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3.3: Piecewise-Defined Functions

In preparation for the definition of the absolute value function, it is extremely important to have a good grasp of the concept of a
piecewise-defined function. However, before we jump into the fray, let’s take a look at a special type of function called a constant
function.

One way of understanding a constant function is to have a look at its graph.

v Example 3.3.1

Sketch the graph of the constant function f(x) = 3.

Solution
Because the notation f(x) = 3 is equivalent to the notation y = 3, we can sketch a graph of f by drawing the graph of the
horizontal line having equation y = 3, as shown in Figure 3.3.1.

)
104
f(z) =3
- > T
10
v Figure 3.3.1 The graph of a constant function is a horizontal line.

When you look at the graph in Figure 1, note that every point on the horizontal line having equation f(x) = 3 has a y-value
equal to 3. We say that the y-values on this horizontal line are constant, for the simple reason that they are constantly equal to
3.

The function form works in precisely the same manner. Look again at the notation
flz)=3

Note that no matter what number you substitute for x in the left-hand side of f(x) = 3, the right-hand side is constantly equal to
3. Thus,

f(_5):37 f(—1/2)=3, f(\/i):?’? or f(ﬂ-):3

The above discussion leads to the following definition.

& Definition

The function defined by f(x) = c, where c is a constant (fixed real number), is called a constant function.

Two comments are in order:

1. f(x) = c for all real numbers x.
2. The graph of f(x) = c is a horizontal line. It consists of all the points (X, y) having y-value equal to c.
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Piecewise Constant Functions

Piecewise functions are a favorite of engineers. Let’s look at an example.

v/ Example 3.3.2

Suppose that a battery provides no voltage to a circuit when a switch is open. Then, starting at time ¢ = 0, the switch is closed
and the battery provides a constant 5 volts from that time forward. Create a piecewise function modeling the problem
constraints and sketch its graph.

Solution
This is a fairly simple exercise, but we will have to introduce some new notation. First of all, if the time t is less than zero (
t <0), then the voltage is 0 volts. If the time t is greater than or equal to zero (¢ > 0), then the voltage is a constant 5 volts.
Here is the notation we will use to summarize this description of the voltage.

0, ift<0

Vit)=1. .

5, ift>0

Some comments are in order:

e The voltage difference provide by the battery in the circuit is a function of time. Thus, V (t) represents the voltage at time t.

o The notation used in (4) is universally adopted by mathematicians in situations where the function changes definition
depending on the value of the independent variable. This definition of the function V is called a “piecewise definition.”
Because each of the pieces in this definition is constant, the function V is called a piecewise constant function.

o This particular function has two pieces. The function is the constant function V' (¢) = 0, when ¢ < 0, but a different
constant function, V'(¢) =5, when ¢ > 0.

Ift <0,V (t) =0. For example, fort = —1,¢t = —10, and ¢ = —100
V(-1)=0, V(-10)=0, and V(-~100)=0
On the other hand, if ¢ > 0, then V'(¢) = 5. For example, for ¢t =0,¢ = 10, and ¢ = 100
V(0)=5, V(10)=5, and V(100)=5

Before we present the graph of the piecewise constant function V , let’s pause for a moment to make sure we understand some
standard geometrical terms.

Geometrical Terms

o A line stretches indefinitely in two directions, as shown in Figure 3.3.2(a).

o If aline has a fixed endpoint and stretches indefinitely in only one direction, as shown in Figure 3.3.2(b), then it is
called a ray.

o If a portion of the line is fixed at each end, as shown in Figure 3.3.2(c), then it is called a line segment.

Figure 3.3.2 Lines, rays, and

segments.
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With these terms in hand, let’s turn our attention to the graph of the voltage defined by equation (4). When ¢ < 0, then V(¢) =0.
Normally, the graph of V' (¢) =0 would be a horizontal line where each point on the line has V -value equal to zero. However,
V(t) =0 only if ¢ < 0, so the graph is the horizontal ray that starts at the origin, then moves indefinitely to the left, as shown in
Figure 3.3.3. That is, the horizontal line V'=0 has been restricted to the domain {¢:¢ <0} and exists only to the left of the
origin.

Similarly, when ¢ > 0, then V' (¢) =5 is the horizontal ray shown in Figure 3.3.3. Each point on the ray has a V -value equal to 5.

V

10 A
5 >
1 0 10"

v Figure 3.3.3 The voltage as a function of time t.

Two comments are in order:
e Because V() =0 only when t < 0, the point (0, 0) is unfilled (it is an open circle). The open circle at (0, 0) is a
mathematician’s way of saying that this particular point is not plotted or shaded.

o Because V(t) =5 whent > 0, the point (0, 5) is filled (it is a filled circle). The filled circle at (0, 5) is a mathematician’s way
of saying that this particular point is plotted or shaded.

Let’s look at another example.

v/ Example 3.3.3

Consider the piecewise-defined function

0, ifx<0
flx)=41, ifo<z<?2
2, ifz>2

Evaluate f(x) at x = -1, 0, 1, 2, and 3. Sketch the graph of the piecewise function f.

Solution

Because each piece of the function in (6) is constant, evaluation of the function is pretty easy. You just have to select the
correct piece.

* Note that x = —1 is less than 0, so we use the first piece and write f(—1) = 0.

* Note that x = 0 satisfies 0 < z < 2, so we use the second piece and write f(0) = 1.

* Note that x = 1 satisfies 0 < z < 2, so we use the second piece and write f(1) = 1.

* Note that x = 2 satisfies x > 2, so we use the third piece and write f(2) = 2.

* Finally, note that x = 3 satisfies > 2, so we use the third piece and write f(3) = 2. The graph is just as simple to sketch.

* Because f(x) = 0 for x < 0, the graph of this piece is a horizontal ray with endpoint at x = 0. Each point on this ray will have a
y-value equal to zero and the ray will lie entirely to the left of x = 0, as shown in Figure 3.3.4.

* Because f(x) = 1 for 0 < x < 2, the graph of this piece is a horizontal segment with one endpoint at x = 0 and the other at x =
2. Each point on this segment will have a y-value equal to 1, as shown in Figure 3.3.4.
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* Because f(x) = 2 for z > 2, the graph of this piece is a horizontal ray with endpoint at x = 2. Each point on this ray has a y-
value equal to 2 and the ray lies entirely to the right of x = 2, as shown in Figure 3.3.4.

Several remarks are in order:

* The function is zero to the left of the origin (for x < 0), but not at the origin. This is indicated by an empty circle at the origin,
an indication that we are not plotting that particular point.

* For 0 <z < 2, the function equals 1. That is, the function is constantly equal to 1 for all values of x between 0 and 2,
including zero but not including 2. This is why you see a filled circle at (0, 1) and an empty circle at (2, 1).

* Finally, for z > 2, the function equals 2. That is, the function is constantly equal to 2 whenever x is greater than or equal to 2.
That is why you see a filled circle at (2, 2).

Y
10A

v Figure 3.3.4 Sketching the graph of the piecewise function (6).

Piecewise-Defined Functions

Now, let’s look at a more generic situation involving piecewise-defined functions—one where the pieces are not necessarily
constant. The best way to learn is by doing, so let’s start with an example.

v/ Example 3.3.4

Consider the piecewise-defined function
—x+2, ifx<2
xr) =
1(@) {:1:—2, ife>2
Evaluate f(x) for x = 0, 1, 2, 3 and 4, then sketch the graph of the piecewise-defined function.
Solution

The function changes definition at x = 2. If x < 2, then f(x) = —x + 2. Because both 0 and 1 are strictly less than 2, we evaluate
the function with this first piece of the definition.

flz)=—z+4+2 and f(z)=—-xz+2

f(0)=-0+2 f)y=-1+2

f(0)=2 f1)=1
On the other hand, if z > 2, then f(z) =z — 2. Because 2, 3, and 4 are all greater than or equal to 2, we evaluate the function
with this second piece of the definition.

f(z)=z—-2 and f(z)=2z—-2 and f(z)=z—2
f(2)=2-2 and f(3)=3-2 and f(4)=4-2
f(2)=0 and f(3)=1 and f(4)=2

One possible approach to the graph of f is to place the points we’ve already calculated, plus a couple extra, in a table (see
Figure 3.3.5(a)), plot them (see Figure 3.3.5(b)), then intuit the shape of the graph from the evidence provided by the plotted
points. This is done in Figure 3.3.5(c).
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Figure 3.3.5 Plotting the graph of the piecewise function defined in (8).

However pragmatic, this point-plotting approach is a bit tedious; but, more importantly, it does not provide the background
necessary for the discussion of the absolute value function in the next section. We need to stretch our understanding to a higher
level. Fortunately, all the groundwork is in place. We need only apply what we already know about the equations of lines to fit
this piecewise situation.

Alternative approach. Let’s use our knowledge of the equation of a line (i.e. y = mx + b) to help sketch the graph of the
piecewise function defined in (8).

Let’s sketch the first piece of the function f defined in (8). We have f(x) = —x+ 2, provided x < 2. Normally, this would be a line
(with slope —1 and intercept 2), but we are to sketch only a part of that line, the part where x < 2 (x is to the left of 2). Thus,
this piece of the graph will be a ray, starting at the point where x = 2, then moving indefinitely to the left.

The easiest way to sketch a ray is to first calculate and plot its fixed endpoint (in this case at x = 2), then plot a second point on
the ray having x-value less than 2, then use a ruler to draw the ray.

With this thought in mind, to find the coordinates of the endpoint of the ray, substitute x = 2 in f(x) = —x + 2 to get f(2) = 0.
Now, technically, we’re not supposed to use this piece of the function unless x is strictly less than 2, but we could use it with x
=1.9, or x = 1.99, or x = 1.999, etc. So let’s go ahead and use x = 2 in this piece of the function, but indicate that we’re not
actually supposed to use this point by drawing an “empty circle” at (2, 0), as shown in Figure 3.3.6(a).

To complete the plot of the ray, we need a second point that lies to the left of its endpoint at (2, 0). Note that x = 0 is to the left
of x = 2. Evaluate f(x) = —x + 2 at x = 0 to obtain f(0) = -0 + 2 = 2. This gives us the second point (0, 2), which we plot as
shown in Figure 3.3.6(a). Finally, draw the ray with endpoint at (2, 0) and second point at (0, 2), as shown in Figure 3.3.6(a).

Y Y
10A 10A

(0,2) N (4,2)

(a) (b) Figure 3.3.6 Sketch each piece

separately

https://stats.libretexts.org/@go/page/35210


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/2.5/
https://stats.libretexts.org/@go/page/35210?pdf

LibreTextsw

We now repeat this process for the second piece of the function defined in (8). The equation of the second piece is f(x) = x — 2,
provided & > 2. Normally, f(x) = x — 2 would be a line (with slope 1 and intercept —2), but we’re only supposed to sketch that
part of the line that lies to the right of or at x = 2. Thus, the graph of this second piece is a ray, starting at the point with x = 2
and continuing to the right. If we evaluate f(x) = x — 2 at x = 2, then f(2) = 2 — 2 = 0. Thus, the fixed endpoint of the ray is at
the point (2, 0). Since we’re actually supposed to use this piece with x = 2, we indicate this fact with a filled circle at (2, 0), as
shown in Figure 3.3.6(b).

We need a second point to the right of this fixed endpoint, so we evaluate f(x) = x-2 at x = 4 to get f(4) =4 — 2 = 2. Thus, a
second point on the ray is the point (4, 2). Finally, we simply draw the ray, starting at the endpoint (2, 0) and passing through
the second point at (4, 2), as shown in Figure 3.3.6(b).

To complete the graph of the piecewise function f defined in equation (8), simply combine the two pieces in Figure 3.3.6(a)
and Figure 3.3.6(b) to get the finished graph in Figure 3.3.7. Note that the graph in Figure 3.3.7 is identical to the earlier result
in Figure 3.3.%(c).

Let’s try this alternative procedure in another example.

v/ Example 3.3.5

A source provides voltage to a circuit according to the piecewise definition
V(L) = 0, %f t<0
t, ift>0

Sketch the graph of the voltage V versus time t.

Solution

For all time t that is less than zero, the voltage V is zero. The graph of V (t) = 0 is a constant function, so its graph is normally
a horizontal line. However, we must restrict

)
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Figure 3.3.7 Combining both pieces.

the graph to the domain (—oo, 0), so this piece of equation (10) will be a horizontal ray, starting at the origin and moving
indefinitely to the left, as shown in Figure 3.3.8(a).

On the other hand, V (t) = t for all values of t that are greater than or equal to zero. Normally, this would be a line with slope 1
and intercept zero. However, we must restrict the domain to [0, c0), so this piece of equation (10) will be a ray, starting at the
origin and moving indefinitely to the right.

o The endpoint of this ray starts at t = 0. Because V (t) = t, V (0) = 0. Hence, the endpoint of this ray is at the point (0, 0).
o Choose any value of t that is greater than zero. We’ll choose t = 5. Because V (t) =t, V (5) = 5. This gives us a second point
on the ray at (5, 5), as shown in Figure 3.3.8(b).
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(a) V(t) = 0 for t < 0. (b) V() = ¢ for t > 0. e 3.5

Finally, to provide a complete graph of the voltage function defined by equation (10), we combine the graphs of each piece of
the definition shown in Figures 3.3.8(a) and (b).

The result is shown in Figure 3.3.9. Engineers refer to this type of input function as a “ramp function.”

|4
104 Vv
< >
10
v Figure 3.3.9 The graph of the ramp function defined by equation (10).

Let’s look at a very practical application of piecewise functions.

v/ Example 3.3.6

The federal income tax rates for a single filer in the year 2005 are given in Table 3.3.1.

Table 3.3.1. 2005 Federal Income Tax rates for single filer.

Income Tax Rate
Up to $7,150 10%
$7,151-$29,050 15%
$29,051-$70,350 25%
$70,351-$146,750 28%
$146,751-$319,100 33%
$319,101 or more 35%

Create a piecewise definition that provides the tax rate as a function of personal income.
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Solution

In reporting taxable income, amounts are rounded to the nearest dollar on the federal income tax form. Technically, the domain
is discrete. You can report a taxable income of $35,000 or $35,001, but numbers between these two incomes are not used on
the federal income tax form. However, we will think of the income as a continuum, allowing the income to be any real number
greater than or equal to zero. If we did not do this, then our graph would be a series of dots—one for each dollar amount. We
would have to plot lots of dots!

We will let R represent the tax rate and I represent the income. The goal is to define R as a function of I.
e If income I is any amount greater than or equal to zero, and less than or equal to $7,150, the tax rate R is 10% (i.e., R =
0.10). Thus, if $0 < T < $7,150, R(I) = 0.10.
e If income I is any amount that is strictly greater than $7,150 but less than or equal to $29,050, then the tax rate R is 15%
(i.e., R = 0.15). Thus, if $7, 150 < I < $29, 050, then R(I) = 0.15.

Continuing in this manner, we can construct a piecewise definition of rate R as a function of taxable income I.

0.10, if$0<1I<$7,150

0.15, if$7,150 < I <$29,050
0.25, if$29,050 < I < $70,350
0.28, if$70,350 < I <$146,750
0.33, if$146,750 < I <$319,100
0.35, ifI>$319,100

Let’s turn our attention to the graph of this piecewise-defined function. All of the pieces are constant functions, so each piece
will be a horizontal line at a level indicating the tax rate. However, each of the first five pieces of the function defined in
equation (12) are segments, because the rate is defined on an interval with a starting and ending income. The sixth and last
piece is a ray, as it has a starting endpoint, but the rate remains constant for all incomes above $319,100. We use this
knowledge to construct the graph shown in Figure 3.3.10

The first rate is 10% and this is assigned to taxable income starting at $0 and ending at $7,150, inclusive. Thus, note the first
horizontal line segment in Figure 3.3.10that runs from $0 to $7,150 at a height of R = 0.10. Note that each of the endpoints are
filled circles.

The second rate is 15% and this is assigned to taxable incomes greater than $7,150, but less than or equal to $29,050. The
second horizontal line segment in Figure 10 runs from $7,150 to $29,050 at a height of R = 0.15. Note that the endpoint at the
left end of this horizontal segment is an open circle while the endpoint on the right end is a filled circle because the taxable
incomes range on $7, 150 < I < $29, 050. Thus, we exclude the left endpoint and include the right endpoint.

The remaining segments are drawn in a similar manner.

The last piece assigns a rate of R = 0.35 to all taxable incomes strictly above $319,100. Hence, the last piece is a horizontal ray,
starting at ($319 100, 0.35) and extending indefinitely to the right. Note that the left endpoint of this ray is an open circle
because the rate R = 0.35 applies to taxable incomes I > $319, 100.

Let’s talk a moment about the domain and range of the function R defined by equation (12). The graph of R is depicted in
Figure 3.3.10 If we project all points on the graph onto the horizontal axis, the entire axis will “lie in shadow.” Thus, at first
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100,000 200,000 300,000 400,000 Figure 3.3.10 The graph of the tax rate R

versus taxable income I.

glance, one would state that the domain of R is the set of all real numbers that are greater than or equal to zero.

However, remember that we chose to model a discrete situation with a continuum. Taxable income is always rounded to the
nearest dollar on federal income tax forms. Therefore, the domain is actually all whole numbers greater than or equal to zero.
In symbols,

Domain ={I e W:I >0}

To find the range of R, we would project all points on the graph of R in Figure 3.3.10onto the vertical axis. The result would
be that six points would be shaded on the vertical axis, one each at 0.10, 0.15, 0.25, 0.28, 0.33, and 0.35. Thus, the range is a
finite discrete set, so it’s best described by simply listing its members.

Range = {0.10,0.15,0.25,0.28,0.33,0.35}

Exercise

? Exercise 3.3.1

Given the function defined by the rule f(x) = 3, evaluate f(-3), f(0) and f(4), then sketch the graph of f.

Answer

f(-3) = 3, £(0) = 3, and f(4) = 3.
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Given the function defined by the rule g(x) = 2, evaluate g(—2), g(0) and g(4), then draw the draw the graph of g.

? Exercise 3.3.3

Given the function defined by the rule h(x) = —4, evaluate h(-2), h(a), and h(2x+3), then draw the graph of h.

Answer

h(-2) = -4, h(a) = 4, and h(2x+3) = —4.
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? Exercise 3.3.4

Given the function defined by the rule f(x) = -2, evaluate f(0), f(b), and f(5—-4x), then draw the graph of f.

? Exercise 3.3.5

The speed of an automobile traveling on the highway is a function of time and is described by the constant function v(t) = 30,
where t is measured in hours and v is measured in miles per hour. Draw the graph of v versus t. Be sure to label each axis with
the appropriate units. Shade the area under the graph of v over the time interval [0,5] hours. What is the area under the graph of
v over this time interval and what does it represent?

Answer

The area under the curve is 150 miles. This is the distance traveled by the car.
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v (mi/h)

? Exercise 3.3.6

The speed of a skateboarder as she travels down a slope is a function of time and is described by the constant function v(t) = 8,
where t is measured in seconds and v is measured in feet per second. Draw the graph of v versus t. Be sure to label each axis
with the appropriate units. Shade the area under the graph of v over the time interval [0,60] seconds. What is the area under the
graph of v over this time interval and what does it represent?

? Exercise 3.3.7

An unlicensed plumber charges 15 dollars for each hour of labor. Let’s define this rate as a function of time by r(t) = 15, where
t is measured in hours and r is measured in dollars per hour. Draw the graph of r versus t. Be sure to label each axis with
appropriate units. Shade the area under the graph of r over the time interval [0,4] hours. What is area under the graph of r over
this time interval and what does it represent?

Answer

The area under the curve is 150 miles. This is the distance traveled by the car.
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r(t)=15
15 ()

? Exercise 3.3.8

I o

A carpenter charges a fixed rate for each hour of labor. Let’s describe this rate as a function of time by r(t) = 25, where t is
measured in hours and r is measured in dollars per hour. Draw the graph of r versus t. Be sure to label each axis with
appropriate units. Shade the area under the graph of r over the time interval [0, 5] hours. What is the area under the graph of r
over this time interval and what does it represent?

? Exercise 3.3.9

Given the function defined by the rule

0, ifz<0
2, ifz>0

s ={

evaluate f(—2), f(0), and f(3), then draw the graph of f on a sheet of graph paper. State the domain and range of f.

Answer

f(-2) = 0, £(0) = 2, and f(3) = 2.
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The domain of f is the set of all real numbers. The range of f is {0, 2}.

? Exercise 3.3.10

Given the function defined by the rule

2, ifz<0
f("”)_{o, ifz >0

evaluate f(—2), f(0), and f(3), then draw the graph of f on a sheet of graph paper. State the domain and range of f.

? Exercise 3.3.11

Given the function defined by the rule

-3, ifz<0
flz)=< 1, if —2<z<2
3, ife>2

evaluate g(—3), g(—2), and g(5), then draw the graph of g on a sheet of graph paper. State the domain and range of g.

Answer

g(-3)=-3,g(-2)=1,and g(5) =3
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? Exercise 3.3.12

\ 4

Given the function defined by the rule

4,
flz)=1q 2,

o — >
O
- » T
)
)

The domain of g is all real numbers. The range of g is {-3, 1, 3}.

ifz<-1
if —1l<z<2
3, ifzx>2

evaluate g(—1), g(2), and g(3), then draw the graph of g on a sheet of graph paper. State the domain and range of g.

In Exercises 13-16, determine a piecewise definition of the function described by the graphs, then state the domain and range of

the function.

? Exercise 3.3.13
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\ 4
Answer

3, ifx <0
f(m)_{—z, ife >0

Domain of f is the set of all real numbers. The range of f is {2, 3}.

? Exercise 3.3.14
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2, ifr <0
glz)=< -2, if0<z<2
2, ifz>2

The domain of f is the set of all real numbers. The range of f is {-2, 2}.

? Exercise 3.3.16

Yy
A
® 0
- > T
D
«—0 o———»g
v

? Exercise 3.3.17

Given the piecewise function

—z -3, ifz<-3
T +3, ife >-3

@) ={

evaluate f(—4) and f(0), then draw the graph of f on a sheet of graph paper. State the domain and range of the function.

Answer

f(-4) = 1 and £(0) = 3.
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\ 4

The domain of f is the set of all real numbers. The range off is{y: y > 0}.

? Exercise 3.3.18

Given the piecewise function

—z+1, ifz<l1
z—1, ife>1

) ={
evaluate f(—2) and f(3), then draw the graph of f on a sheet of graph paper. State the domain and range of the function.

? EXERICSE 3.3.19

Given the piecewise function

—2zx+3, ifzx<
g(z) = _
2x — 3, ife >

o feo o]

evaluate g(0) and g(3), then draw the graph of f on a sheet of graph paper. State the domain and range of the function.

Answer

g(-2)=7and g(2) = 1.
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The domain of g is the set of all real numbers. The range off is{y: y > 0}.

? Exercise 3.3.20

Given the piecewise function

( —3x —4, ifa:<—%
xTr)=
9(a) 3z+4, ifz>-3%

evaluate g(—2) and g(3), then draw the graph of f on a sheet of graph paper. State the domain and range of the function.

? Exercise 3.3.21

A battery supplies voltage to an electric circuit in the following manner. Before time t = 0 seconds, a switch is open, so the
voltage supplied by the battery is zero volts. At time t = 0 seconds, the switch is closed and the battery begins to supply a
constant 3 volts to the circuit. At time t = 2 seconds, the switch is opened again, and the voltage supplied by the battery drops

immediately to zero volts. Sketch a graph of the voltage vversus time t, label each axis with the appropriate units, then provide
a piecewise definition of the voltage v supplied by the battery as a function of time t.

Answer

The graph follows.
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V' (volts)
DA
o—0
< O . » 1 (s)
D
Y
0, ifz<0
glz) =<3, if0<z<2
0, ifzx>2

Prior to time t = 0 minutes, a drum is empty. At time t = 0 minutes a hose is turned on and the water level in the drum begins to
rise at a constant rate of 2 inches every minute. Let h represent water level (in inches) at time t (in minutes). Sketch the graph
of h versust, label the axes with appropriate units, then provide a piecewise definition of has a function of t.

This page titled 3.3: Piecewise-Defined Functions is shared under a CC BY-NC-SA 2.5 license and was authored, remixed, and/or curated by
David Arnold.
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