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4.3: The Binomial Distribution

Recall, there are many probability experiments where a trial has only two outcomes. For example, asking a group of individuals if
they vote yes on a proposition, or randomly guessing on a multiple choice test. When we conduct a sequence of independent trials
with only two outcomes per trial, we are conducting a binomial experiment. In the last lesson, you learned how to calculate the
probability of success achieved on the xth trial when there are only two outcomes per each trial, and independent trials.

Now, we will turn to computing the probability of = successes in n independent trials, where there are only two possible outcomes
per trial. We will examine this distribution by conducting an experiment. We will look at the possible outcomes from flipping four
fair coins. Tossing a coin is an example of a trial with only two outcomes which are heads and tails.

1. Go to this website or use the QR code below to simulate flipping coins (or if you want, use four actual coins for the
experiment). We will define landing on heads as success, and landing on tails as failure. We define the random variable x to be
the number of successes (heads) out of four trials (4 coin tosses).

a. There are many possible outcomes when flipping four coins. For example, the first coin could land on heads, the second on
tails, the third on heads, and the fourth on tails. Let’s denote this outcome as HTHT. In this outcome, there are 2 successes
and 2 failures. Write two other possible outcomes from flipping four coins and the corresponding number of successes and
failures.

b. What is the maximum number of successes possible (this is the largest value of x)?

c. What is the minimum number of successes possible (this is the smallest value of x)?
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d. Time to flip the coins! Conduct the experiment 20 times. Each time you toss the four coins, use tally marks to keep track of
the number of successes (heads) in the table below. When you have made 20 tally marks, you have finished.

Number of Heads, x Tally

e. Here are the results from the experiment repeated 200 times. Complete the table with the relative frequency.

Number of Heads, x Frequency Relative Frequency
0 14

1 43

2 85

3 42

4 16

Total 200
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f. Use the data from e. to create a relative frequency histogram. The relative frequencies are approximations of the
probabilities of each outcome, P(z).

0.56

0,52

Relative Frequency

048

3 Number of Heads, x

Images are created with the graphing calculator, used with permission from Desmos Studio PBC.

g. Describe the center, shape, and spread of the relative frequency histogram.

h. Which value of the random variable occurred most often?

The Binomial Distribution

A binomial experiment is a probability experiment with the following characteristics:

e The experiment consists of n independent trials.

o Each trial has exactly two possible outcomes which are labeled success and failure.

o The probability of success is the same for each trial. We denote the probability of success as p and the probability of failure as
g=1-p.

For the random variable x representing the number of successes in a fixed number of trials (n trials), the distribution of

probabilities is called the binomial distribution.

2. In the binomial experiment above, how many trials were there?

3. In the binomial experiment above, what is the probability of success? What is the probability of failure?
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4. Next, we will compute the actual probabilities from a binomial distribution. We will apply our knowledge of probability laws to
help with the computation. We will lower the number of trials to 2 unfair coins in this computation. An unfair coin is a coin that
is unbalanced and therefore lands on one side more or less than the other. Let’s assume we have a collection of biased coins
where the probability of getting heads is 60%.

a. Recall, if events A and B are independent, then P(AN B) = . This is the multiplication rule for
independent events.

b. If events A and B are mutually exclusive, then P(AU B) = . This is the addition rule for mutually
exclusive events.

c. If you flip 2 coins, are the 2 coin flips independent? Explain.

d. If 2 coins are tossed, there are 4 possible outcomes. One possible outcome is the first coin lands on heads, and the second
coin lands on heads (H and H). In this outcome, there are 2 successes so the random variable takes on the value 2. List the
other 3 possible outcomes from tossing 2 coins.

e. Compute the probability of both coins landing on heads.
P(HNH)=P(2)=

f. Compute the probability of both coins landing on tails. P(T'NT) = P(0) =

g. Compute the probability of one coin landing on heads. Careful, there is more than one way this can happen!
P((Hand T)OR(T and H)) = P(1) =
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h. Summarize the distribution in the table:

Heads, x P(x)

0

Total

i. Graph the binomial probability distribution as a histogram.

056

Relatve Fraquency

Nuribar of Heads,

Images are created with the graphing calculator, used with permission from Desmos Studio PBC.

j. Estimate the mean of the distribution.

Next, we construct the binomial distribution for three biased coins where the probability of a coin landing on heads is 60%.

P(0)=P(TandT and T) = P(T)- P(T)- P(T) = (0.4)(0.4)(0.4) = 1- (0.4)3

P(T and T and H) = P(T)- P(T) - P(H) = (0.4)(0.4)(0.6) = (0.4)2(0.6)" = 0.096
P(Tand HandT) = P(T)- P(H)- P(T) = (0.4)(0.4)(0.6) = (0.4)?(0.6)! = 0.096
P(HandT andT) = P(H)- P(T)- P(T) = (0.4)(0.4)(0.6) = (0.4)%(0.6)* = 0.096
P(1)=P (TTH or THT ot HTT =3-(0.4)*(0.6)" =3(0.096) = 0.288

P(T and H and H) = P(T)- P(H) - P(H) = (0.4)(0.6)(0.6) = (0.4)*(0.6)> = 0.144
P(HandT and H) = P(H)- P(T)- P(H) = (0.4)(0.6)(0.6) = (0.4)1(0.6)> =0.144
P(Hand HandT) = P(H)- P(H)- P(T) = (0.4)(0.6)(0.6) = (0.4)}(0.6)> = 0.144
P(2)=P(THH or HTHor HHT =3-(0.4)'(0.6)> = 3(0.144) = 0.432
P(3)=P(Hand Hand H) = P(H)- P(H)- P(H) = (0.6)(0.6)(0.6) =1- (0.6)* =0.216
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5. Let’s notice some patterns: what do you notice about the probabilities when the number of trials is 3, the probability of success
is 0.6, and the probability of failure is 0.4?

P(0)=1-(0.6)°(0.4)*

P(1)=3-(0.6)"(0.4)*
P(2) =3-(0.6)%(0.4)
P(3)=1-(0.6)%(0.4)°

6. Below are the probabilities when flipping 4 biased coins where the probability of success (landing on heads) is 0.6 and the
probability of failure (landing on tails) is 0.4. Fill in the blanks.

P(0) =1-(0.6)°(__)*
P(1) =4-(__ )—(0.4)}
P(2) =6-(0.6)—(0.4)—
P(3)=4-(__)*(_)"
P(_)=__ -(0.6)*(0.4)°

The Combination Function

Notice that there are 6 combinations of 4 coins that result in 2 heads: {HHTT, HTHT, HTTH, THTH, TTHH, THHT}. This process
of listing out all combinations of x successes in n trials is complicated and time consuming. Luckily, mathematicians have derived a

formula for such a function. The combination (or choose) function is denoted ,,C,, (“n choose z ”). The number of ways to get =
successes in n trials is

n!
nCz -
z!(n—1z)!
This function involves using the factorial n! (pronounced n factorial) means multiply all the whole numbers n down to 1. For
example, 5! =5-4-3-2-1 =120 . We say that 0!=1.

Let’s calculate 4C5.

ne

4! 4321 43
===

T2l (2-1)(21)

7. Rather than doing this calculation by hand, let’s use https://www.desmos.com/calculator to do it for us.

a. Type in nCr(4,2). You will see that desmos gives us the answer 6 which matches our calculation above.

b. Compute 15Cy by typing nCr(12,9) on line 2.

c. Compute 52Cyg by typing in nCr(52,49) on line 3.
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Computing Binomial Probability

Given below is the computation of the probability of flipping exactly two heads in four coin tosses.

There are 6 P

L . This is the
combinations in number of This is the
which '2 heads SuUCCesses number of
occur in four (heads). failures
coin flips. ‘ (tails).

P(x =2) =6 - (0.6)" - (0.4)°

We are looking This is the This is the
for the probability probability probability
of 2 successes of success of failure
(heads) in 4 trials. (heads). (tails).

We now generalize this formula. In a binomial experiment with n independent trials where p is the probability of success, and
q =1 —p is the probability of failure, the probability of exactly x successes in n trials is

P(z)=,Co-p"-q"
These probabilities form a binomial distribution.

8. The probability of testing positive for COVID 19 in California is approximately 3.2%.

a. In a group of 20 randomly selected individuals from California, what is the probability that 3 of those people are positive for
COVID 19?

b. In a group of 20 randomly selected individuals from California, what is the probability that less than 3 people are positive
for COVID 19?

c. In a group of 20 randomly selected individuals from California, what is the probability that at least 1 person is positive for
COVID 19?

This page titled 4.3: The Binomial Distribution is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Hannah Seidler-Wright.

o Current page by Hannah Seidler-Wright is licensed CC BY-NC-SA 4.0.
o 1.2: The Statistical Analysis Process by Hannah Seidler-Wright is licensed CC BY-NC-SA 4.0.
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