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3.5: Absolute Value Equations
In the previous section, we defined

—z, ifx<0
|z| = .
z, ifx >0

and we saw that the graph of the absolute value function defined by f(x) = |x| has the “V-shape” shown in Figure 3.5.1.
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v Figure 3.5.1 The graph of the absolute value function f(x) = [x|.

It is important to note that the equation of the left-hand branch of the “V” is y = —x. Typical points on this branch are (-1, 1), (-2,
2), (-3, 3), etc. It is equally important to note that the right-hand branch of the “V” has equation y = x. Typical points on this

branch are (1, 1), (2, 2), (3, 3), etc.

Solving |x| = a
We will now discuss the solutions of the equation
z|=a
There are three distinct cases to discuss, each of which depends upon the value and sign of the number a.

e Casel:a<0
If a < 0, then the graph of y = a is a horizontal line that lies strictly below the x-axis, as shown in Figure 3.5.2(a). In this case,
the equation [x| = a has no solutions because the graphs of y = a and y = |x| do not intersect.

e Casell:a=0
If a = 0, then the graph of y = 0 is a horizontal line that coincides with the x-axis, as shown in Figure 3.5.2(b). In this case,
the equation |x| = 0 has the single solution x = 0, because the horizontal line y = 0 intersects the graph of y = |x| at exactly one
point, at x = 0.

e Caselll:a>0
If a > 0, then the graph of y = a is a horizontal line that lies strictly above the x-axis, as shown in Figure 3.5.2(c). In this case,

the equation [x| = a has two solutions, because the graphs of y = a and y = |x| have two points of intersection.

Recall that the left-hand branch of y = |x| has equation y = —x, and points on this branch have the form (-1, 1), (-2, 2), etc.
Because the point where the graph of y = a intersects the left-hand branch of y = |x| has y-coordinate y = a, the x-coordinate
of this point of intersection is x = —a. This is one solution of |x| = a.

Recall that the right-hand branch of y = |x| has equation y = x, and points on this branch have the form (1, 1), (2, 2), etc.
Because the point where the graph of y = a intersects the right-hand branch of y = |x| has y-coordinate y = a, the x-coordinate
of this point of intersection is x = a. This is the second solution of |x| = a.
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(a) a <O. (b)a = 0. (c)a > 0. Figure 3.5.2 The solution of |x| = a has three

cases.

This discussion leads to the following key result.

& Property 2

The solution of |x| = a depends upon the value and sign of a.
e Casel:a<0
The equation |x| = a has no solutions.
e Casell:a=0
The equation |x| = 0 has one solution, x = 0.
e Caselll:a>0

The equation |x| = a has two solutions, x = —a or x = a.

Let’s look at some examples.

v/ Example 3.5.1

Solve |x| = =3 for x.

Solution

The graph of the left-hand side of |x| = =3 is the “V” of Figure 3.5.2(a). The graph of the right-hand side of [x| = -3 is a
horizontal line three units below the x-axis. This has the form of the sketch in Figure 3.5.2(a). The graphs do not intersect.
Therefore, the equation |x| = —3 has no solutions.

An alternate approach is to consider the fact that the absolute value of x can never equal —3. The absolute value of a number is
always nonnegative (either zero or positive). Hence, the equation |x| = —3 has no solutions.

v/ Example 3.5.2

Solve [x| = 0 for x

Solution
This is the case shown in Figure 3.5.2(b). The graph of the left-hand side of x| = 0 intersects the graph of the right-hand side of
[x|] = 0 at x = 0. Thus, the only solution of |x| =0 is x = 0.

Thinking about this algebraically instead of graphically, we know that 0 = 0, but there is no other number with an absolute
value of zero. So, intuitively, the only solution of x| = 0 is x = 0.

v/ Example 3.5.3

Solve |x| = 4 for x.

Solution
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The graph of the left-hand side of [x| = 4 is the “V” of Figure 3.5.2(c). The graph of the right-hand side is a horizontal line 4
units above the x-axis. This has the form of the sketch in Figure 3.5.2(c). The graphs intersect at (-4, 4) and (4, 4). Therefore,
the solutions of |[x| =4 are x = —4 or x = 4.

Alternatively, | — 4] = 4 and |4| = 4, but no other real numbers have absolute value equal to 4. Hence, the only solutions of |x| =
4arex=-4orx=4.

v/ Example 3.5.4

Solve the equation |3 — 2x| = -8 for x.

Solution
If the equation were |x| = —8, we would not hesitate. The equation |x| = —8 has no solutions. However, the reasoning applied to
the simple case |x| = —8 works equally well with the equation |3 — 2x| = —8. The left-hand side of this equation must be

nonnegative, so its graph must lie above or on the x-axis. The right-hand side of |3—2x| = -8 is a horizontal line 8 units below
the x-axis. The graphs cannot intersect, so there is no solution.

We can verify this argument with the graphing calculator. Load the left and righthand sides of |3 — 2x| = -8 into Y1 and Y2,
respectively, as shown in Figure 3.5.3(a). Push the MATH button on your calculator, then right-arrow to the NUM menu, as
shown in Figure 3.5.3(b). Use 1:abs( to enter the absolute value shown in Y1 in Figure 3.5.3(a). From the ZOOM menu, select
6:ZStandard to produce the image shown in Figure 3.5.3(c).

Note, that as predicted above, the graph of y = |3 — 2x] lies on or above the xaxis and the graph of y = —8 lies strictly below the
x-axis. Hence, the graphs cannot intersect and the equation |3 — 2x| = —8 has no solutions.

W= Flotl  Flatz  Plots
=MiBabs (3-242
~NzE-8

N z=0

Ay =

rMe=

B

Me=

(a) (b) (c) Figure 3.5.3 Using the graphing
calculator to examine the solution of |3 — 2x| = —8.

Alternatively, we can provide a completely intuitive solution of |3 — 2x| = —8 by arguing that the left-hand side of this equation
is nonnegative, but the right-hand side is negative. This is an impossible situation. Hence, the equation has no solutions.

v/ Example 3.5.5

Solve the equation |3 — 2x| = 0 for x.

Solution
We have argued that the only solution of |x| = 0 is x = 0. Similar reasoning points out that |3 — 2x| = 0 only when 3 — 2x = 0.
We solve this equation independently.

3—2z =0
—2x =-3
3

T73

Thus, the only solution of |3 — 2x| =0 is x = 3/2.

It is worth pointing out that the “tip” or “vertex” of the “V” in Figure 3.5.3(c) is located at x = 3/2. This is the only location
where the graphs of y = |3 — 2x| and y = 0 intersect.
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Solve the equation |3 — 2x| = 6 for x.

Solution

In this example, the graph of y = 6 is a horizontal line that lies 6 units above the x-axis, and the graph of y = |3 — 2x]| intersects
the graph of y = 6 in two locations. You can use the intersect utility to find the points of intersection of the graphs, as we have
in Figure 3.5.4(b) and (c).

H= Flotl  Flotz  Floks
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(a) (b) (c)

Figure 3.5.4 Using the graphing
calculator to find two solutions of |3 — 2x| = 6.

We need a way of summarizing this graphing calculator approach on our homework paper. First, draw a reasonable facsimile of
your calculator’s viewing window on your homework paper. Use a ruler to draw all lines. Complete the following checklist.

o Label each axis, in this case with x and y.

e Scale each axis. To do this, press the WINDOW button on your calculator, then report the values of xmin, xmax, ymin, and
ymax on the appropriate axis.

o Label each graph with its equation.

e Drop dashed vertical lines from the points of intersection to the x-axis. Shade and label these solutions of the equation on
the x-axis.

Following the guidelines in the above checklist, we obtain the image in Figure 3.5.5.
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-10 Figure 3.5.5 Reporting a graphical solution of |3 — 2x| = 6.

Algebraic Approach. One can also use an algebraic technique to find the two solutions of |3 — 2x| = 6. Much as [x| = 6 has
solutions x = —6 or x = 6, the equation

[3—2z| =6
is possible only if the expression inside the absolute values is either equal to —6 or 6. Therefore, write
3—2x=—6 or 3—2x=6

and solve these equations independently

3—2x = —6 or 3—-2x = 6
-2z = -9 -2z = 3
z = 2 z = -3

Because —3/2 = —1.5 and 9/2 = 4.5, these exact solutions agree exactly with the graphical solutions in Figure 3.5.4(b) and (c).
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Let’s summarize the technique involved in solving this important case.

Solving |expression| = a, when a > 0. To solve the equation
| expression | =a, whena >0

set
expression = —a or expression =a

then solve each of these equations independently.

For example:
* To solve |[2x + 7| = 5, set
2¢4+7=-b or 20 +7=5
, then solve each of these equations independently.
* To solve |3 — 5x| =9, set

3—5x=-9 or 3—b5z

Il
©

, then solve each of these equations independently.

* Note that this technique should not be applied to the equation |2x + 11| = —10, because the right-hand side of the equation is not a
positive number. Indeed, in this case, no values of x will make the left-hand side of this equation equal to —10, so the equation has
no solutions.

Sometimes we have to do a little algebra before removing the absolute value bars.

v/ Example 3.5.7

Solve the equation

|z +2|+3=38
for x.
Solution
First, subtract 3 from both sides of the equation.

|t +2|+3 =8

|t +2|+3—-3 =8-3
This simplifies to
|z +2| =5
Now, either
z+2=-5 or z+2=5

each of which can be solved separately.

r+2 = -5 or r+2 = b
r+2—-2 = —-5-2 rt+2—-2 = 5-2
r = -7 T 3
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Solve the equation

3lz—5|=6
for x.
Solution
First, divide both sides of the equation by 3

3lz—5| =6

3z -5/ 6

3 3
This simplifies to
|z —5| =2

Now, either
r—5=-2 or r—5=2

each of which can be solved separately.

r—5 = -2 or r—5 = 2
r—5+5 = -245 r—5+5 = 245

Properties of Absolute Value

An example will motivate the need for some discussion of the properties of absolute value.

v Example 3.5.9

Solve the equation

for x.

Solution

It is tempting to multiply both sides of this equation by a common denominator as follows.

m_l‘_l
2 3 4

z 1 1
12 5_5‘_12<Z)

If it is permissible to move the 12 inside the absolute values, then we could proceed as follows.
z 1
12(=—=]| =3
2(5-3)
|6z —4| =3
Assuming for the moment that this last move is allowable, either

6r—4=-3 or 6rx—4=3

Each of these can be solved separately, first by adding 4 to both sides of the equations, then dividing by 6.
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6z—4 = -3 or 6zxz—4 = 3
z = 1/6 x = T/6
As we’ve used a somewhat questionable move in obtaining these solutions, it would be wise to check our results. First,
substitute x = 1/6 into the original equation.
z 1| 1
2 3| 4
1/6 1 1
2 3] 4
1 1] 1
12 3| 4
Write equivalent fractions with a common denominator and subtract.
L £ L
12 12| 4
‘ 31 1
12| 4
’ 1] 1
4| 4
Clearly, x = 1/6 checks. We’ll leave the check of the second solution to our readers.

Well, we’ve checked our solutions and they are correct, so it must be the case that

E_l‘: (s_1
2 3 2 3

But why? After all, absolute value bars, though they do act as grouping symbols, have a bit more restrictive meaning than ordinary
grouping symbols such as parentheses, brackets, and braces.

We state the first property of absolute values.

& Property

If a and b are any real numbers, then

|ab| = |al[b]

We can demonstrate the validity of this property by simply checking cases.

¢ If aand b are both positive real numbers, then so is ab and |a||b| = ab. On the other hand, |a||b| = ab. Thus, |ab| = |al|b|.
 If aand b are both negative real numbers, then ab is positive and |ab| = ab. On the other hand, |a||b| = (—a)(—b) = ab . Thus,
|ab| = [al[b].

We will leave the proof of the remaining two cases as exercises. We can use |a||b| = |ab| to demonstrate that

f_l,: (z_1
2 3 2 3

This validates the method of attack we used to solve equation (12) in Example 3.5.9.

On the other hand, it is not permissible to multiply by a negative number and simply slide the negative number inside the
absolute value bars. For example,

2|z =3[ =|-2(z - 3)|
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is clearly an error (well, it does work for x = 3). For any x except 3, the lefthand side of this result is a negative number, but the
right-hand side is a positive number. They are clearly not equal.

In similar fashion, one can demonstrate a second useful property involving absolute value.

If a and b are any real numbers, then

provided, of course, that b # 0.

Again, this can be proved by checking four cases. For example, if a is a positive real number and b is a negative real number, then
a/b is negative and |a/b| = —a/b. On the other hand, |a|/|b] = a/(—b) = —a/b.

We leave the proof of the remaining three cases as exercises.

This property is useful in certain situations. For example, should you desire to divide |2z — 4] by 2, you would proceed as follows.

|22 —4| |2z —4| 2z —4
2 2| 2

This technique is useful in several situations. For example, should you want to solve the equation |2z — 4| = 6, you could divide
both sides by 2 and apply the quotient property of absolute values.
Distance Revisited

Recall that for any real number x, the absolute value of x is defined as the distance between the real number x and the origin on the
real line. In this section, we will push this distance concept a bit further.

Suppose that you have two real numbers on the real line. For example, in the figure that follows, we’ve located 3 and —2 on the real
line.

d

9 3

You can determine the distance between the two points by subtracting the number on the left from the number on the right. That is,
the distance between the two points is d = 3 — (-=2) = 5 units. If you subtract in the other direction, you get the negative of the
distance, as in —2 — 3 = =5 units. Of course, distance is a nonnegative quantity, so this negative result cannot represent the distance
between the two points. Consequently, to find the distance between two points on the real line, you must always subtract the
number on the left from the number on the right.

However, if you take the absolute value of the difference, you’ll get the correct result regardless of the direction of subtraction.
d=13—(-2)|=15|=5 and d=|—-2-3|=|-5/=5
This discussion leads to the following key idea.

# Property 16.

Suppose that a and b are two numbers on the real line

< >

A
v

a b

You can determine the distance d between a and b on the real line by taking the absolute value of their difference. That is,
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l d=|a—b|

Of course, you could subtract in the other direction, obtaining d = |b — a| . This is also correct.

Now that this geometry of distance has been introduced, it is useful to pronounce the symbolism |a—b| as “the distance between a
and b” instead of saying “the absolute value of a minus b.”

v/ Example 3.5.10

Solve the equation

|z —3| =8

for x.

Solution

Here’s the ideal situation to apply our new concept of distance. Instead of saying “the absolute value of x minus 3 is 8,” we
pronounce the equation |z — 3| = 8 as “the distance between x and 3 is 8.”

Draw a number line and locate the number 3 on the line.

-+

Recall that the “distance between x and 3 is 8.” Having said this, mark two points on the real line that are 8 units away from 3.

8 8

-5

ot

11

Thus, the solutions of [x — 3| =8 arex = -5orx = 11

v/ Example 3.5.11

Solve the equation
|z +5| =2
for x.

Solution
Rewrite the equation as a difference.

|z —(=5) =2
This is pronounced “the distance between x and -5 is 2.” Locate two points on the number line that are 2 units away from —5.

2 2

Hence, the solutions of |z + 5| =2 are x = -7 or x = —3.

Exercise

For each of the equations in Exercises 1-4, perform each of the following tasks.

1. Set up a coordinate system on a sheet of graph paper. Label and scale each axis.
2. Sketch the graph of each side of the equation without the aid of a calculator. Label each graph with its equation.
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3. Shade the solution of the equation on the x-axis (if any) as shown in Figure 5 (read "Expectations") in the narrative. That is,
drop dashed lines from the points of intersection to the axis, then shade and label the solution set on the x-axis.

? Exercise 3.5.1

x| =-2

Answer

No solutions.

Y
54 y=|x|

x|=0

? Exercise 3.5.3
x| =3

Answer

Solution: x = -3 or x = 3.
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? Exercise 3.5.4

For each of the equations in Exercises 5-8, perform each of the following tasks.

1. Load each side of the equation into the Y= menu of your calculator. Ad- just the viewing window so that all points of
intersection of the two graphs are visible in the viewing window.

2. Copy the image in your viewing screen onto your homework paper. Label each axis and scale each axis with xmin, xmax, ymin,
and ymax. Label each graph with its equation.

3. Use the intersect utility in the CALC menu to determine the points of intersection. Shade and label each solution as shown in
Figure 5 (read "Expectations") in the narrative. That is, drop dashed lines from the points of intersection to the axis, then shade
and label the solution set on the x-axis.

? Exercise 3.5.5
I3-2x/ = 5

Answer

Solutions: x = -1 or x = 4.
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? Exercise 3.5.6

[2x+7| = 4

? Exercise 3.5.7

[4x+5| =7

Answer

Solutions: x = -3 or x = 0.5.

0020
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? Exercise 3.5.8

I5x-7| = 8

For each of the equations in Exercises 9-14, provide a purely algebraic solution without the use of a calculator. Arrange your work
as shown in Examples 6, 7, and 8 in the narrative, but do not use a calculator.

? Exercise 3.5.9

[4x+3| =0
Answer
—_3
=73

? Exercise 3.5.10

I3x-11| = -5

[2x+7| = 14
Answer
—__2z 7
T=—5 0orT =5
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|7-4x| = 8

13-2x| = -1

Answer

No solutions.

? Exercise 3.5.14

|4x+9] = 0

For each of the equations in Exercises 15-20, perform each of the following tasks.

1. Arrange each of the following parts on your homework paper in the same location. Do not do place the algebraic work on one
page and the graphical work on another.

2. Follow each of the directions given for Exercises 5-8 to find and record a solution with your graphing calculator.

3. Provide a purely algebraic solution, showing all the steps of your work. Do these solutions compare favorably with those found
using your graphing calculator in part (ii)? If not, look for a mistake in your work.

? Exercise 3.5.15

[x-8| =7

Answer
<
<

_1OV

x=1lorx=15
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? Exercise 3.5.16

[2x-15| =5
[2x+11| =6
Answer
Y
y:|2:c+11| Al0
=J >
0 ; y="6
0 ]
0 ]
0 ]
0 |
I ]
-« & L 4 »
—15 —8.5 —2.5 5)

—10Y

x=-850rx=-25

? Exercise 3.5.18

I5x-21| = 7
? Exercise 3.5.19
x-12| = 6

Answer
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Y
104 y=|z—12|

» T
25
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Xx=6orx=18

? Exercise 3.5.20

[x+11|=5

Use a strictly algebraic technique to solve each of the equations in Exercises 21-28. Do not use a calculator.

x+2|-3 = 4

Answer

x=-90rx=5

3x+5|= 6

-2|3-2x| = -6

Answer

x=0orx=3

? Exercise 3.5.24

[4-x[+5 = 12
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3|x+2|-5 = |x+2|+7

Answer

x=-8orx=4

? Exercise 3.5.26

4-3J4—x| = 2j4-x-1

Use the technique of distance on the number line demonstrated in Examples 16 and 17 to solve each of the equations in Exercises
29-32. Provide number line sketches on your homework paper as shown in Examples 16 and 17 in the narrative.

? Exercise 3.5.29
[x-5| =8

Answer

3 5 13

x=-3orx=13

? Exercise 3.5.30

[x=2|=4
? Exercise 3.5.31

[x+4| =3

Answer
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x=-7o0rx=-1

[x+2| =11
Use the instructions provided in Exercises 5-8 to solve the equations in Exercises 33-34.

? Exercise 3.5.33

|z+2|=32+5
Answer
Y =|r+2
104 y=| |
y=z/3+5
)
)
< ! »

—-10  —=5.25

—10Y
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? Exercise 3.5.34

|m—3|:5—%a:

In Exercises 35-36, perform each of the following tasks.

1. Set up a coordinate system on graph paper. Label and scale each axis.

2. Without the use of a calculator, sketch the graphs of the left- and right-hand sides of the given equation. Label each graph with
its equation.

3. Drop dashed vertical lines from each point of intersection to the x-axis. Shade and label each solution on the x-axis (you will
have to approximate).

? Exercise 3.5.35

|z —2| :%z—i—Z

Answer

y=|r—2|

y=x/3+2

—10Y

? Exercise 3.5.36

|z +4| = %z—i—él
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Given that a < 0 and b > 0, prove that [ab| = |a||b].

Answer

If a is a negative real number and b is a positive real number, then ab is negative, so |ab| = —ab. On the other hand, a
negative also means that |a] = —a, and b positive means that |b| = b, so that |a||b|] = —a(b) = —ab. Comparing these results, we
see that |ab| and |a||b| equal the same thing, and so they must be equal to one another.

? Exercise 3.5.38

Given that a>0 and b<0, prove that |ab| = [a||b|.

? Exercise 3.5.39
la|

In the narrative, we proved that if a> 0 and b <0, then |%| =W Prove the remaining three cases.

Answer

Casel. (a, b > 0) If a and b are both positive real numbers, then % is positive and so |%| = %. On the other hand, a positive

also means that |a| = a, and b positive means that |b| = b, so that % = % . Comparing these two results, we see that |%\ and
|a|

Tl equal the same thing, and so they must be equal to one another.

Case II. (a, b < 0) If a and b are both negative real numbers, then % is positive and so |%| = % On the other hand, a

negative also means that |a| = —a, and b negative means that |b| = —b, so that % = (:Z) = % . Comparing these two results,
|a|

we see that | %| and Tl equal the same thing, and so they must be equal to one another.

Case III. (a <0, b > 0) If a is a negative real number and b is a positive real number, then - is negative and so [ 3| = —(3).
On the other hand, a negative also means that |a] = —a, and b positive means that |b| = b, so that % = —% =) —(%) .

Comparing these two results, we see that |%| and % equal the same thing, and so they must be equal to one another.

This page titled 3.5: Absolute Value Equations is shared under a CC BY-NC-SA 2.5 license and was authored, remixed, and/or curated by David
Arnold.

o 4.3: Absolute Value Equations by David Arnold is licensed CC BY-NC-SA 2.5. Original source:
https://web.archive.org/web/20200814023923/http://msenux2.redwoods.edu/IntAlg Text/.
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