Let the letters A, B, C, D, E and F be represented as follows:
A=FVofalumpsum C = FV ofanannuity E = Installment payment
B= PV ofalump-sum D = sinking fund payment F = PV of an annuity
Classify each by writing the appropriate letter in the box, and write an equation for solution.
1) What monthly deposits made to an account paying 9% will grow to $10,000 in 4 years?
2) An amount of $4000 is invested at 6% compounded daily. What will the final amount be in 5 years?

3) David has won a lottery paying him $10,000 per month for the next 20 years. He'd rather have the whole amount in one lump
sum now. If the current interest rate is 7%, how much money can he hope to get?

4) Each month Linda deposits $250 in an account that pays 9%. How much money will she have in 4 years?
5) Find the monthly payment for a $15,000 car if the loan is amortized over 4 years at a rate of 10%.

6) What lump-sum deposited in an account paying 7% compounded daily will grow to $10,000 in 5 years?
7) What amount of quarterly payments will amount to $250,000 in 5 years at a rate of 8%?

8) The Chang family bought their house 25 years ago. They had their loan financed for 30 years at an interest rate of 11% resulting
in a payment of $1350 a month. Find the balance of the loan.

A 10-year $1000 bond pays $35 every six months. If the current interest rate is 8%, in order to find the fair market value of the
bond, we need to find the following.

9) The present value of $1000.

10) The present value of the $35 per six month payments.

SECTION 6.5 PROBLEM SET: CLASSIFICATION OF FINANCE PROBLEMS
A=FV ofalump-sum C = FV of an annuity FE = Installment payment
B=PVofalump-sum D = sinking fund payment F = PV of an annuity

11) What lump-sum deposit made today is equal to 33 monthly deposits of $500 if the interest rate is 8%?

12) What monthly deposits made to an account paying 10% will accumulated to $10,000 in six years?

13) A department store charges a finance charge of 1.5% per month on the outstanding balance.
If Ned charged $400 three months ago and has not paid his bill, how much does he owe?

14) What will the value of $300 monthly deposits be in 10 years if the account pays 12% compounded monthly?
15) What lump-sum deposited at 6% compounded daily will grow to $2000 in three years?

16) A company buys an apartment complex for $5,000,000 and amortizes the loan over 10 years.
What is the yearly payment if the interest rate is 14%?

17) In 2002, a house in Rock City cost $300,000. Real estate in Rock City has been increasing in value at the annual rate of 5.3%..
Find the price of that house in 2016.

18) You determine that you can afford to pay $400 per month for a car. What is the maximum price you can pay for a car if the
interest rate is 11% and you want to repay the loan in 4 years?

19) A business needs $350,000 in 5 years. How much lump-sum should be put aside in an account that pays 9% so that five years
from now the company will have $350,000?

20) A person wishes to have $500,000 in a pension fund 20 years from now. How much should he deposit each month in an
account paying 9% compounded monthly?
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6.6: Chapter Review
SECTION 6.6 PROBLEM SET: CHAPTER REVIEW

1. Manuel borrows $800 for 6 months at 18% simple interest. How much does he owe at the end of 6 months?
2. The population of a city is 65,000 and expects to grow at a rate of 2.3% per year for the next 10 years. What will the population
of this city be in 10 years?
3. The Gill family is buying a $250,000 house with a 10% down payment. If the loan is financed over a 30 year period at an
interest rate of 4.8%, what is the monthly payment?
4. Find the monthly payment for the house in the above problem if the loan was amortized over 15 years.
5. You look at your budget and decide that you can afford $250 per month for a car. What is the maximum amount you can afford
to pay for the car if the interest rate is 8.6% and you want to finance the loan over 5 years?
6. Mr. Nakahama bought his house in the year 1998. He had his loan financed for 30 years at an interest rate of 6.2% resulting in a
monthly payment of $1500. In 2015, 17 years later, he paid off the balance of the loan. How much did he pay?
7. Lisa buys a car for $16,500, and receives $2400 for her old car as a trade-in value. Find the monthly payment for the balance if
the loan is amortized over 5 years at 8.5%.
8. A car is sold for $3000 cash down and $400 per month for the next 4 years. Find the cash value of the car today if the money is
worth 8.3% compounded monthly.
9. An amount of $2300 is borrowed for 7 months at a simple interest rate of 16%. Find the discount and the proceeds.
10. Marcus has won a lottery paying him $5000 per month for the next 25 years. He'd rather have the whole amount in one lump
sum today. If the current interest rate is 7.3%, how much money can he hope to get?
11. In the year 2000, an average house in Star City cost $250,000. If the average annual inflation rate for the past years has been
about 4.7%, what was the price of that house in 2015?
12. Find the 'fair market' value of a ten-year $1000 bond which pays $30 every six months if the current interest rate is 7%. What if
the current interest rate is 5%?
13. A Visa credit card company has a finance charge of 1.5% per month (18% per year) on the outstanding balance. John owed
$3200 and has been delinquent for 5 months. How much total does he owe, now?
14. You want to purchase a home for $200,000 with a 30-year mortgage at 9.24% interest. Find

a. the monthly payment
b. the balance owed after 20 years.

15. When Jose bought his car, he amortized his loan over 6 years at a rate of 9.2%, and his monthly payment came out to be $350
per month. He has been making these payments for the past 40 months and now wants to pay off the remaining balance. How
much does he owe?

16. A lottery pays $10,000 per month for the next 20 years. If the interest rate is 7.8%, find both its present and future values.

17. A corporation estimates it will need $300,000 in 8 years to replace its existing machinery. How much should it deposit each
quarter in a sinking fund earning 8.4% compounded quarterly to meet this obligation?

18. Our national debt in 1992 was about $4 trillion. If the annual interest rate was 7% then, what was the daily interest on the
national debt?

19. A business must raise $400,000 in 10 years. What should be the size of the owners' monthly payments to a sinking fund paying
6.5% compounded monthly?

20. The population of a city of 80,000 is growing at a rate of 3.2% per year. What will the population be at the end of 10 years?

21. A sum of $5000 is deposited in a bank today. What will the final amount be in 20 months if the bank pays 9% and the interest is
compounded monthly?

22. A manufacturing company buys a machine for $500 cash and $50 per month for the next 3 years. Find the cash value of the
machine today if the money is worth 6.2% compounded monthly.

23. The United States paid about 4 cents an acre for the Louisiana Purchase in 1803. Suppose the value of this property grew at a
rate of 5.5% annually. What would an acre be worth in the year 2000?

24. What amount should be invested per month at 9.1% compounded monthly so that it will become $5000 in 17 months?

25. A machine costs $8000 and has a life of 5 years. It can be leased for $160 per month for 5 years with a cash down payment of
$750. The current interest rate is 8.3%. Is it cheaper to lease or to buy?

26. If inflation holds at 5.2% per year for 5 years, what will be the cost in 5 years of a car that costs $16,000 today? How much will
you need to deposit each quarter in a sinking fund earning 8.7% per year to purchase the new car in 5 years?

https://stats.libretexts.org/@go/page/35289



https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://stats.libretexts.org/@go/page/35289?pdf
https://stats.libretexts.org/Courses/Fresno_City_College/New_FCC_DS_21_Finite_Mathematics_-_Spring_2023/06%3A_Mathematics_of_Finance/6.06%3A_Chapter_Review

LibreTexts"

27. City Bank pays an interest rate of 6%, while Western Bank pays 5.8% compounded continuously. Which one is a better deal?

28. Ali has inherited $20,000 and is planning to invest this amount at 7.9% interest. At the same time he wishes to make equal
monthly withdrawals to use up the entire sum in 5 years. How much can he withdraw each month?

29. Jason has a choice of receiving $300 per month for the next 5 years or $500 per month for the next 3 years. Which one is worth
more if the current interest rate is 7.7%?

30. If a bank pays 6.8% compounded continuously, how long will it take to double your money?

31. A mutual fund claims a growth rate of 8.3% per year. If $500 per month is invested, what will the final amount be in 15 years?

32. Mr. Vasquez has been given two choices for his compensation. He can have $20,000 cash plus $500 per month for 10 years, or
he can receive $12,000 cash plus $1000 per month for 5 years. If the interest rate is 8%, which is the better offer?

33. How much should Mr. Shackley deposit in a trust account so that his daughter can withdraw $400 per month for 4 years if the
interest rate is 8%?

34. Mr. Albers borrowed $425,000 from the bank for his new house at an interest rate of 4.7%. He will make equal monthly
payments for the next 30 years. How much money will he end up paying the bank over the life of the loan, and how much is the
interest?

35. Mr. Tong puts away $500 per month for 10 years in an account that earns 9.3%. After 10 years, he decides to withdraw $1,000
per month. If the interest rate stays the same, how long will it take Mr. Tong to deplete the account?

36. An amount of $5000 is borrowed for 15 months at an interest rate of 9%. Find the monthly payment and construct an
amortization schedule showing the monthly payment, the monthly interest on the outstanding balance, the amount of payment
contributing towards debt, and the outstanding debt.

This page titled 6.6: Chapter Review is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Rupinder Sekhon and
Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

e 6.7: Chapter Review by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:
https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.
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7: Matrices

4) Learning Objectives

In this chapter, you will learn to:

1. Do matrix operations.

2. Solve linear systems using the Gauss-Jordan method.
3. Solve linear systems using the matrix inverse method.
4. Do application problems.

+ 7.1: Introduction to Matrices

A matrix is a 2-dimensional array of numbers arranged in rows and columns. Matrices provide a method of organizing,
storing, and working with mathematical information. Matrices have an abundance of applications and use in the real world.
Matrices provide a useful tool for working with models based on systems of linear equations. We’ll use matrices in sections
7.2,7.3, and 7.4 to solve systems of linear equations with several variables in this chapter.

7.1.1: Introduction to Matrices (Exercises)
+ 7.2: Systems of Linear Equations and the Gauss-Jordan Method

In this section, we learn to solve systems of linear equations using a process called the Gauss-Jordan method by first
expressing the system as a matrix, and then reducing it to an equivalent system by simple row operations. The process is
continued until the solution is obvious from the matrix. The matrix that represents the system is called the augmented
matrix, and the arithmetic manipulation that is used to move from a system to a reduced equivalent system is called a row
operation.

7.2.1: Systems of Linear Equations and the Gauss-Jordan Method (Exercises)

7.3: Systems of Linear Equations — Special Cases

7.3.1: Systems of Linear Equations — Special Cases (Exercises)
» 7.4: Inverse Matrices

In this section, we will learn to find the inverse of a matrix, if it exists. Later, we will use matrix inverses to solve linear
systems.

7.4.1: Inverse Matrices (Exercises)

7.5: Application of Matrices in Cryptography

In this section, we will learn to find the inverse of a matrix, if it exists. Later, we will use matrix inverses to solve linear
systems.

7.5.1: Application of Matrices in Cryptography (Exercises)

7.6: Applications - Leontief Models

In this section we will examine an application of matrices to model economic systems.

7.6.1: Applications — Leontief Models (Exercises)
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7.7: Chapter Review

Thumbnail: (via Wikipedia)
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7.1: Introduction to Matrices

4b Learning Objectives

In this section, you will learn to:

1. Add and subtract matrices.
2. Multiply a matrix by a scalar.
3. Multiply two matrices.

A matrix is a 2-dimensional array of numbers arranged in rows and columns. Matrices provide a method of organizing, storing, and
working with mathematical information. Matrices have an abundance of applications and use in the real world. Matrices provide a
useful tool for working with models based on systems of linear equations. We’ll use matrices in sections 7.2, 7.3, and 7.4 to solve
systems of linear equations with several variables in this chapter.

Matrices are used in encryption, which we will explore in section 7.5, and in economic modeling, explored in section 7.6. We use
matrices again in Chapter 9, in optimization problems such as maximizing profit/revenue or minimizing cost. Matrices are used in
business for scheduling, routing transportation and shipments, and managing inventory.

Just about any application that collects and manages data can apply matrices. The use of matrices has grown as the availability of
data in many areas of life and business has increased. They are important tools for organizing data and solving problems in all
fields of science (physics, chemistry, biology, genetics, meteorology, and economics). In computer science, matrix mathematics lies
behind the animation of images in movies and video games.

Computer science analyzes diagrams of networks to understand how things are connected, such as relationships between people on
a social website, relationships between results in line searches, and how people link from one website to another. The mathematics
to work with network diagrams comprise the field of “graph theory”; it relies on matrices to organize the information in the graphs
that diagram connections and associations in a network. For example, if someone uses Facebook, Linked In, or other social media
sites, these sites use network graphs and matrices to organize their relationships with other users.

Introduction to Matrices

A matrix is a rectangular array of numbers. Matrices are useful in organizing and manipulating large amounts of data. In order to
understand matrices, we will look at the following example.

v/ Example 7.1.1

Fine Furniture Company makes chairs and tables at its San Jose, Hayward, and Oakland factories. The total production, in
hundreds, from the three factories for the years 2014 and 2015 is listed in the table below.

2014 2015
CHAIRS TABLES CHAIRS TABLES
SAN JOSE 30 18 36 20
HAYWARD 20 12 24 18
OAKLAND 16 10 20 12

a. Represent the production for the years 2014 and 2015 as the matrices A and B.

b. Find the difference in sales between the years 2014 and 2015.

c. The company predicts that in the year 2020, the production at these factories will be double that of the year 2014. What will
the production be for the year 20207

Solution

a) The matrices are as follows:

https://stats.libretexts.org/@go/page/35291



https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://stats.libretexts.org/@go/page/35291?pdf
https://stats.libretexts.org/Courses/Fresno_City_College/New_FCC_DS_21_Finite_Mathematics_-_Spring_2023/07%3A_Matrices/7.01%3A_Introduction_to_Matrices

LibreTexts"

(30 18]
A=|20 12
|16 10
(36 20
B= |24 18
(20 12]

b) We are looking for the matrix B — A . When two matrices have the same number of rows and columns, the matrices can be
added or subtracted entry by entry. Therefore, we get

36 -30 20-18 6 2
B-A={24-20 18-12|=|4 6
20—-16 12-10 4 2

¢) We would like a matrix that is twice the matrix of 2014, i.e., 2 A.

Whenever a matrix is multiplied by a number, each entry is multiplied by the number.

30 18 60 36
2A=2120 12| = (40 24
16 10 32 20

Before we go any further, we need to familiarize ourselves with some terms that are associated with matrices. The numbers in a
matrix are called the entries or the elements of a matrix.

Whenever we talk about a matrix, we need to know the size or the dimension of the matrix. The dimension of a matrix is the
number of rows and columns it has. When we say a matrix is a “3 by 4 matrix”, we are saying that it has 3 rows and 4 columns.
The rows are always mentioned first and the columns second. This means that a 3 X 4 matrix does not have the same dimension as
a4 x 3 matrix.

1 4 -2 0
A=13 -1 7 9
6 2 0 5

2 9 8

B— -3 0 1

6 5 -2

-4 7 8

Matrix A has dimensions 3 x 4 and matrix B has dimensions 4 x 3.

A matrix that has the same number of rows as columns is called a square matrix. A matrix with all entries zero is called a zero
matrix. A square matrix with 1's along the main diagonal and zeros everywhere else, is called an identity matrix. When a matrix
(size r x ) is multiplied by an identity matrix(size ¢ x c), the matrix remains the same (size r x c).

1 00
I=(0 10
0 0 1

Matrix I is a 3 x 3 identity matrix

A matrix with only one row is called a row matrix, and a matrix with only one column is called a column matrix. Two matrices
are equal if they have the same size and the corresponding entries are equal.

The following operations can be performed on matrices: addition, subtraction, scalar multiplication, and matrix multiplication. The
topics are defined in the sections below.
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Matrix Addition and Subtraction

If two matrices are the same size, they can be added or subtracted. The operations are performed on corresponding entries.

v/ Example 7.1.2

Given the matrices A, B, C and D, below

1 2 4 2 -1 3 4 —2
A=1(2 3 1 B=12 4 2| C=|2 D=]-3
5 0 3 3 6 1 3 4
Find, if possible.
a. A+B
b.C—D
c A+D.
Solution

As we mentioned earlier, matrix addition and subtraction involve performing these operations entry by entry.

a) We add each element of A to the corresponding entry of B.

1+2 2+4+-1 4+3
A+B=|24+2 344 1+2
5+3 0+6 3+1

A+B=

0 B w
N
INGICERN

b) Just like the problem above, we perform the subtraction entry by entry.

4—(-2)
C-D=|2-(-3)
3-4

6

C-D=| 5
-1

) The sum A + D cannot be found because the two matrices have different sizes.

Note: Two matrices can only be added or subtracted if they have the same dimension.

Multiplying a Matrix by a Scalar

If a matrix is multiplied by a scalar, each entry is multiplied by that scalar. We can consider scalar multiplication as multiplying a
number and a matrix to obtain a new matrix as the product.

v/ Example 7.1.3

Given the matrix A and C in the example above, find 24 and —3C.

Solution

To find 2 A, we multiply each entry of matrix A by 2, and to find —3C, we multiply each entry of C by -3. The results are
given below.

a) We multiply each entry of A by 2.
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b) We multiply each entry of C by -3.

Multiplication of Two Matrices

2.1 2.2 2.4
2A=12.2 2.3 2.1
2.5 2.0 2-3
2 4 8
2A=|4 6 2
10 0 6
~3.4
—3C=1|-3.2
-3.3
~12
—3C=| -6

Multiplying two matrices is not as easy as the addition, subtraction, or scalar multiplication of matrices. Because of its wide use in
application problems, it is important that we learn it well. Therefore, we will try to learn the process in a step-by-step manner. We

first begin by finding a product of a row matrix and a column matrix.

v/ Example 7.1.4

Find the product AB, given

and

Solution

v/ Example 7.1.5

Find the product AB, given

and

Solution

A=[2 3 4]

AB=[2 3 4]

0 oo

= [2a+3b+4c]

Note that AB is a 1 X 1 matrix, and its only entry is 2a + 3b+4c.

The product is a 1 x 1 matrix whose entry is obtained by multiplying the corresponding entries and then forming the sum.
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Again, we multiply the corresponding entries and add.

5
AB=[2 3 4]|6
7
=[2-5+3-6+4-7]
= [10+18 +28]
= [56]

Note: In order for a product of a row matrix and a column matrix to exist, the number of entries in the row matrix must be the same
as the number of entries in the column matrix.

v/ Example 7.1.6

Find the product AB, given
A=[2 3 4]

and

Solution

We know how to multiply a row matrix by a column matrix. To find the product AB, in this example, we will multiply the row
matrix A to both the first and second columns of matrix B, resulting in a 1 x 2 matrix.

AB=[2.5+3-6+4-7 2-3+3-44+4.5]=[56 38]

We multiplied a 1 x 3 matrix by a matrix whose size is 3 x 2. So unlike addition and subtraction, it is possible to multiply two
matrices with different dimensions, if the number of entries in the columns of the first matrix is the same as the number of
entries in the rows of the second matrix.

v/ Example 7.1.7

Find the product AB, given:

A [2 3 4]
1 2 3
and
5 3
B=1|6 4
7 5
Solution

This time we are multiplying two rows of the matrix A with two columns of the matrix B. Since the number of entries in each
row of A is the same as the number of entries in each column of B, the product is possible. We do exactly what we did in the
last example. The only difference is that the matrix A has one more row.

We multiply the first row of the matrix A with the two columns of B, one at a time, and then repeat the process with the
second row of A. We get
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5 3
AB:[z 3 4] 3 4 :[2-5+3~6+4-7 2:3+3-4+4-5
12 31|, 1-5+2-6+3-7 1-3+2-4+3-5
AB:[56 38]
38 26

v/ Example 7.1.8

Find, if possible:

a. EF
b. FE
c FH
d GH
e. HG

Solution

a) To find EF, we multiply the firstrow [1 2]

of E with the columns [g] and [1 ] of the matrix F, and then repeat the process by multiplying the other two rows of E

with these columns of F. The result is as follows:

1 2 9 1 1.242-3 1--1+2-2 8 3
EF=14 2 [3 2]2 4-24+2-3 4--1+2-2 (=14
3 1 3-2+1-3 3-—-1+1-2 9 -1

b) Product F'E is not possible because the matrix F has two entries in each row, while the matrix E has three entries in each
column. In other words, the matrix F has two columns, while the matrix E has three rows.

(o]
e Sl 1 1 il S Y
d)
GH=[4 1] [:‘;’] = [:_3“'_1: =[-13]
e)

HG:[_::]M 1]:[::;: :i)ﬂ:__lf :i)]

We summarize some important properties of matrix multiplication that we observed in the previous examples.
In order for product A B to exist:

o the number of columns of A must equal the number of rows of B
o if matrix A has dimension m x n and matrix B has dimension n X p, then the product AB will be a matrix with
dimension m X p.

Matrix multiplication is not commutative: if both matrix products AB and BA exist, most of the time AB will not equal
BA.
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Given matrices R, S, and T below, find 2RS — 35T .
1 0 2 0 -1 2 -2 3 0
R=12 15 S=13 1 0 T=1]-3
2 31 4 2 1 -1 1
Solution
We multiply the matrices R and S.
8 3 4
RS=1]23 9 9
13 3 5
8 3 4 16 6 8
2RS=2(23 9 9| =46 18 18
13 3 5 26 6 10
1 0 -2
ST=] -9 11 2
—-15 17 4
1 0 -2 3 0 —6
3ST=3| -9 11 2 |=|-27 33 6
—-15 17 4 —45 51 12
Thus
16 6 8 3 0 —6 13 6 14
2RS—-3ST= |46 18 18| —|-27 33 6 | =73 —-15 12
26 6 10 —45 51 12 71 —45 -2
v/ Example 7.1.10
Find F? given matrix
2 -1
=5 ,']
3 2
Solution
F2 is found by multiplying matrix F' by itself, using matrix multiplication.
B2 _ 2 —1]|[2 -1 _ 2:24(-1)-3 2-(-1)+(-1)-2 _ 1 -4
3 2 3 2 3-242-3 3-(-1)+2-2 12 1
Note that F'? is not found by squaring each entry of matrix F'. The process of raising a matrix to a power, such as finding F2,
is only possible if the matrix is a square matrix.

USING MATRICES TO REPRESENT A SYSTEM OF LINEAR EQUATIONS

In this chapter, we will be using matrices to solve linear systems. In section 7.4, we will be asked to express linear systems as the

matrix equation AX = B, where A, X, and B are matrices.

e Matrix A is called the coefficient matrix.
e Matrix X is a matrix with 1 column that contains the variables.
e Matrix B is a matrix with 1 column that contains the constants.
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Verify that the system of two linear equations with two unknowns:
az +by =h (7.1.1)
cx+dy=k
can be written as AX = B, where
S I SH RSN
c d Y k
Solution
If we multiply the matrices A and X, we get
AX = [a b] [m] _ [am—i—by]
c d] |y cx +dy
If AX = B then
[ az +by ] B [h]
cx+dy |k
If two matrices are equal, then their corresponding entries are equal. It follows that
by=~h
az+oy (7.1.2)
cx+dy=k
v/ Example 7.1.12
Express the following system as a matrix equation in the form AX = B.
2z +3y—4z=5
3z +4y—52=6 (7.1.3)
52 —6z=7
Solution
This system of equations can be expressed in the form AX = B as shown below.
2 3 4 x 5
3 4 -5 y|l =16
5 0 —6 z 7

This page titled 7.1: Introduction to Matrices is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Rupinder Sekhon
and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

e 2.1: Introduction to Matrices by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:

https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.
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7.1.1: Introduction to Matrices (Exercises)

A vendor sells hot dogs and corn dogs at three different locations. His total sales(in hundreds) for January and February from the
three locations are given in the table below.

JANUARY FEBRUARY
HOT DOGS CORN DOGS HOT DOGS CORN DOGS
PLACEI 10 8 8 7
PLACE II 8 6 6 7
PLACE III 6 4 6 5

Represent these tables as 3 x 2 matrices J and F', and answer problems 1 - 5.

1) Determine total sales for the two months, that is, find J + F'. 2) Find the difference in sales, J — F'.

4) If March sales will be up from February by 10%, 15%, and 20%
3) If hot dogs sell for $3 and corn dogs for $2, find the revenue at Place I, Place II, and Place III, respectively, find the expected
from the sale of hot dogs and corn dogs. Hint: Let P bea 2 x 1 number of hot dogs and corn dogs to be sold
matrix. Find (J+ F)P. in March. Hint: Let R be a 1 x 3 matrix with entries 1.10, 1.15,
and 1.20. Find M = RF'.

5) Hots dogs sell for $3 and corn dogs sell for $2. Using matrix M that predicts the number of hot dogs and corn dogs expected to be
sold in March from problem (4), find the 1 x 1 matrix that predicts total revenue in March. Hint: Use 2 x 1 price matrix P from
problem (3) and find M P.

Determine the sums and products in problems 6-13. Given the matrices A, B, C, and D as follows:

3 6 1 1 -1 2 1
A=1]0 1 3 B=]1 4 2 C=12 D=[2 3 2]
2 4 1 3 11 3
6)3A—2B 7) AB
8) BA 9) AB+ BA
10) A? 11) 2BC
12)2CD+ 3AB 13) A’B
m n a b| m n a b|
14)Let E = [ } and F = [ ],flndEF. 15) Let E = { ] and F = [ ],flndFE.
p q c d p q c d
561 * 17LtG—361 dH—mEl'hth
16)LetG=|0 1 3| and H= |y |, find GH. ) Let G=10 1 3| andH=y| . Explain why the
9 4 1 . 2 4 1 z

product HG does not exist.

Express the following systems as AX = B, where A, X, and B are matrices.

8 19)

T—2y+2z=3
(7.1.1.1) T—3y+42="7 (7.1.1.2)
T—2y—3z2=-12

4z —5y==6
Sbr—6y="7
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21)
20)
2 3 2w =14
9%+ 37 — 17 T + 2y + 3z + 2w g
T — — z
32— 2y =10 (7.1.1.3) 4 (7.1.1.4)
Byt 22 — 11 y — 2z + 4w =9
y+2e= x + 3z + 3w =15

This page titled 7.1.1: Introduction to Matrices (Exercises) is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by
Rupinder Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

e 2.1.1: Introduction to Matrices (Exercises) by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:
https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.
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7.2: Systems of Linear Equations and the Gauss-Jordan Method

4b Learning Objectives

In this section you will learn to

1. Represent a system of linear equations as an augmented matrix
2. Solve the system using elementary row operations.

In this section, we learn to solve systems of linear equations using a process called the Gauss-Jordan method. The process begins
by first expressing the system as a matrix, and then reducing it to an equivalent system by simple row operations. The process is
continued until the solution is obvious from the matrix. The matrix that represents the system is called the augmented matrix, and
the arithmetic manipulation that is used to move from a system to a reduced equivalent system is called a row operation.

v/ Example 7.2.1

Write the following system as an augmented matrix.
2¢+3y—4z=5
3z +4y —5z=—6
4x+5y—62="7
Solution
We express the above information in matrix form. Since a system is entirely determined by its coefficient matrix and by its

matrix of constant terms, the augmented matrix will include only the coefficient matrix and the constant matrix. So the
augmented matrix we get is as follows:

2 3 4|5
3 4 5|6
4 5 6|7

In the last section, we expressed the system of equations as AX = B, where A represented the coefficient matrix, and B the
matrix of constant terms. As an augmented matrix, we write the matrix as [ A | B } . It is clear that all of the information is

maintained in this matrix form, and only the letters z, y and z are missing. A student may choose to write z, y and z on top of the
first three columns to help ease the transition.

v/ Example 7.2.2

For the following augmented matrix, write the system of equations it represents.

13 -5 | 2

2 0 -3 | -5
3 2 -3 | -1
Solution
The system is readily obtained as below.
z+3y—95z=2
2z —3z=-H

3x+2y—3z2=-1

Once a system is expressed as an augmented matrix, the Gauss-Jordan method reduces the system into a series of equivalent
systems by using the row operations. This row reduction continues until the system is expressed in what is called the reduced row
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echelon form. The reduced row echelon form of the coefficient matrix has 1's along the main diagonal and zeros elsewhere. The
solution is readily obtained from this form.

The method is not much different form the algebraic operations we employed in the elimination method in the first chapter. The
basic difference is that it is algorithmic in nature, and, therefore, can easily be programmed on a computer.

We will next solve a system of two equations with two unknowns, using the elimination method, and then show that the method is
analogous to the Gauss-Jordan method.

v/ Example 7.2.3

Solve the following system by the elimination method.

x+3y="7
3z +4y=11

Solution

We multiply the first equation by — 3, and add it to the second equation.

-3z -9y =-21
3z +4y =11
—5y =-10

By doing this we transformed our original system into an equivalent system:

z+3y =7
—by =—10

We divide the second equation by — 5, and we get the next equivalent system.

z+3y =7
y=2

Now we multiply the second equation by — 3 and add to the first, we get

z=1
y:

v/ Example 7.2.4

Solve the following system from Example 3 by the Gauss-Jordan method, and show the similarities in both methods by writing
the equations next to the matrices.

23y =1 (7.2.1)
3z+4y =11

Solution

The augmented matrix for the system is as follows.
1 3 | 7 x+3y="7
3 4 | 11 3z +4y=11
We multiply the first row by — 3, and add to the second row.
o 1) [T Tl
0 -5 | -10 -5y =-10

We divide the second row by — 5, we get,

[1 3 | 7] [a:—|—3y :7]
01 | 2 y =2
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Finally, we multiply the second row by — 3 and add to the first row, and we get,
10 | 1 z=1
01 | 2 y=2

Now we list the three row operations the Gauss-Jordan method employs.

X Row Operations

1. Any two rows in the augmented matrix may be interchanged.
2. Any row may be multiplied by a non-zero constant.
3. A constant multiple of a row may be added to another row.

One can easily see that these three row operation may make the system look different, but they do not change the solution of the
system.

The first row operation states that if any two rows of a system are interchanged, the new system obtained has the same solution as
the old one. Let us look at an example in two equations with two unknowns. Consider the system

x+3y =7
3z +4y =11
We interchange the rows, and we get,
3z +4y =11
x+3y =7

Clearly, this system has the same solution as the one above.

The second operation states that if a row is multiplied by any non-zero constant, the new system obtained has the same solution as
the old one. Consider the above system again,

x+3y =7
3z +4y =11
We multiply the first row by —3, we get,
-3z -9y =-21
3z +4y =11

Again, it is obvious that this new system has the same solution as the original.
The third row operation states that any constant multiple of one row added to another preserves the solution. Consider our system,
x+3y =7
3z +4y =11

If we multiply the first row by —3, and add it to the second row, we get,

And once again, the same solution is maintained.

Now that we understand how the three row operations work, it is time to introduce the Gauss-Jordan method to solve systems of
linear equations. As mentioned earlier, the Gauss-Jordan method starts out with an augmented matrix, and by a series of row
operations ends up with a matrix that is in the reduced row echelon form.

A matrix is in the reduced row echelon form if the first nonzero entry in each row is a 1, and the columns containing these 1's
have all other entries as zeros. The reduced row echelon form also requires that the leading entry in each row be to the right of the
leading entry in the row above it, and the rows containing all zeros be moved down to the bottom. We state the Gauss-Jordan
method as follows.
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1. Write the augmented matrix.

2. Interchange rows if necessary to obtain a non-zero number in the first row, first column.

3. Use a row operation to get a 1 as the entry in the first row and first column.

4. Use row operations to make all other entries as zeros in column one.

5. Interchange rows if necessary to obtain a nonzero number in the second row, second column. Use a row operation to make
this entry 1. Use row operations to make all other entries as zeros in column two.

6. Repeat step 5 for row 3, column 3. Continue moving along the main diagonal until you reach the last row, or until the
number is zero.

The final matrix is called the reduced row-echelon form.

v/ Example 7.2.5

Solve the following system by the Gauss-Jordan method.

2z +y+22 =10
z+2y+2z =28
3x+y—z =2
Solution

We write the augmented matrix.

2 1 2 | 10

12 1 | 8

31 -1 | 2
We want a 1 in row one, column one. This can be obtained by dividing the first row by 2, or interchanging the second row with
the first. Interchanging the rows is a better choice because that way we avoid fractions.

12 1 | 8
21 2 | 10 we interchanged row 1 (R1) and row 2 (R2)
31 -1 | 2

We need to make all other entries zeros in column 1. To make the entry (2) a zero in row 2, column 1, we multiply row 1 by - 2
and add it to the second row. We get,

1 2 1 | 8
0 -3 0 | -6| —2R1+R2
3 1 -1 | 2

To make the entry (3) a zero in row 3, column 1, we multiply row 1 by - 3 and add it to the third row. We get,

1 2 1 | 8
0 3 0 | -6| -3RL+R3
0 -5 —4 | -22

So far we have made a 1 in the left corner and all other entries zeros in that column. Now we move to the next diagonal entry,
row 2, column 2. We need to make this entry(-3) a 1 and make all other entries in this column zeros. To make row 2, column 2
entry a 1, we divide the entire second row by —3.

1 2 1 | 8
01 0 | 2 R2 -+ (—3)
0 -5 —4 | —22

Next, we make all other entries zeros in the second column.
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10 1 | 4
01 0 | 2 —2R2+ R1 and 5R2 + R3
00 —4 | —12

We make the last diagonal entry a 1, by dividing row 3 by — 4.

101 | 4
010 | 2 R3 - (—4)
001 | 3

Finally, we make all other entries zeros in column 3.

o O =
o = O

0| 1
0 | 2| —-R3+R1
1] 3

Clearly, the solutionreads * =1,y =2, and z=3.

Before we leave this section, we mention some terms we may need in Chapter 9.

The process of obtaining a 1 in a location, and then making all other entries zeros in that column, is called pivoting.

The number that is made a 1 is called the pivot element, and the row that contains the pivot element is called the pivot row.

We often multiply the pivot row by a number and add it to another row to obtain a zero in the latter. The row to which a multiple of
pivot row is added is called the target row.

This page titled 7.2: Systems of Linear Equations and the Gauss-Jordan Method is shared under a CC BY 4.0 license and was authored, remixed,
and/or curated by Rupinder Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

e 2.2: Systems of Linear Equations and the Gauss-Jordan Method by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original

source: https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.
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7.2.1: Systems of Linear Equations and the Gauss-Jordan Method (Exercises)

SECTION 7.2 PROBLEM SET: SYSTEMS OF LINEAR EQUATIONS
Solve the following by the Gauss-Jordan Method. Show all work.

1) 2)
z+3y =1 e-y-z=-1
oo o1 T—3y+2 =T
V= 2t—y+2z=3
3) 4)
z+2y+32 =9 z+2y=0
3r+4y+z =5 y+z=3
2z —y+2z =11 z+3z =14

SECTION 7.2 PROBLEM SET: SYSTEMS OF LINEAR EQUATIONS
Solve the following by the Gauss-Jordan Method. Show all work.

6) A bowl of corn flakes, a cup of milk, and an egg provide 16

f protein. A f milk and t ide 21 f
5) Two apples and four bananas cost $2.00 and three apples and grain§ of protein. A cup ot mifk and two eggs provide 21 grams 0
five bananas cost $2.70. Find the price of each. protein. . . .
Two bowls of corn flakes with two cups of milk provide 16 grams

of protein. How much protein is provided by one unit of food?

7) 8)
z+2y =10 z+w==6
y+z=5 2z +y+w =16
z+w=3 r—22=0
r+w=>5 z+w=>5

This page titled 7.2.1: Systems of Linear Equations and the Gauss-Jordan Method (Exercises) is shared under a CC BY 4.0 license and was
authored, remixed, and/or curated by Rupinder Sekhon and Roberta Bloom via source content that was edited to the style and standards of the
LibreTexts platform.
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7.3: Systems of Linear Equations — Special Cases

4b Learning Objectives

In this section, you will learn to:

1. Determine the linear systems that have no solution.
2. Solve the linear systems that have infinitely many solutions.

If we consider the intersection of two lines in a plane, three things can happen.

1. The lines intersect in exactly one point. This is called an independent system.
2. The lines are parallel, so they do not intersect. This is called an inconsistent system.
3. The lines coincide; they intersect at infinitely many points. This is a dependent system.

The figures below show all three cases.

¥ v ¥

Every system of equations has either one solution, no solution, or infinitely many solutions.

In the last section, we used the Gauss-Jordan method to solve systems that had exactly one solution. In this section, we will
determine the systems that have no solution, and solve the systems that have infinitely many solutions.

v/ Example 7.3.1

Solve the following system of equations:

x4y =7
z+y =9

Solution
Let us use the Gauss-Jordan method to solve this system. The augmented matrix is
[1 1| 7] [m+y:7]
11 1] 9 z+y=9
If we multiply the first row by - 1 and add to the second row, we get
[1 1 | 7] [z+y:7 ]
0 0 | 2 0z +0y =2
Since 0 cannot equal 2, the last equation cannot be true for any choices of x and y.

Alternatively, it is clear that the two lines are parallel; therefore, they do not intersect.

In the examples that follow, we are going to start using a calculator to row reduce the augmented matrix, in order to focus on
understanding the answer rather than focusing on the process of carrying out the row operations.

v/ Example 7.3.2

Solve the following system of equations.

https://stats.libretexts.org/@go/page/35295



https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://stats.libretexts.org/@go/page/35295?pdf
https://stats.libretexts.org/Courses/Fresno_City_College/New_FCC_DS_21_Finite_Mathematics_-_Spring_2023/07%3A_Matrices/7.03%3A_Systems_of_Linear_Equations__Special_Cases

LibreTexts"

20 +3y—4z="7
3z +4y—2z=9
5z + Ty —62=20
Solution
We enter the following augmented matrix in the calculator.
2 3 -4 | 7
34 -2 | 9
5 7 —6 | 20
Now by pressing the key to obtain the reduced row-echelon(rref) form, we get
10 10 | O
01 -8 | O
00 0 | 1

The last row states that Oz +0y + 0z =1 . But the left side of the equation is equal
to 0. So this last row states 0 = 1, which is a contradiction, a false statement.

This bottom row indicates that the system is inconsistent; therefore, there is no solution.

v/ Example 7.3.3

Solve the following system of equations.
x+y =7
z+y="17
Solution

The problem clearly asks for the intersection of two lines that are the same; that is, the lines coincide. This means the lines
intersect at an infinite number of points.

A few intersection points are listed as follows: (3, 4), (5, 2), (-1, 8), (-6, 13) etc. However, when a system has an infinite
number of solutions, the solution is often expressed in the parametric form. This can be accomplished by assigning an arbitrary
constant, t, to one of the variables, and then solving for the remaining variables. Therefore, if we let y =¢,thenx =7 —¢. Or
we can say all ordered pairs of the form (7 —t¢,t) satisfy the given system of equations.

Alternatively, while solving the Gauss-Jordan method, we will get the reduced row-echelon(rref) form given below.
[ 1 1 | 7]
0 0| O
The row of all zeros, can simply be ignored. This row says Ox + 0y = 0; it provides no further information about the values of

x and y that solve this system.

This leaves us with only one equation but two variables. And whenever there are more variables than the equations, the
solution must be expressed as a parametric solution in terms of an arbitrary constant, as above.

Parametric Solution: x =7 —t,y =t .

v/ Example 7.3.4

Solve the following system of equations.

rt+y+z =2
20+y—2 =3
3x+2y =5

Solution
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The augmented matrix and the reduced row-echelon form are given below.

11 1 | 2
2 1 —1 | 3| Augmented Matrix for this system
32 0 | 5
10 -2 |
01 3 |
00 0 |

Reduced Row Echelon Form

O =

Since the last equation dropped out, we are left with two equations and three variables. This means the system has infinite
number of solutions. We express those solutions in the parametric form by letting the last variable z equal the parameter £.

The first equation reads x —2z =1, therefore, x =1+ 2z.

The second equation reads y + 3z = 1, therefore, y =1 —3z.

And now if we let z =t , the parametric solution is expressed as follows:
Parametric Solution: x=1+2t, y=1—-3t, z=t.

The reader should note that particular solutions, or specific solutions, to the system can be obtained by assigning values to the
parameter t. For example:

o if welett =2, we have the solutionz =5,y = —5,2=2: (5, -5, 2)
o if welett =0, we have the solutionz =1,y =1,2=0:(1,1,0).

v/ Example 7.3.5

Solve the following system of equations.
r+2y—3z =5
2z +4y -6z =10
3x+6y—9z =15
Solution
The reduced row-echelon form is given below.
1 2 5
00 0 | O
00 0 | O

This time the last two equations drop out. We are left with one equation and three variables. Again, there are an infinite number
of solutions. But this time the answer must be expressed in terms of two arbitrary constants.
If welet z =1 and let y = s, the first equation  + 2y —32 =25 resultsinz =5 —2s+3t .

We rewrite the parametric solution: x =5 —2s+3t, y=s, z=t.

We summarize our discussion in the following table.

1. If any row of the reduced row-echelon(rref) form of the matrix gives a false statement such as 0 = 1, the system is
inconsistent and has no solution.

2. If the reduced row echelon(rref) form has fewer equations than the variables and the system is consistent, then the system
has an infinite number of solutions. Remember the rows that contain all zeros are dropped.

a. If a system has an infinite number of solutions, the solution must be expressed in the parametric form.
b. The number of arbitrary parameters equals the number of variables minus the number of equations.
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7.3.1: Systems of Linear Equations — Special Cases (Exercises)

SECTION 7.3 PROBLEM SET: SYSTEMS OF LINEAR EQUATIONS - SPECIAL CASES

Solve the following inconsistent or dependent systems by using the Gauss-Jordan method.

1. 2z +6y =8
z+3y=4
3. 2z —y =10
—4x+2y =15
5. z+2y—4z =1

2¢—3y+82 =9

2. The sum of digits of a two digit number is 9. The sum of the
number and the number obtained by interchanging the digits is
99. Find the number.

4. z+y+z=6
x+2y+z=14
4z +3y+2z =20

6. Jessica has a collection of 15 coins consisting of nickels, dimes
and quarters. If the total worth of the coins is $1.80, how many
are there of each? Find all three solutions.

SECTION 7.3 PROBLEM SET: SYSTEMS OF LINEAR EQUATIONS - SPECIAL CASES

Solve the following inconsistent or dependent systems by using the Gauss-Jordan method.

7. A company is analyzing sales reports for three products:
products X, Y, Z. One report shows that a combined total of
20,000 of items X, Y, and Z were sold. Another report shows
that the sum of the number of item Z sold and twice the
number of item X sold equals 10,000. Also item X has 5,000
more items sold than item Y. Are these reports consistent?

9. Find three solutions to the following system of equations.

z+2y+2z =12
y=3

1l z+3y—z=>5

z+y+22=0
rz+2y+2=0
22 +3y+32=0

10. T+2y=>5
2v+4y =k

For what values of k does this system of equations have
a. No solution?
b. Infinitely many solutions?

12. Why is it not possible for a linear system to have exactly two
solutions? Explain geometrically.

This page titled 7.3.1: Systems of Linear Equations — Special Cases (Exercises) is shared under a CC BY 4.0 license and was authored, remixed,
and/or curated by Rupinder Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.
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7.4: Inverse Matrices

4b Learning Objectives

In this section, you will learn to:

1. Find the inverse of a matrix, if it exists.
2. Use inverses to solve linear systems.

In this section, we will learn to find the inverse of a matrix, if it exists. Later, we will use matrix inverses to solve linear systems.

Definition of an Inverse: An n X n matrix has an inverse if there exists a matrix B such that AB = BA = I,, , where I,, is an
n x n identity matrix. The inverse of a matrix A, if it exists, is denoted by the symbol A~ .

v/ Example 7.4.1

Given matrices A and B below, verify that they are inverses.
A 4 1 B 1 -1
3 1 -3 4

The matrices are inverses if the product AB and BA both equal the identity matrix of dimension 2 x 2: I,
[4 1][1 —-17 [1 0]

= ::[2
3 1]1-3 4] |o 1]

Solution

AB =

and

ga_ |l “1][4 1]_[r 0] _
-3 4 ][3 1] |0 1

Clearly that is the case; therefore, the matrices A and B are inverses of each other.

v/ Example 7.4.2

Find the inverse of the matrix A = [z ;] .

Solution

Suppose A has an inverse, and it is

ThenAB:Izz[?’ 1] [a b]:[l 0]:12
5 2] le d] o 1

After multiplying the two matrices on the left side, we get

3a+c 3b+d] [1 0
5a+2c 5b+2d| [0 1

Equating the corresponding entries, we get four equations with four unknowns:

3a+c=1 3b+d=0
5a+2c=0 5bb+2d=1
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Solving this system, we get:a =2 b=-1 c¢=-5 d=3

Therefore, the inverse of the matrix A is B = [ 25 _31 ]

In this problem, finding the inverse of matrix A amounted to solving the system of equations:

da+c=1 3b+d=0
5a+2c=0 5b+2d=1

Actually, it can be written as two systems, one with variables a and ¢, and the other with b and d. The augmented matrices for both

are given below.
3 1 1
HAA R HPa
5 2 ] 0 5 2 | 1

As we look at the two augmented matrices, we notice that the coefficient matrix for both the matrices is the same. This implies the
row operations of the Gauss-Jordan method will also be the same. A great deal of work can be saved if the two right hand columns
are grouped together to form one augmented matrix as below.

31 |10
52 | 01

The matrix on the right side of the vertical line is the A~ matrix.

And solving this system, we get

What you just witnessed is no coincidence. This is the method that is often employed in finding the inverse of a matrix. We list the
steps, as follows:

The Method for Finding the Inverse of a Matrix
1. Write the augmented matrix [A|I,].
2. Write the augmented matrix in step 1 in reduced row echelon form(rref).

3. If the reduced row echelon form (rref) in 2 is [I,,| B], then B is the inverse of A.

4. Tf the left side of the row reduced echelon form (rref) is not an identity matrix, the inverse does not exist.

v/ Example 7.4.3

Given the matrix A below, find its inverse.

1 -1 1
A=12 3 0
0 -2 1
Solution
We write the augmented matrix as follows.
1 -1 1| 100
2 3 0] 010
0 -2 1] 00 1

We will reduce this matrix using the Gauss-Jordan method.

Multiplying the first row by -2 and adding it to the second row, we get

1 -1 1 | 1 00
0 5 -2 | -2
0 -2 1 | 0
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If we swap the second and third rows, we get

1 -1 1 | 1 00
0 -2 1 | 0 01
0 5 -2 | -2 10
Divide the second row by -2. The result is
—1 1 | 1 0 0
0o 1 -1/2 | 0 0 -1/2
0 5 -2 | -2 1 0

Let us do two operations here. 1) Add the second row to first, 2) Add -5 times the second row to the third. And we get

10 1/2 | 1 0 -1/2]
01 -1/2 | 0 0 -1/2
|0 0 1/2 | -2 1 5/2 |
Multiplying the third row by 2 results in
(1 0 1/2 | 1 0 -1/2]
1 -1/2 | 0 0 -1/2
|0 0 1 | —4 2 5 ]

Multiply the third row by 1/2 and add it to the second.
Also, multiply the third row by -1/2 and add it to the first.

10 0 | 3 -1 -3
010 | -2 1
001 | —4 2
3 -1 -3
Therefore, the inverse of matrix A is Al=]_2 1 2
—4 2 5

One should verify the result by multiplying the two matrices to see if the product does, indeed, equal the identity matrix.

Now that we know how to find the inverse of a matrix, we will use inverses to solve systems of equations. The method is
analogous to solving a simple equation like the one below.

§$=4

v/ Example 7.4.4

Solve the following equation: 2z = 4
Solution

To solve the above equation, we multiply both sides of the equation by the multiplicative inverse of % which happens to be %
We get

2., _4.3

sT=4-35

3.
2
rz=06

We use the Example 7.4.4 as an analogy to show how linear systems of the form AX = B are solved.

To solve a linear system, we first write the system in the matrix equation AX = B, where A is the coefficient matrix, X the matrix
of variables, and B the matrix of constant terms.
We then multiply both sides of this equation by the multiplicative inverse of the matrix A.
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Consider the following example.

v/ Example 7.4.5

Solve the following system

3x+y =3
5z +2y =4

Solution
To solve the above equation, first we express the system as
AX =B

where A is the coefficient matrix, and B is the matrix of constant terms. We get

3 1| (x| |3

5 2] |yl |4
To solve this system, we multiply both sides of the matrix equation AX =B by A~!. Matrix multiplication is not
commutative, so we need to multiply by A~! on the left on both sides of the equation.

2 -1
Matrix A is the same matrix A whose inverse we found in Example 7.4.2, s0 A™! = [ s 5 ]

Multiplying both sides by A—1, we get

)

Therefore, x =2, and y = —3.

v/ Example 7.4.6

Solve the following system:

T—y+z=6
2243y =1
—2y+z=5

Solution

To solve the above equation, we write the system in matrix form AX = B as follows:

1 -1 1 T 6

2 30 y|l =11

0 -2 1 z 5
3 -1 -3
To solve this system, we need inverse of A. From Example 7.4.3, Al=|_9 1 2
—4 2 5

Multiplying both sides of the matrix equation AX = B on the left by A—1, we get

3 -1 -3 3 -1 -3 6

1 11 T
—2 1 2 2 3 0 y|l=1-2 1 2 1
—4 2 5 0 2 1 z
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After multiplying the matrices, we get

S O =
S = O

We remind the reader that not every system of equations can be solved by the matrix inverse method. Although the Gauss-Jordan
method works for every situation, the matrix inverse method works only in cases where the inverse of the square matrix exists. In
such cases the system has a unique solution.

The Method for Finding the Inverse of a Matrix

1. Write the augmented matrix [A|L,].

2. Write the augmented matrix in step 1 in reduced row echelon form(rref) .

3. If the reduced row echelon form(rref) in 2 is [I,|B], then B is the inverse of A.

4. If the left side of the row reduced echelon form(rref) is not an identity matrix, the inverse does not exist.

The Method for Solving a System of Equations When a Unique Solution Exists
1. Express the system in the matrix equation AX = B.
2. To solve the equation AX = B, we multiply on both sides by A7!.
AX =B
ATAX=A"'B

IX = A" Bwhere I is the identity matrix

This page titled 7.4: Inverse Matrices is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Rupinder Sekhon and
Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.
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7.4.1: Inverse Matrices (Exercises)

SECTION 7.4 PROBLEM SET: INVERSE MATRICES
In problems 1- 2, verify that the given matrices are inverses of each other.

1 -1 0 3 -4 1

7 3 1 -3
1.21 s o 211 0 1|2 -4 1
B 3 —4|[3 -5 1

In problems 3- 6, find the inverse of each matrix by the row-reduction method.
s 3 7P 4.
-1 2

SECTION 7.4 PROBLEM SET: INVERSE MATRICES

o o =
o~ o
[EN N

In problems 5 - 6, find the inverse of each matrix by the row-reduction method.
11 -1 111

511 0 6.13 1 0

2 1 1 1 2

Problems 7 -10: Express the system as AX = B ; then solve using matrix inverses found in problems 3 - 6.

. . Y z =
_ Ny =
z+2y=0 =3

SECTION 7.4 PROBLEM SET: INVERSE MATRICES

Problems 9 -10: Express the system as AX = B ; then solve using matrix inverses found in problems 3 - 6.

T+y—z =2 z+y+z=2
9. r+z="T 10. 3z +y="7
2c+y+z =13 r+y+2z=3

12. Suppose we are solving a system AX = B by the matrix
inverse method, but discover A has no inverse. How else can
we solve this system? What can be said about the solutions of

11. Why is it necessary that a matrix be a square matrix for its
inverse to exist? Explain by relating the matrix to a system of

equations. .
this system?

This page titled 7.4.1: Inverse Matrices (Exercises) is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Rupinder
Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.
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https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.
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7.5: Application of Matrices in Cryptography

4b Learning Objectives

In this section, we will learn to find the inverse of a matrix, if it exists. Later, we will use matrix inverses to solve linear
systems. In this section you will learn to

1. encode a message using matrix multiplication.
2. decode a coded message using the matrix inverse and matrix multiplication

Encryption dates back approximately 4000 years. Historical accounts indicate that the Chinese, Egyptians, Indian, and Greek
encrypted messages in some way for various purposes. One famous encryption scheme is called the Caesar cipher, also called a
substitution cipher, used by Julius Caesar, involved shifting letters in the alphabet, such as replacing A by C, B by D, C by E, etc, to
encode a message. Substitution ciphers are too simple in design to be considered secure today.

In the middle ages, European nations began to use encryption. A variety of encryption methods were used in the US from the
Revolutionary War, through the Civil War, and on into to modern times.

Applications of mathematical theory and methods to encryption became widespread in military usage in the 20" century. The
military would encode messages before sending and the recipient would decode the message, in order to send information about
military operations in a manner that kept the information safe if the message was intercepted. In World War 11, encryption played
an important role, as both Allied and Axis powers sent encrypted messages and devoted significant resources to strengthening their
own encryption while also trying to break the opposition’s encryption.

In this section we will examine a method of encryption that uses matrix multiplication and matrix inverses. This method, known as
the Hill Algorithm, was created by Lester Hill, a mathematics professor who taught at several US colleges and also was involved
with military encryption. The Hill algorithm marks the introduction of modern mathematical theory and methods to the field of
cryptography.

These days, the Hill Algorithm is not considered a secure encryption method; it is relatively easy to break with modern technology.
However, in 1929 when it was developed, modern computing technology did not exist. This method, which we can handle easily
with today’s technology, was too cumbersome to use with hand calculations. Hill devised a mechanical encryption machine to help
with the mathematics; his machine relied on gears and levers, but never gained widespread use. Hill’s method was considered
sophisticated and powerful in its time and is one of many methods influencing techniques in use today. Other encryption methods
at that time also utilized special coding machines. Alan Turing, a computer scientist pioneer in the field of artificial intelligence,
invented a machine that was able to decrypt messages encrypted by the German Enigma machine, helping to turn the tide of World
War II.

With the advent of the computer age and internet communication, the use of encryption has become widespread in communication
and in keeping private data secure; it is no longer limited to military uses. Modern encryption methods are more complicated, often
combining several steps or methods to encrypt data to keep it more secure and harder to break. Some modern methods make use of
matrices as part of the encryption and decryption process; other fields of mathematics such as number theory play a large role in
modern cryptography.

To use matrices in encoding and decoding secret messages, our procedure is as follows.

We first convert the secret message into a string of numbers by arbitrarily assigning a number to each letter of the message. Next
we convert this string of numbers into a new set of numbers by multiplying the string by a square matrix of our choice that has an
inverse. This new set of numbers represents the coded message.

To decode the message, we take the string of coded numbers and multiply it by the inverse of the matrix to get the original string of
numbers. Finally, by associating the numbers with their corresponding letters, we obtain the original message.

In this section, we will use the correspondence shown below where letters A to Z correspond to the numbers 1 to 26, a space is
represented by the number 27, and punctuation is ignored.
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A C D F G I J K L M
1 2 3 4 5 6 7 8 9 10 11 12 13
N P Q S T U vV W X Y Z

14 15 16 17 18 19 20 21 22 23 24 25 26

v/ Example 7.5.1

1 2
Use matrix A = [1 3] to encode the message: ATTACK NOW!

Solution
We divide the letters of the message into groups of two.
AT TA CK -N OW

We assign the numbers to these letters from the above table, and convert each pair of numbers into 2 x 1 matrices. In the case
where a single letter is left over on the end, a space is added to make it into a pair.

Al [1 T| [20 Cl |3
T| [20 Al [1 K| |11
—1_TJ27 O] _1[15
N | 14 W 23
So at this stage, our message expressed as 2 x 1 matrices is as follows.
1 207 [ 3 271115
()
20 1] [11]]14] [23
Now to encode, we multiply, on the left, each matrix of our message by the matrix A. For example, the product of A with our

a3 | 0] = [ 1]
first matrix is: =
1 3[[20 61

1 2120 22
And the product of A with our second matrix is: [1 3] [1 ] = [23}

Multiplying each matrix in (I) by matrix A, in turn, gives the desired coded message:

o Lza) [36] 5o) L&

v/ Example 7.5.2

Decode the following message that was encoded using matrix A = [1 ;] .

o) [l [t L1l [3o] @

Since this message was encoded by multiplying by the matrix A in Example 7.5.1, we decode this message by first
multiplying each matrix, on the left, by the inverse of matrix A given below.

N
-1 1

Solution

3 21|21 11
For example: =
[—1 1 ] [26} { 5 ]

By multiplying each of the matrices in (II) by the matrix A~!, we get the following.
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11 57277207 [21
5 16/ [ 9 271 [16
Finally, by associating the numbers with their corresponding letters, we obtain:

=IF I R]

Now suppose we wanted to use a 3 X 3 matrix to encode a message, then instead of dividing the letters into groups of two, we
would divide them into groups of three.

v/ Example 7.5.3
1 1 -1

Using the matrix B=]1 0 1 |[,encode the message: ATTACK NOW!
2 1 1

And the message reads: KEEP IT UP.

Solution

We divide the letters of the message into groups of three.

ATT ACK -NO W- -

Note that since the single letter "W" was left over on the end, we added two spaces to make it into a triplet.

Now we assign the numbers their corresponding letters from the table, and convert each triplet of numbers into 3 X 1 matrices.

We get
A 1 A 1 — 27 w 23
T|=120 C|= N|l=1|14 — | =127
T 20 K 11 (0] 15 — 27
So far we have,
1 27 23
20 3 14 27 (I1II)

20 11 15 27

We multiply, on the left, each matrix of our message by the matrix B. For example,

11 -1 1 1
1 0 1 20 = (21
2 1 1 20 42

By multiplying each of the matrices in (IIT) by the matrix B, we get the desired coded message as follows:

1 -7 26 23
21 12 42 50
42 16 83 100

If we need to decode this message, we simply multiply the coded message by B!, and associate the numbers with the
corresponding letters of the alphabet.

In Example 7.5.4 we will demonstrate how to use matrix B~ to decode an encrypted message.

v/ Example 7.5.4
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11 25
20 10
43 41

Solution

Since this message was encoded by multiplying by the matrix B.

Decode the following message that was encoded using matrix B =

2
-3
-1

—17

1 1 -1
1 01
2 11
22
14 Iv)
41

We first determine inverse of B.

To decode the message, we multiply each matrix, on the left, by B~!. For example,

1 2 11711 [ 8
-1 -3 2 20| =115
-1 -1 1 43 | 12

Multiplying each of the matrices in (I'V') by the matrix B~! gives the following.

8 4 9
15 27 18
12 6 5

Finally, by associating the numbers with their corresponding letters, we obtain

H D I
(@) — R The message reads: HOLD FIRE
L F E

The message reads: HOLD FIRE.

We summarize:

TO ENCODE A MESSAGE
1. Divide the letters of the message into groups of two or three.

2. Convert each group into a string of numbers by assigning a number to each letter of the message. Remember to assign letters
to blank spaces.

3. Convert each group of numbers into column matrices.

3. Convert these column matrices into a new set of column matrices by multiplying them with a compatible square matrix of
your choice that has an inverse. This new set of numbers or matrices represents the coded message.

TO DECODE A MESSAGE
1. Take the string of coded numbers and multiply it by the inverse of the matrix that was used to encode the message.

2. Associate the numbers with their corresponding letters.

This page titled 7.5: Application of Matrices in Cryptography is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by
Rupinder Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

« 2.5: Application of Matrices in Cryptography by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:

https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.
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7.5.1: Application of Matrices in Cryptography (Exercises)
SECTION 7.5 PROBLEM SET: APPLICATION OF MATRICES IN CRYPTOGRAPHY

In problems 1 - 8, the letters A to Z correspond to the numbers 1 to 26, as shown below, and a space is represented by the number
27.

A B C DEVF G HTI J KL M
1 2 3 4 5 6 v 8 9 10 11 12 13

N OP Q RS T UV WX Y Z
14 15 16 17 18 19 20 21 22 23 24 25 26

In problems 1 - 2, use the matrix A, given below, to encode the given messages.

3 2
A =
11
In problems 3 - 4, decode the messages that were encoded using matrix A.
Make sure to consider the spaces between words, but ignore all punctuation. Add a final space if necessary.

1. Encode the message: WATCH OUT! 2. Encode the message: HELP IS ON THE WAY.
3. Decode the following message: 4. Decode the following message:
64 23 102 41 82 32 97 35 71 28 69 32 10540 117 48 39 19 69 32 72 27 37 15 114 47

SECTION 7.5 PROBLEM SET: APPLICATION OF MATRICES IN CRYPTOGRAPHY

In problems 5 - 6, use the matrix B, given below, to encode the given messages.

1 00
B=]2 1 2
1 0 -1

In problems 7 - 8, decode the messages that were encoded using matrix B.

Make sure to consider the spaces between words, but ignore all punctuation. Add a final space if necessary.

5. Encode the message using matrix B: 6. Encode the message using matrix B:
LUCK IS ON YOUR SIDE. MAY THE FORCE BE WITH YOU.
7. Decode the following message that was encoded using matrix 8. Decode the following message that was encoded using matrix
B: B:
8237447-215102-122058 15278018 12 74 -7 1269-311539546-101895-9251074277622172-26

This page titled 7.5.1: Application of Matrices in Cryptography (Exercises) is shared under a CC BY 4.0 license and was authored, remixed,
and/or curated by Rupinder Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

e 2.5.1: Application of Matrices in Cryptography (Exercises) by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original
source: https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.
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7.6: Applications — Leontief Models

4b Learning Objectives

In this section we will examine an application of matrices to model economic systems.

In the 1930's, Wassily Leontief used matrices to model economic systems. His models, often referred to as the input-output models,
divide the economy into sectors where each sector produces goods and services not only for itself but also for other sectors. These
sectors are dependent on each other and the total input always equals the total output. In 1973, he won the Nobel Prize in
Economics for his work in this field. In this section we look at both the closed and the open models that he developed.

The Closed Model

As an example of the closed model, we look at a very simple economy, where there are only three sectors: food, shelter, and
clothing.

v/ Example 7.6.1

We assume that in a village there is a farmer, carpenter, and a tailor, who provide the three essential goods: food, shelter, and
clothing. Suppose the farmer himself consumes 40% of the food he produces, and gives 40% to the carpenter, and 20% to the
tailor. Thirty percent of the carpenter's production is consumed by himself, 40% by the farmer, and 30% by the carpenter. Fifty
percent of the tailor's production is used by himself, 30% by the farmer, and 20% by the tailor. Write the matrix that describes
this closed model.

Solution

The table below describes the above information.

Proportion produced by the Proportion produced by the Proportion produced by the
farmer carpenter tailor

The proportion used by the m m 30

farmer

The proportion used by the m 30 20

carpenter

The proportion used by the 20 30 50

tailor

In a matrix form it can be written as follows.

.40 .40 .30
A=1.40 .30 .20
.20 .30 .50

This matrix is called the input-output matrix. It is important that we read the matrix correctly. For example the entry Ass, the
entry in row 2 and column 3, represents the following.

Ay = 20% of the tailor's production is used by the carpenter.

Ass = 50% of the tailor's production is used by the tailor.

v/ Example 7.6.2

In Example 7.6.1 above, how much should each person get for his efforts?

Solution

We choose the following variables.
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x = Farmer's pay y = Carpenter's pay z = Tailor's pay
As we said earlier, in this model input must equal output. That is, the amount paid by each equals the amount received by each.

Let us say the farmer gets paid « dollars. Let us now look at the farmer's expenses. The farmer uses up 40% of his own
production, that is, of the x dollars he gets paid, he pays himself .40x dollars, he pays .40y dollars to the carpenter, and .30z to
the tailor. Since the expenses equal the wages, we get the following equation.

z = .40z + .40y + .30z
In the same manner, we get

y =.40z 4 .30y + .20z
z=.20x + .30y + .50z

The above system can be written as

.40 .40 30
=1.40 .30 .20
.20 .30 .50 [ =

IS S

This system is often referred to as X = AX

Simplification results in the system of equations (I — A)X =0

.60z — .40y —.30z =0
—.40z+.70y —.20z =0
—.202 —.30y+.50z =0

Solving for z, y, and z using the Gauss-Jordan method, we get

29 " 12 " d "
T=— =—1 andz=
260 Y713
Since we are only trying to determine the proportions of the pay, we can choose t to be any value. Suppose we let \(t\(= $2600,

then we get
z =82900 y=29$2400 andz=$2600

Note: The use of a graphing calculator or computer application in solving the systems of linear matrix equations in these
problems is strongly recommended.

The Open Model

The open model is more realistic, as it deals with the economy where sectors of the economy not only satisfy each other’s’ needs,
but they also satisfy some outside demands. In this case, the outside demands are put on by the consumer. But the basic assumption
is still the same; that is, whatever is produced is consumed.

Let us again look at a very simple scenario. Suppose the economy consists of three people, the farmer F, the carpenter C, and the
tailor T. A part of the farmer's production is used by all three, and the rest is used by the consumer. In the same manner, a part of
the carpenter's and the tailor's production is used by all three, and rest is used by the consumer.

Let us assume that whatever the farmer produces, 20% is used by him, 15% by the carpenter, 10% by the tailor, and the consumer
uses the other 40 billion dollars worth of the food. Ten percent of the carpenter's production is used by him, 25% by the farmer, 5%
by the tailor, and 50 billion dollars worth by the consumer. Fifteen percent of the clothing is used by the tailor, 10% by the farmer,
5% by the carpenter, and the remaining 60 billion dollars worth by the consumer. We write the internal consumption in the
following table, and express the demand as the matrix D.

F produces C produces T produces
F uses .20 .25 .10
C uses 15 .10 .05
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T uses .15

.10 .05

The consumer demand for each industry in billions of dollars is given below.

40
50
60

D=

v/ Example 7.6.3

In the example above, what should be, in billions of dollars, the required output by each industry to meet the demand given by
the matrix D?

Solution

We choose the following variables.
x = Farmer's output

y = Carpenter's output

z = Tailor's output

In the closed model, our equation was X = A X, that is, the total input equals the total output. This time our equation is similar
with the exception of the demand by the consumer.

So our equation for the open model should be X = AX + D , where D represents the demand matrix.

We express it as follows:

X=AX+D
x .20 .25 .10 x 40
y|=1.15 .10 .05| |y |+ |50
z .10 .05 .15 z 60
To solve this system, we write it as
X=AX+D
(I-A)X =D wherelisa 3 by 3 identity matrix
X=(I-A)"1D
.80 —-.25 —-.10
I-A=|-15 .90 -.05
—.10 —-.05 .85
1.3445 .3835 .1807 ]
I-A)'=] 2336 1.1814 .097
1719 1146 1.2034]
1.3445 .3835 .1807 407
X = .2336 1.1814 .097 50
1719 01146 1.2034] |60
83.7999
X =|74.2341
84.8138

The three industries must produce the following amount of goods in billions of dollars.

Farmer = $83.7999 Carpenter = $74.2341 Tailor = $84.813
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We will do one more problem like the one above, except this time we give the amount of internal and external consumption in
dollars and ask for the proportion of the amounts consumed by each of the industries. In other words, we ask for the matrix A.

v/ Example 7.6.4

Suppose an economy consists of three industries F, C, and T. Each of the industries produces for internal consumption among
themselves, as well as for external demand by the consumer. The table shows the use of each industry's production ,in dollars.

F C T Demand Total
F 40 50 60 100 250
C 30 40 40 110 220
T 20 30 30 120 200

The first row says that of the $250 dollars worth of production by the industry F, $40 is used by F, $50 is used by C, $60 is
used by T, and the remainder of $100 is used by the consumer. The other rows are described in a similar manner.

Once again, the total input equals the total output. Find the proportion of the amounts consumed by each of the industries. In
other words, find the matrix A.

Solution
We are being asked to determine the following:

How much of the production of each of the three industries, F, C, and T is required to produce one unit of F? In the same way,
how much of the production of each of the three industries, F, C, and T is required to produce one unit of C? And finally, how
much of the production of each of the three industries, F, C, and T is required to produce one unit of T?

Since we are looking for proportions, we need to divide the production of each industry by the total production for each
industry.

We analyze as follows:
To produce 250 units of F, we need to use 40 units of F, 30 units of C, and 20 units of T.
Therefore, to produce 1 unit of F, we need to use 40/250 units of F, 30/250 units of C, and 20/250 units of T.
To produce 220 units of C, we need to use 50 units of F, 40 units of C, and 30 units of T.
Therefore, to produce 1 unit of C, we need to use 50/220 units of F, 40/220 units of C, and 30/220 units of T.
To produce 200 units of T, we need to use 60 units of F, 40 units of C, and 30 units of T.
Therefore, to produce 1 unit of T, we need to use 60/200 units of F, 40/200 units of C, and 30/200 units of T.
We obtain the following matrix.

40/250 50/220 60/200 .1600 .2273 .3000

A =130/250 40/220 40/200| = |.1200 .1818 .2000
20/250 30/220 30/200 .0800 .1364 .1500

Clearly AX+D =X

40/250 50/220 60/200] [250 100 250
30/250 40/220 40/200| | 220 + | 110 220
20/250 30/220 30/200] | 200 120 200

We summarize as follows:

LEONTIEF'S CLOSED MODEL

1. All consumption is within the industries. There is no external demand.
2. Input = Output
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3X=AXor(I-A4)X=0
LEONTIEF'S OPEN MODEL

1. In addition to internal consumption, there is an outside demand by the consumer.
2. Input = Output
3.X=AX+D or X=(I-A)"'D

This page titled 7.6: Applications — Leontief Models is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Rupinder
Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

e 2.6: Applications — Leontief Models by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:

https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.
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7.6.1: Applications — Leontief Models (Exercises)

SECTION 7.6 PROBLEM SET: APPLICATIONS - LEONTIEF MODELS

1) Solve the following homogeneous system.

z+y+z=0
3x+2y+2=0
dx+3y+2z =0

2) Solve the following homogeneous system.

z—y—2=0
rz—3y+2z =0
2¢ —4y+2 =0

3) Chris and Ed decide to help each other by doing repairs on each others houses. Chris is a carpenter, and Ed is an electrician.
Chris does carpentry work on his house as well as on Ed's house. Similarly, Ed does electrical repairs on his house and on Chris'
house. When they are all finished they realize that Chris spent 60% of his time on his own house, and 40% of his time on Ed's
house. On the other hand Ed spent half of his time on his house and half on Chris's house. If they originally agreed that each should
get about a $1000 for their work, how much money should each get for their work?

4) Chris, Ed, and Paul decide to help each other by doing repairs on each others houses. Chris is a carpenter, Ed is an electrician,
and Paul is a plumber. Each does work on his own house as well as on the others houses. When they are all finished they realize
that Chris spent 30% of his time on his own house, 40% of his time on Ed's house, and 30% on Paul's house. Ed spent half of his
time on his own house, 30% on Chris' house, and remaining on Paul's house. Paul spent 40% of the time on his own house, 40% on
Chris' house, and 20% on Ed's house. If they originally agreed that each should get about a $1000 for their work, how much money
should each get for their work?

SECTION 7.6 PROBLEM SET: APPLICATIONS - LEONTIEF MODELS

5) Given the internal consumption matrix A, and the external demand matrix D as follows.

30 .20 .10 100
A=1|.20 .10 .30 D =150
.10 .20 .30 200

Solve the system using the open model: X = AX+D or X = (I - A)"'D

6) Given the internal consumption matrix A, and the external demand matrix D as follows.

.05 .10 .10 50
A=1|[.10 .15 .05 D= {100
.05 .20 .20 80

Solve the system using the open model: X = AX+D or X = (I - A)"'D

7) An economy has two industries, farming and building. For every $1 of food produced, the farmer uses $.20 and the builder uses
$.15. For every $1 worth of building, the builder uses $.25 and the farmer uses $.20. If the external demand for food is $100,000,
and for building $200,000, what should be the total production for each industry in dollars?

SECTION 7.6 PROBLEM SET: APPLICATIONS - LEONTIEF MODELS

8) An economy has three industries, farming, building, and clothing. For every $1 of food produced, the farmer uses $.20, the
builder uses $.15, and the tailor $.05. For every $1 worth of building, the builder uses $.25, the farmer uses $.20, and the tailor
$.10. For every $1 worth of clothing, the tailor uses $.10, the builder uses $.20, the farmer uses $.15. If the external demand for
food is $100 million, for building $200 million, and for clothing $300 million, what should be the total production for each in
dollars?

9) Suppose an economy consists of three industries F, C, and T. The following table gives information about the internal use of
each industry's production and external demand in dollars.
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F C T Demand Total
F 30 10 20 40 100
C 20 30 20 50 120
T 10 10 30 60 110

Find the proportion of the amounts consumed by each of the industries; that is, find the matrix A.
10) If in problem 9, the consumer demand for F, C, and T becomes 60, 80, and 100, respectively, find the total output and the
internal use by each industry to meet that demand.

This page titled 7.6.1: Applications — Leontief Models (Exercises) is shared under a CC BY 4.0 license and was authored, remixed, and/or curated
by Rupinder Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

e 2.6.1: Applications — Leontief Models (Exercises) by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:
https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.
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7.7: Chapter Review

SECTION 7.7 PROBLEM SET: CHAPTER REVIEW
1. To reinforce her diet, Mrs. Tam bought a bottle containing 30 tablets of Supplement A and a bottle containing 50 tablets of
Supplement B. Each tablet of supplement A contains 1000 mg of calcium, 400 mg of magnesium, and 15 mg of zinc, and each
tablet of supplement B contains 800 mg of calcium, 500 mg of magnesium, and 20 mg of zinc.}
a. Represent the amount of calcium, magnesium and zinc in each tablet as a 2 X 3 matrix.
b. Represent the number of tablets in each bottle as a row matrix.
c¢. Use matrix multiplication to find the total amount of calcium, magnesium, and zinc in both bottles.

2. Let matrix A = [; _; i’] and B = [3 3 -1 ] . Find the following.

— 1 4 -3
a. %(A +B)
b.3A=2B
[1 1 -1 2 -3 -1
Q. LletmatrixC=]2 1 1 | andD=|3 —1 —2|.Find the following.
(1 0 1 3 -3 2
a.2(C—-D)
b.C—-3D
[1 -1
4. Let matrix E = 3 | andF = [2 Lol ] . Find the following.
i 5 1 -3
a.2EF
b. 3FE
1 -1 3 o b
5. Let matrix G = [ ] and H = | ¢ d | .Find the following.
3 2 1 e f
a. 2GH
b. HG

6. Solve the following systems using the Gauss-Jordan Method.

a. x+3y—2z2="17
2z +Ty—5z=16

z+by—32=10

b. 20 —4y+4z=2
2¢ +y+92=17

3z —2y+2z="7

7. An apple, a banana and three oranges or two apples, two bananas, and an orange, or four bananas and two oranges cost $2. Find
the price of each.

8. Solve the following systems. If a system has an infinite number of solutions, first express the solution in parametric form, and
then determine one particular solution.

a. T+y+z=6
2z —3y+2z2=12
3z —2y+32=18

b. z+y+3z =4
z+z =1
20—y =2
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9. Elise has a collection of 12 coins consisting of nickels, dimes and quarters. If the total worth of the coins is $1.80, how many
are there of each? Find all possible solutions.

SECTION 7.7 PROBLEM SET: CHAPTER REVIEW

10. Solve the following systems. If a system has an infinite number of solutions, first express the solution in parametric form, and
then find a particular solution.

a. 20 +y—22=0
2z 4+2y—3z=0
6z +4y—Tz=0

b. 3z +4y—3z=5

2¢4+3y—2=4
z+2y+z=1

11. Solve the following systems. If a system has an infinite number of solutions, first express the solution in parametric form, and
then provide one particular solution.

a. 20 +y—2z2=0
22 4+2y—32=0
6z +4y—T7z=0

b. 3z +4y—3z=5

20 +3y—2=4
r+2y+z=1

12. Find the inverse of the following matrices:

a. 2 3
3 5
b 1 11
1 21
2 31
13. Solve the following systems using the matrix inverse method.
a. 2c+3y+2z =12
z+2y+2z=9
zty+z=>5
b. z+2y—3z2+w =
r—z=4
z—2y+2=0

y—2z+w= —11=0

14. Use matrix A to encode the following messages. The space between the letters is represented by the number 27, and all
punctuation is ignored.

=N N
o = O

a. TAKE IT AND RUN
b. GET OUT QUICK
15. Decode the following messages that were encoded using matrix A in the above problem.
a. 44,71, 15, 18, 27, 1, 68, 82, 27, 69, 76, 27, 19, 33,9
b. 37, 64, 15, 36, 54, 15, 67, 75, 20, 59, 66, 27, 39, 43, 12
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16. Chris, Bob, and Matt decide to help each other study during the final exams. Chris's favorite subject is chemistry, Bob loves
biology, and Matt knows his math. Each studies his own subject as well as helps the others learn their subjects. After the finals,
they realize that Chris spent 40% of his time studying his own subject chemistry, 30% of his time helping Bob learn chemistry,
and 30% of the time helping Matt learn chemistry. Bob spent 30% of his time studying his own subject biology, 30% of his time
helping Chris learn biology, and 40% of the time helping Matt learn biology. Matt spent 20% of his time studying his own
subject math, 40% of his time helping Chris learn math, and 40% of the time helping Bob learn math. If they originally agreed
that each should work about 33 hours, how long did each work?

17. As in the previous problem, Chris, Bob, and Matt decide to not only help each other study during the final exams, but also tutor
others to make a little money. Chris spends 30% of his time studying chemistry, 15% of his time helping Bob with chemistry,
and 25% helping Matt with chemistry. Bob spends 25% of his time studying biology, 15% helping Chris with biology, and 30%
helping Matt. Similarly, Matt spends 20% of his time on his own math, 20% helping Chris, and 20% helping Bob. If they spend
respectively, 12, 12, and 10 hours tutoring others, how many total hours are they going to end up working?

This page titled 7.7: Chapter Review is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Rupinder Sekhon and
Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.

e 2.7: Chapter Review by Rupinder Sekhon and Roberta Bloom is licensed CC BY 4.0. Original source:

https://www.deanza.edu/faculty/bloomroberta/math11/afm3files.html.html.
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CHAPTER OVERVIEW

8: Linear Programming - A Geometric Approach

4b Learning Objectives

In this chapter, you will learn to:

1. Graph a linear inequality.
2. Solve linear programming problems that maximize the objective function.
3. Solve linear programming problems that minimize the objective function.

8.1: Graph Linear Inequalities in Two Variables
8.1E: Exercises
8.2: Maximization Applications
8.2.1: Maximization Applications (Exercises)
8.3: Minimization Applications
8.3.1: Minimization Applications (Exercises)

8.4: Chapter Review

This page titled 8: Linear Programming - A Geometric Approach is shared under a CC BY 4.0 license and was authored, remixed, and/or curated
by Rupinder Sekhon and Roberta Bloom via source content that was edited to the style and standards of the LibreTexts platform.
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8.1: Graph Linear Inequalities in Two Variables

X SUMMARY

By the end of this section, you will be able to:

o Verify solutions to an inequality in two variables.

e Recognize the relation between the solutions of an inequality and its graph.
o Graph linear inequalities in two variables

o Solve applications using linear inequalities in two variables

Before you get started, take this readiness quiz.

1. Graph = > 2 on a number line.

If you missed this problem, review |link].
2. Solve: 4x +3 > 23.

If you missed this problem, review |link].
3. Translate: 8 < x > 3.

If you missed this problem, review [link].

Verify Solutions to an Inequality in Two Variables

Previously we learned to solve inequalities with only one variable. We will now learn about inequalities containing two variables.
In particular we will look at linear inequalities in two variables which are very similar to linear equations in two variables.

Linear inequalities in two variables have many applications. If you ran a business, for example, you would want your revenue to be

greater than your costs—so that your business made a profit.

X LINEAR INEQUALITY

A linear inequality is an inequality that can be written in one of the following forms:
Ar+By>C Arx+By>C Azx+By<C Az+By<C

Where A and B are not both zero.

Recall that an inequality with one variable had many solutions. For example, the solution to the inequality x>3x>3 is any number
greater than 3. We showed this on the number line by shading in the number line to the right of 3, and putting an open parenthesis
at 3. See Figure.

| | | 1 | | | | ! 1 |

I il
5 4 3 2 4 0 1 2 3 4 5 Figye8.l.1

Similarly, linear inequalities in two variables have many solutions. Any ordered pair (x,y)(x,y) that makes an inequality true when
we substitute in the values is a solution to a linear inequality.

X SOLUTION TO A LINEAR INEQUALITY

An ordered pair (z, y) is a solution to a linear inequality if the inequality is true when we substitute the values of x and y.

? Example 8.1.1
Determine whether each ordered pair is a solution to the inequality y>x+4:y>x+4:
@ (0,0)(0,0) ® (1,6)(1,6) © (2,6)(2,6) @ (-5,-15)(-5,-15) (® (-8,12)(-8,12)

Answer

@
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(0, 0) y>x+4
Substitute 0 for xand = for y. 3 0+4
Simplify. 0#4
So, (0, 0) is not a solution toy > x + 4 .
®
(1,6) y>x+4
Substitute 1 for xand = for y. ; 1+4
Simplify. 6>5
So, (1,6) isasolutiontoy >z +4 .
©
(2, 6) y>x+4
Substitute 2 for xand  for y. :- 2+4
Simplify. 6+6
So, (2, 6) isnotasolutiontoy > z+4 .
@
(—5,—15) y>x+4
Substitute -5 for x and for y. : -5+4
Simplify. =15 %1
So, (—5, —15) is not a solution toy > z + 4 .
®©
(—8,12) y>x+4
Substitute -8 forxand = fory. ; -8+4
Simplify. 12>-4
So, (—8,12) is a solutiontoy > z +4 .
Determine whether each ordered pair is a solution to the inequality y > = —3:
@ (0,0)® (4,9) © (-2,1) @ (-5, -3) ® (5,1)
Answer
@ yes ® yes (© yes (@ yes (©) no
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Determine whether each ordered pair is a solution to the inequality y <  +1:
@ (0,0) ® (8,6) © (-2, -1) @ (3,4) ® (-1, —4)

Answer

@ yes ® yes (© no (@ no (® yes

Recognize the Relation Between the Solutions of an Inequality and its Graph
Now, we will look at how the solutions of an inequality relate to its graph.

Let’s think about the number line in shown previously again. The point = 3 separated that number line into two parts. On one
side of 3 are all the numbers less than 3. On the other side of 3 all the numbers are greater than 3. See Figure.

numbers less than 3 numbers greater than 3

- | | | | | | | L | -
0 S I ISR Y TR Y S| Y o e

= e 2 2 S @ 1 g 3 4 3 Figure 8.1.2The solution to z > 3 is the shaded part of the number
line to the right of = 3.

Similarly, the line y = = +4 separates the plane into two regions. On one side of the line are points with y < z +4. On the other
side of the line are the points with y > 2 +4. We call the line y = = +-4 a boundary line.

X BOUNDARY LINE

The line with equation Az + By = C' is the boundary line that separates the region where Az + By > C from the region
where Az + By < C'.

For an inequality in one variable, the endpoint is shown with a parenthesis or a bracket depending on whether or not a is included
in the solution:

x<a x<a
a a

Similarly, for an inequality in two variables, the boundary line is shown with a solid or dashed line to show whether or not it the
line is included in the solution.

Arx+By<C Ax+By<C
Az +By>C Az +By >C
Boundary line is Az + By = C. Boundary line is Az + By = C.

Boundary line is not included in solution. =~ Boundary line is included in solution.
Boundary line is dashed. Boundary line is solid.

Now, let’s take a look at what we found in Example. We’ll start by graphing the line y = x 4+ 4, and then we’ll plot the five points
we tested, as shown in the graph. See Figure.
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(-8, 12)

Figure 8.1.3
In Example we found that some of the points were solutions to the inequality y >  +4 and some were not.

Which of the points we plotted are solutions to the inequality y > x +47?

The points (1, 6) and (—8, 12) are solutions to the inequality y > = +4 . Notice that they are both on the same side of the boundary
liney=x+4.

The two points (0,0) and (—5,—15) are on the other side of the boundary line y =x +4, and they are not solutions to the
inequality y > = +4. For those two points, y < z +4.

What about the point (2,6)? Because 6 =2+4, the point is a solution to the equation y =x +4, but not a solution to the
inequality y > = +4. So the point (2, 6) is on the boundary line.

Let’s take another point above the boundary line and test whether or not it is a solution to the inequality y > x +4. The point
(0, 10)clearly looks to above the boundary line, doesn’t it? Is it a solution to the inequality?

y > z+4
?

10 > 0+4

10 > 4

So, (0,10)is asolutiontoy >z +4.

Any point you choose above the boundary line is a solution to the inequality y > « +4. All points above the boundary line are
solutions.

Similarly, all points below the boundary line, the side with (0,0) and (—5,—15), are not solutions to y > x +4, as shown in
Figure.
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(-8, 12)

FETaN

16 =14 112 |10 [-8 (6 ]

! - Figure 8.1.4
The graph of the inequality y > = +4 is shown in below.
The line y = « +4 divides the plane into two regions. The shaded side shows the solutions to the inequality y > x +4.

The points on the boundary line, those where y = x +4, are not solutions to the inequality y > x +4, so the line itself is not part
of the solution. We show that by making the line dashed, not solid.

? Example 8.1.4

The boundary line shown in this graph is y = 2z — 1. Write the inequality shown by the graph.
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Answer

The line y =2z — 1 is the boundary line. On one side of the line are the points with y > 22 —1 and on the other side of
the line are the points withy < 2z —1.

Let’s test the point (0, 0) and see which inequality describes its position relative to the boundary line.
At (0, 0), which inequality is true: y > 2z —1 ory <2z —17

y>2r—1 y<2z—-1

0;2-0—1 022~0—1

0> —1True 0< —1False

Since, y > 2z —1 is true, the side of the line with (0,0), is the solution. The shaded region shows the solution of the
inequality y > 2z —1.

Since the boundary line is graphed with a solid line, the inequality includes the equal sign.
The graph shows the inequality y > 22 — 1.

We could use any point as a test point, provided it is not on the line. Why did we choose (0, 0)? Because it’s the easiest to
evaluate. You may want to pick a point on the other side of the boundary line and check that y < 22 — 1.

? Example 8.1.5

Write the inequality shown by the graph with the boundary line y = —2x + 3.
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Answer
y>—-2x+3

? Example 8.1.6

Write the inequality shown by the graph with the boundary line y = %x —14.

Answer

y<jz—4

? Example 8.1.7

The boundary line shown in this graph is 2z + 3y = 6. Write the inequality shown by the graph.
y
[
B,,
“.. : -
~‘~‘ [ 6
~:~“‘~ et
e,
- — f - .r‘s X
4 6 4 2 0 "5 %y 6 | 8
=27 R
1 ‘a
_4..
61
_8 4
1
Answer
The line 22 + 3y = 6 is the boundary line. On one side of the line are the points with 2z 43y > 6 and on the other side of
the line are the points with 2z +3y < 6.
Let’s test the point (0, 0) and see which inequality describes its side of the boundary line.
At (0, 0), which inequality is true: 2z +3y > 6 or 2z +3y < 67
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2z +3y > 6 2z +3y <6
2(0)+3(0)>6 2(0)+3(0) <6
0 > 6 False 0 <6 True

So the side with (0, 0) is the side where 2z +3y < 6.
(You may want to pick a point on the other side of the boundary line and check that 2z +3y > 6.)
Since the boundary line is graphed as a dashed line, the inequality does not include an equal sign.

The shaded region shows the solution to the inequality 2z + 3y < 6.

? Example 8.1.8

Write the inequality shown by the shaded region in the graph with the boundary line z — 4y = 8§.

A
B+

Answer

x—4y <8

? Example 8.1.9

Write the inequality shown by the shaded region in the graph with the boundary line 3z —y =6.

Answer
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| 3x—y>6

Graph Linear Inequalities in Two Variables

Now that we know what the graph of a linear inequality looks like and how it relates to a boundary equation we can use this
knowledge to graph a given linear inequality.

? Example 8.1.10: How to Graph a Linear Equation in Two Variables

Answer

? Example 8.1.11

Graph the linear inequality y > %w —-2.

Replace the inequality sign
with an equal sign to find
the boundary line.

Graph the boundary line
y= éx 2
=7x-2

The inequality sign is >,
so we draw a solid line.

we'll test (0, 0).

Is it a solution of the
inequality?

The test point (0, 0) is a
solution to y > %x -2.50

we shade in that side.

0=-2

So, (0, 0) is a solution.

All points in the shaded region and
on the boundary line represent the

solutions to y > —i-x =

Graph the linear inequality y > 22 —4.

Answer
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4

All points in the shaded region and on the boundary line, represent the solutions to y > gw —4.

? Example 8.1.12

9 9 9 2
Graph t