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7.2.1: Large Sample Estimation of a Population Mean

&b Learning Objectives

e To become familiar with the concept of an interval estimate of the population mean.
o To understand how to apply formulas for a confidence interval for a population mean.

The Central Limit Theorem says that, for large samples (samples of size n > 30), when viewed as a random variable the sample

mean X is normally distributed with mean px = p and standard deviation o = ﬁ . The Empirical Rule says that we must go

about two standard deviations from the mean to capture 95% of the values of X generated by sample after sample. A more precise

distance based on the normality of X is 1.960 standard deviations, which is F = %’ .

The key idea in the construction of the 95% confidence interval is this, as illustrated in Figure 7.2.1.1, because in sample after

sample 95% of the values of X lie in the interval [u— E, p+ E] , if we adjoin to each side of the point estimate z —a “wing” of
length E, 95% of the intervals formed by the winged dots contain u. The 95% confidence interval is thus z + 1.960%. For a

different level of confidence, say 90% or 99%, the number 1.960will change, but the idea is the same.
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Figure 7.2.1.1: When Winged Dots Capture the Population Mean
Figure 7.2.1.2 shows the intervals generated by a computer simulation of drawing 40 samples from a normally distributed
population and constructing the 95% confidence interval for each one. We expect that about (0.05)(40) =2 of the intervals so
constructed would fail to contain the population mean g, and in this simulation two of the intervals, shown in red, do.
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Figure 7.2.1.2: Computer Simulation of 40 95% Confidence Intervals for a Mean

It is standard practice to identify the level of confidence in terms of the area « in the two tails of the distribution of X when the
middle part specified by the level of confidence is taken out. This is shown in Figure 7.2.1.3 drawn for the general situation, and
in Figure 7.2.1.4 drawn for 95% confidence.
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Figure 7.2.1.3: For 100(1 — ) % confidence the area in each tail is o /2.

Remember from Section 5.4 that the z-value that cuts off a right tail of area c is denoted z.. Thus the number 1.960 in the example
is z.g25, which is za fora =1-0.95=0.05.
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Figure 7.2.1.4: For 95% confidence the area in each tail is a/2 = 0.025.

For 95% confidence the area in each tail is a./2 = 0.025.

The level of confidence can be any number between 0 and 100%, but the most common values are probably 90% (a = 0.10),
95% (e = 0.05), and 99% (o = 0.01).

Thus in general for a 100(1 —a)% confidence interval, E = z/2(0/+/n), so the formula for the confidence interval is
Ttz, /2(0/ \/n). While sometimes the population standard deviation ¢ is known, typically it is not. If not, for n > 30 it is
generally safe to approximate o by the sample standard deviation s.

X Large Sample 100(1 — a)% Confidence Interval for a Population Mean

e If o is known:

o ()

e If o is unknown:

o (3)

A sample is considered large when n > 30.

As mentioned earlier, the number

B
~—

o
—E

or

()

is called the margin of error of the estimate.
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Find the number z,/, needed in construction of a confidence interval:

1. when the level of confidence is 90%;
2. when the level of confidence is 99%.

using the tables in Figure 7.2.1.5below.
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29 | UYYSI UYYSZ UYYSZ UYYSS UYYS4 UYYs4 UYYSD UYYEdD UYYS0 U.IY50
3.0 | 0.9987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989 0.9990 0.9990
3.110.9990 09991 0.9991 0.9991 0.9992 0.9992 0.9992 0.9992 0.9993 0.9993
3.2109993 09993 0.9994 0.9994 0.9994 0.9994 0.9994 0.9995 0.9995 0.9995
33109995 09995 0.9995 0.9996 0.9996 0.9996 0.9996 0.9996 0.9996 0.9997
34109997 09997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9998
3.5]/0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998
3.6 109998 09998 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999
3.710.9999 09999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999
3.810.9999 09999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999
3.9 | 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

Figure 7.2.1.5: Cumulative Normal Probability

Solution:

1. For confidence level 90%, o =1 —0.90 = 0.10, so z, /2 = Z0.05 - Since the area under the standard normal curve to the
right of 2zg g5 is 0.05, the area to the left of zy o5 is 0.95. We search for the area 0.9500in Figure 7.2.1.5 The closest entries
in the table are 0.9495and 0.9505 corresponding to z-values 1.64 and 1.65. Since 0.95 is halfway between 0.9495and
0.9505we use the average 1.645 of the z-values for zg g5.

2. For confidence level 99%, a =1 —0.99 = 0.01, so z, /2 = 20.005 - Since the area under the standard normal curve to the
right of 2,905 is 0.005, the area to the left of zg.gg5 is 0.9950 We search for the area 0.9950in Figure 7.2.1.5 The closest
entries in the table are 0.9949and 0.9951, corresponding to z-values 2.57 and 2.58. Since 0.995is halfway between
0.9949and 0.9951we use the average 2.575 of the z-values for zg gos.

v/ Example 7.2.1.2

Use Figure 7.2.1.6below to find the number z,/, needed in construction of a confidence interval:

1. when the level of confidence is 90%;
2. when the level of confidence is 99%.
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63| 0.847 1295 1669 1998 2387 2656 2909 3.225 3452
64| 0.847 1295 1669 1998 2386 2655 2908 3.223 3449
65| 0.847 1295 1669 1997 2385 2654 2906 3.220 3.447

66 0.847 1295 1668 1997 2384 2652 2904 3218 3444
67 | 0.847 1294 1668 199 2383 2651 2903 3216 3.442
68| 0.847 1294 1668 1995 2382 2650 2902 3214 3439
69| 0.847 1294 1667 1995 2382 2649 2900 3213 3437
70 ( 0.847 1.294 1667 1994 2381 2648 2899 3211 3435

71| 0.847 1294 1667 1994 2380 2647 2897 3209 3433
72| 0.847 1293 1666 1993 2379 2646 2896 3.207 3431
73| 0.847 1293 1666 1993 2379 2645 2.895 3206 3.429
74| 0847 1293 1666 1993 2378 2644 2.894 3204 3427
75| 0.846 1.293 1665 1992 2377 2643 2892 3202 3425

76 0.846 1.293 1665 1992 2376 2642 2891 3201 3423
77| 0846 1.293 1665 1991 2376 2641 2890 3.199 3421
78| 0.846 1.292 1665 1991 2375 2640 2.889 3.198 3.420
79| 0846 1.292 1664 1990 2374 2640 2.888 3.197 3418
80| 0.846 1.292 1664 1990 2374 2639 2887 3.195 3416

81| 0846 1.292 1664 1990 2373 2638 2886 3.194 3415
82| 0846 1.292 1664 1989 2373 2637 2885 3.193 3413
83| 0846 1.292 1663 1989 2372 2636 2.884 3.191 3412
84| 0846 1.292 1663 1989 2372 2636 2.883 3.190 3410
85| 0.846 1.292 1663 1988 2371 2635 2882 3.189 3.409

86| 0.846 1.291 1663 1988 2370 2634 2881 3.188 3.407
87| 0846 1.291 1663 1988 2370 2634 2880 3.187 3.406
88| 0.846 1.291 1662 1987 2369 2633 2.880 3.185 3.405
89| 0.846 1.291 1662 1987 2369 2632 2879 3.184 3403
90| 0.846 1.291 1662 1987 2368 2632 2878 3.183 3.402

91| 0846 1.291 1662 1986 2368 2631 2877 3.182 3.401
92| 0.846 1.291 1662 1986 2368 2630 2876 3.181 3.399
93| 0846 1.291 1661 1986 2367 2630 2876 3.180 3.398
94| 0846 1.291 1661 1986 2367 2629 2875 3.179 3397
95| 0.845 1.291 1661 1985 2366 2629 2874 3.178 3.396

96| 0.845 1.290 1661 1985 2366 2628 2873 3.177 3.395
97| 0.845 1290 1.661 1985 2365 2627 2873 3.176 3.39%
98| 0.845 1.290 1661 1984 2365 2627 2872 3.175 3393
99| 0.845 1290 1.660 1984 2365 2626 2871 3.175 3392
100 0.845 1290 1.660 1984 2364 2626 2871 3.174 3390

©[z] | 0.842 1.282 1645 1960 2326 2576 2.807 3.090 3.291

Figure 7.2.1.6: Critical Values of t

Solution:

1. In the next section we will learn about a continuous random variable that has a probability distribution called the Student ¢-
distribution. Figure 7.2.1.6gives the value ¢, that cuts off a right tail of area c for different values of c. The last line of that
table, the one whose heading is the symbol oo for infinity and 2], gives the corresponding z-value z, that cuts off a right
tail of the same area c. In particular, 2q 5 is the number in that row and in the column with the heading % 5. We read off
directly that zg o5 = 1.645.

2. In Figure 7.2.1.62¢ g5 is the number in the last row and in the column headed % g5, namely 2.576.

Figure 7.2.1.6 can be used to find z. only for those values of ¢ for which there is a column with the heading ¢. appearing in the
table; otherwise we must use Figure 7.2.1.5in reverse. But when it can be done it is both faster and more accurate to use the last
line of Figure 7.2.1.6to find 2, than it is to do so using Figure 7.2.1.5in reverse.

v/ Example 7.2.1.3

A sample of size 49 has sample mean 35 and sample standard deviation 14. Construct a 98% confidence interval for the
population mean using this information. Interpret its meaning.

Solution:

For confidence level 98%, aa=1-0.98 =0.02, so Za/2 = 20.01- From Figure 7.2.1.6 we read directly that
20.01 = 2.326.Thus

14
:Ej:za/zﬁ =35+2.326 (E) =35+4.652 ~ 35 +4.7

We are 98% confident that the population mean g lies in the interval [30.3, 39.7] in the sense that in repeated sampling 98% of all
intervals constructed from the sample data in this manner will contain p.
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A random sample of 120 students from a large university yields mean GPA 2.71 with sample standard deviation 0.51.
Construct a 90% confidence interval for the mean GPA of all students at the university.

Solution:

For confidence level 90%, a =1 —0.90 =0.10, so Zq4/2 = 20.05- From Figure 7.2.1.6 we read directly that zg g5 = 1.645.
Sincen =120, x =2.71, and s = 0.51,

_ 0.51
a::l:zaQ% —2.71+1.645 (ﬁ) =2.71+0.0766

One may be 90% confident that the true average GPA of all students at the university is contained in the interval
(2.71-0.08,2.71+0.08) = (2.63,2.79)

o A confidence interval for a population mean is an estimate of the population mean together with an indication of reliability.
o There are different formulas for a confidence interval based on the sample size and whether or not the population standard
deviation is known.

o The confidence intervals are constructed entirely from the sample data (or sample data and the population standard deviation,
when it is known).

This page titled 7.2.1: Large Sample Estimation of a Population Mean is shared under a CC BY-NC-SA 3.0 license and was authored, remixed,
and/or curated by Anonymous via source content that was edited to the style and standards of the LibreTexts platform.

e 7.1: Large Sample Estimation of a Population Mean by Anonymous is licensed CC BY-NC-SA 3.0. Original source:
https://2012books.lardbucket.org/books/beginning-statistics.
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