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1.3.1: Integer Exponents: a Review with Variables

4b Learning Objectives

By the end of this section, you will be able to:

o Simplify expressions using the properties for exponents
o Use the definition of a negative exponent

X Be Prepared

Before you get started, take this readiness quiz.
1. Simplify (—2)(—2)(-2).

2. Simplify (22°)3.

3. Simplify (2z2)(4z3).

A Review of Positive Integer Exponents

Remember that a positive integer exponent indicates repeated multiplication of the same quantity. For example, in the expression
a™, the positive integer exponent m tells us how many times we use the base a as a factor.
a"=a-a-a-...-a
—_

m factors

For example,

(=9)° = (=9)-(-9)-(-9) (-9)- (-9)

5 factors

Let’s review the vocabulary for expressions with exponents.
# Definition 1.3.1.1
o
base
a"=a-a-a---a
————
m factors

This is read a to the mt" power.

In the expression a™ with positive integer m and a # 0, the exponent m tells us how many times we use the base a as a
factor.

Recall the following example which leads to the the Product Property for Positive Integer Exponents.

z2x’

M e
2 factors 3 factors

What does this mean?

5 factors

Il
8

The base stayed the same and we added the exponents.
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& Product Property for Positive Integer Exponents

If @ is a real number and m and n are positive integers, then

To multiply with like bases, add the exponents.

Now we will look at an exponent property for division. As before, we’ll try to discover a property by looking at some examples.

5 2
. T x
Consider — and —
z2 3
What do they mean? = =
-z T-T-T
Use the Equivalent Fractions LTI A2 1
Property. N -z A
Simplify. — 23 1
z
Note. 23 = 52 l = L = 1

Here we see how to use the initial exponents to arrive at the simplified expression. When the larger exponent was in the numerator,
we were left with factors in the numerator. When the larger exponent was in the denominator, we were left with factors in the
denominator--notice the numerator of 1. When all the factors in the numerator have been removed, remember this is really dividing

the factors to one, and so we need a 1 in the numerator: Z_ 1. This leads to the Quotient Property for Positive Integer

Exponents.

& Quotient Property for Positive Integer Exponents

If a is a real number, a # 0, and m and n are distinct positive integers, then

m—n

m a ifm>n

ifn>m.

an —m

v/ Example 1.3.1.2

Simplify each expression:

Solution

To simplify an expression with a quotient, we need to first compare the exponents in the numerator and denominator.

a.
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T
z7

Since 9 > 7, there are more factors of = in the numerator.

m 97
. a ==z
Use the Quotient Property, — = a™ ", form > n.
a
Simplify. = 22

Notice that when the larger exponent is in the numerator, we are left with factors in the numerator.
b.
310
32
Since 10 > 2, there are more factors of 3 in the numerator.

a™ — glo-2
Use the Quotient Property, — = a™ ", for m > n.
a'ﬂ

Simplify. =3P

Notice that when the larger exponent is in the numerator, we are left with factors in the numerator.

C.
b8
7
Since 12 > §, there are more factors of b in the denominator. 1
a™ =
Use the Quotient Property, — = ,forn > m. bl2-8
a an—m
o 1
Simplify. = b_4

Notice that when the larger exponent is in the denominator, we are left with factors in the denominator.

d.

73

[

Since 5 > 3, there are more factors of 3 in the denominator. 1
m = —
Use the Quotient Property, _ forn > m. 753

an an—m

N 1

Simplify. = 7—2

1

Simplify. = —

Py 19

Notice that when the larger exponent is in the denominator, we are left with factors in the denominator.

? Trylt1.3.1.3

Simplify each expression:

d. —

b. —

C. ——
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1215

* 1230
Answer
a. z?

b. 6°

. 1215

? Trylt1.3.1.4

Simplify each expression:

y43
da. ?
Y

1015
107

m7

c. _m15
98
. F
Answer
a.yb
b. 10%
1
c. —
m8
1
* 911

Extending the Meaning of Exponent to Integers

Note that, while so far an exponent that is not a positive integer has no meaning, we see that blindly applying the above properties
for such exponents leads to a couple definitions.

1
m777,
For m a positive integer (so that ™ has meaning,  # 0). =—
4
Blindly follow the quotient rule that we know to be true in another case. = ™™™
Reduce the fraction on the left. =z’
Conclude. 20 =1

So if the Quotient Property is also to hold for the exponent zero we must define, for z # 0,
2 =1.
Similarly, consider this expression where m is a positive integer (so that ™ has meaning).

z "™
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Blindly applying the product property. = g5 g
Simplify exponent. =0
Blindly applying the product property. = gy e
Using }c,)mP geyw §efini?ion: x‘g o f Y =1
Simplify exponent. =20
Draw conclusion. "™ =1
Using our new definition: 20 = 1. =1
Note the property of the reciprocal. =™ is the reciprocal of ™.
Draw conclusion. "™ =1
o . 1
Rewrite in symbols. . ==
Note the property of the reciprocal. ™™ is thereciprocal of z™.
Rewrite in symbols. ™= L
Im
So, if the product property of exponents holds also for (so far undefined) negative integers, we must define, for m a negative
integer,
_ 1
z " =—.
mm

Also, since taking the reciprocal of both sides preserves the equality we also have, equivalently,

1

— :L‘m
z—m '
We could also write these two statements above simultaneously as
m .
r = = ——,m any integer.
mm
So, we must define
# Definition 1.3.1.5
For a any non-zero real number
=1
and for m any positive integer
m 1 ivalentl LI
a —a—mor,eqmvaen y,a_—m—a .

In the above, the base can be anything (z can be anything) which we know to be different from zero, and in this text, we assume
any variable that we raise to the zero power is not zero.

v/ Example 1.3.1.6

Simplify each expression:
a. 9’

b. n?

c. (—4a?b)°

d. -3°

Solution
The definition says any non-zero number raised to the zero power is 1.

a. Use the definition of the zero exponent. 9° = 1
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b. Use the definition of the zero exponent. n® =1

To simplify the expression 7 raised to the zero power we just use the definition of the zero exponent. The result is 1.
c. Anything raised to the power zero is 1. Here the base is —4a2b, so (—4a?b)? =1

d. Anything raised to the power zero is 1. Here the base is 3, so this is the opposite of 3°, or, the opposite of 1. So, —3° = —1

? Trylt1.3.1.7

Simplify each expression:
a. 110
b. ¢°
c. (—12p%¢*)°
d. -7
Answer
a.l
b.1
c. 1
d.-1

? Trylt1.3.1.8

Simplify each expression:
a. 23"

b. 70

c. (2st°)°

d. —s°

Answer
a.l
b.1
(|
d.-1

v/ Example 1.3.1.9

Simplify each expression. Write your answer using positive exponents.

a.z?

b.1073

1

C. —
y—4
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1
d —
3—2
Solution
a.
25
. . 1
Use the definition of a negative exponent, a ™" = — =—
a” T
b.
1073
- . 1 1
Use the definition of a negative exponent, a " = —. = —
an 103
Simplify. = I
1000
C.
1
F
- . 1 4
Use the definition of a negative exponent, =a". =y
a—n
d.
1
3T2
- . 1 2
Use the definition of a negative exponent, —— = a”. =3
a
Simplify. =9

? Try1t1.3.1.10

Simplify each expression. Write your answer using positive exponents.

a.z 3

b.1077

b 10,000,000
c.p?
d. 64
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? Trylt1.3.1.11

Simplify each expression. Write your answer using positive exponents.

a.n 2

b.107*
1

Properties of Negative Exponents

The negative exponent tells us we can rewrite the expression by taking the reciprocal of the base and then changing the sign of the
exponent.

Any expression that has negative exponents is not considered to be in simplest form. We will use the definition of a negative

exponent and other properties of exponents to write the expression with only positive exponents.

For example, if after simplifying an expression we end up with the expression 3

) o1
, we will take one more step and write —- The
T
answer is considered to be in simplest form when it has only positive exponents.
Suppose now we have a fraction raised to a negative exponent. Let’s use our definition of negative exponents to lead us to a new

property.
> -2

/N
| o

1
1 =
Use the definition of a negative exponent, a " = — 3\ 2
a” -
4
1
Simplify the denominator. 9
16
Simplify the complex fraction. = %
2
But we know that E = é
9 3
2

- 2
This tells us that E _ é
4 3

To get from the original fraction raised to a negative exponent to the final result, we took the reciprocal of the base—the fraction—
and changed the sign of the exponent.

This leads us to the Quotient to a Negative Integer Exponent Property.
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# Quotient to a Negative Integer Exponent Property

If @ and b are real numbers, a # 0, b # 0, and n is an integer, then
5)7=G)
b “\a/)
v/ Example 1.3.1.12

Simplify each expression. Write your answer using positive exponents.

Solution

a.

Use the Quotient to a Negative Integer Exponent Property,

(3)"=(2)"

Take the reciprocal of the fraction and change the sign of the (7 2
exponent. ~—\5
49
Simplify. = =
plity. 25

Use the Quotient to a Negative Integer Exponent Property,

")

Take the reciprocal of the fraction and change the sign of the _ ( y )3

exponent. - x
3

Simplify. —_Z
23

? Trylt1.3.1.13

Simplify each expression. Write your answer using positive exponents.

()
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Answer

81
a o=
n2

m?2

? Trylt1.3.1.14

Simplify each expression. Write your answer using positive exponents.
a(2)
“\5
ay —4
b. (—3)
b

We would like to verify that the properties of positive integer exponents can be extended to all integer exponents. We will do some
examples. Let m and n be non-negative integers, m > n. Let's simplify ™z ™.

xmxfn
e - 1 m 1
Use the definition: z™"* = —. =z" =
T T
m
Multiply fractions. — LCa
z.n
Use the Quotient Property of exponents. " or g™t
Conclude. 2" = g™ = gmt(n)
So, the product property holds in this case.
Andif m <n,
"
L 1 1
Use the definition: z" = —. =z —
i T
m
Multiply fractions. _r
In
1
Use the Quotient Property of exponents. =
zn—m
Use second variation of the definition of negative exponents. =g (m)
Simplify. zmn o  gmt(-n)
Conclude. M = gm " — gmt(-n)

So the Product Property for Positive Integer Exponents holds in this case, too. We can in a similar way check other combinations to
see that the Product Property for Positive Integer Exponents holds for all integers. The Product Property for Integer Exponents
follows directly
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and

™ 1 1 1 1 1
—_——= . = = or .
" xm xn M. pn x—m+n xn—m

So, both the Product Property and the Quotient Property hold for all integer exponents.

& Product Property for Integer Exponents

If a is a real number and m and n are integers, then

To multiply with like bases, add the exponents.

& Quotient Property for Integer Exponents

If a is a real number, a %~ 0, and m and n are integers, then

— am*n
a’
and
a™ 1
a® - an—m’

To divide with like bases, subtract the exponents as above.

We will now use the product property with expressions that have negative exponents. We can choose to use the meaning of
negative exponents instead of the quotient property above, so we will focus here on the product property.

v/ Example 1.3.1.15

Simplify each expression:
a.z %278
b. (m*n=3)(m=°n-2)
—6,,8 5, -3
c (2z7%y°)(=5z"y )
Solution
da.
F O
Add the exponents, since the bases are the same. =253
Simplify. =z
- ) _ 1 1
Use the definition of a negative exponent, a ™" = —. = —
am Z8
b.
(min?)(mon-2)
Use the Commutative Property to get like bases together. =mimSn2n73
Add the exponents for each base. =m~in™®
- ) _ 1 1 1
Use the definition of a negative exponent, a ™" = —. =—.—
am ml n5
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(m*n )9 ?)
Simplify. = 1

mn®

(o

(22~%®)(=52°y )
Rewrite with the like bases together. = 2(=5)(z7%2%)(y¥y3)
Multiply the coefficients and add the exponents of each variable. = —10z 1y®
Use the definition of a negative exponent, a ™" = ain' =-10 %y5
Simplify. = — H‘)T_y‘r’

? Trylt1.3.1.16

Simplify each expression:

a.z 4z7®

b. (p°¢ ) (¢ ")
c. (3u%v")(—4utv2)

Answer
1

"0
1
" pigd
12¢°
u

? Trylt1.3.1.17

Simplify each expression:

—8 c—7

a.c
b. (r°s73)(r7s7?)
c. (—6¢78d*)(—5c2d 1)

Answer
1
a. 5
1
Cp2g8
3043
c8

Now let’s look at an exponential expression that contains a power raised to a power. Let's see if we can discover a general property.

(@)?
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What does this mean? =x°r’T
= zx -xTT - T-T

~—— —_— =
How many factors altogether? B s Bitsm  Bfbsine

6 factors

So we have ==z
Notice the 6 is the product of the exponents, 2 and 3. We see that (2%)? is 22 or 5. We can also see that
1 11 1 1
2y _ () - - . = = _ - _ .6
(%) = ( ) == = =z

so that (z~2)® = 275 In these examples we multiplied the exponents.

We can check various combinations of signs of the exponents which leads us to the Power Property for Integer Exponents.

& Power Property for Integer Exponents

If a is a real number and m and n are integers, then
(a‘ITl)’Il = a,mn.

To raise a power to a power, multiply the exponents.

v/ Example 1.3.1.18

Simplify each expression:
a. (y°)°

b. (474)7

c (¥*)°(°)*

Solution
a.
®°)?
Use the power property, (a™)" = a™". y59
Simplify. y®
b.
Caoll
Use the power property. S
Simplify. =48
C.
")’ )"
Use the power property. = y18y20
Add the exponents. = y38
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? Trylt1.3.1.19

Simplify each expression:
a. (b')°
b. (5%)2
c. (a%)’(a")*
Answer
a. b%
b.5 1

c.a*®

? Try1t1.3.1.20

Simplify each expression:
a. (2%)°
b. (377)7
c (¢9)°(@*)?
Answer
54

a. 2

b. 3%

c. ¢

We will now look at an expression containing a product that is raised to a power. Can we find this pattern?

(22)*
What does this mean? =2z -2z 2z
We group the like factors together. =2-2 2zzz
How many factors of 2 and of z? = 23g8

Notice that each factor was raised to the power and (2z ) is 23z3.

The exponent applies to each of the factors! We can say that the exponent distributes over multiplication. If we were to check
various examples with exponents which are negative or zero, then we would find the same pattern emerges. This leads to the
Product to a Power Property for Integer Exponents.

# Product to a Power Property for Integer Exponents

If @ and b are real numbers and mm is an integer, then
(ab)™ =a™b™.

To raise a product to a power, raise each factor to that power.
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Simplify each expression:
a. (—3mn)3
b. (6%3) 2
c. (5z73)2
Solution
a.
(=3mn)?
Use Power of a Product Property, (ab)™ = a™b™. = (—3)3m®n?
Simplify. = —27m3n3
b.
(6k%)2
Use the Power of a Product Property, 6-2 (k%) 2
(ab)™ = a™b™.
Use the Power Property, (a™)" = a™". =6 2k 6
Use the definition of a negative exponent, 1 1
1 =7
-n __ ___ 2 6
o =—T. 6° k
R 1
Simplify. =
36k0
c
(5z7%)
Use the power of a product property, (ab)™ = a™b™. =5%(z3)?
Simplify. — 9576
P | 1
Rewrite z° usinga™" = —. = 25—6
a x
Simplify. = 25
26

? Trylt1.3.1.22

Simplify each expression:
a. (2wz)®
b. (2b3)4
c. (8a7)?
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Answer
a. 32ubz®

1
16012
64
C

aS

? Trylt1.3.1.23

Simplify each expression:
a. (=3y)°

b. (—4z*)~2

c. (2¢4)3

b

Answer
a. —27y°
1

1628
12

c. 8¢

Now we will look at an example that will lead us to the quotient to a power property.

3

/N
< |8
~——

T T T
This means =—-—.—
y vy
TTT
Multiply the fractions. = R
yyy
23
Write with exponents. ==
Y

Notice that the exponent applies to both the numerator and the denominator.
z\* b

We see that [ — | is —-
) Yy

This leads to the Quotient to a Power Property for Integer Exponents. We can say that the exponent distributes over division as

well as multiplication.

# Quotient to a Power Property for Integer Exponents

If @ and b are real numbers, b # 0, and m is an integer, then

-5

To raise a fraction to a power, raise the numerator and denominator to that power.

v/ Example 1.3.1.24

Simplify each expression:
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-3
k
b. (—)
J
3
2zy?
C. L
(%
4p~3 2
d. >
q
Solution
a.
b\ !
(5)
Use th Power P aym_ o !
tl tient t iy, ( —) = — - —
se the Quotient to a Power Property, (b) P p
A b
Simplify. =
81
b.
g\ 3
)
-3
Raise the numerator and denominator to the power. =—
=
ng . _ 1 1 1 j3
Use the definition of negative exponent, a™™ = — and — =a". = —.ZL-
a” a™ B 1
Itipl i
Multiply. - <L
ultiply. =3
C.
2xy? 8
z
m m 233
Use the Quotient to a Power Property, (2) = a_. = M
b b 23
Use the Product to a Power Property, (ab)™ = a™b™, and the Power 8390
Property, (a™)™ = a™". T3
d.
4p3 2
( ¢ )
Use the Ouoti Power P aym _ a” _ 4Py
se the Quotient to a Power Property, ( b) = = @7
Use the Product to a Power Property, (ab)™ = a™b™. =—
q
_ 1 16 1
Use the definition of negative exponent, a " = —. ===
an qa p
L 16
Simplify. = @
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Simplify each expression:
p\4
(15
-7
b. (=)
n
( 3ab®\*
&
(%)
y3

Answer

c
d.

a.

27
2699

? Trylt1.3.1.26

Simplify each expression:
—9\?3

A (—)
q

b. (3)74
T

c (ﬂc_zf”f

"\ 322

924
8nS

mb

We now have several properties for exponents. Let’s summarize them and then we’ll do some more examples that use more than
one of the properties. We note that there are many ways to simplify the expressions, but the final simplification should be
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equivalent.

# Summary of Integer Exponent Definitions and Properties

Definition
Definition of Zero Exponent

Definition of Negative Exponents

Property
Product Property
Power Property

Product to a Power

Quotient Property

Quotient to a Power Property

Quotient to a Negative Exponent

v/ Example 1.3.1.27

a. (3z%y)" (2zy”)?
(@*)(z2)°
(2°)°

21> 2 12zy° -
¢ 23y 2 23y

Solution

d.

Simplify.
Use the Commutative Property.

Multiply the constants and add the exponents.

Use the Power Property, (a™)" = a™".

Access for free at OpenStax @EHcIENE]

Simplify each expression by applying several properties:

Use the Product to a Power Property, (ab)™ = a™b™.

If @ and b are real numbers, and m and n are integers, then

Description
0 _

a”=1,a#0
—n

1 1
a " = —, or equivalently, — = a”
a” a "

Description

(3z°y)*(2zy?)*
= (3'2%y")(2°2%y0)
= (812%y*)(8z°y")
= 81-8x8x3ytyS
= 648711yl

((L‘3)4((E_2)5
(z6)

m12w710

230
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Add the exponents in the numerator.

. a™ 1
Use the Quotient Property, — =
a

n—m

a

Simplify inside the parentheses first.

a\m™ a™
Use the Quotient to a Power Property, (E) = —

m

Simplify.

Simplify.

? Trylt1.3.1.28

Simplify each expression:
a. (c'd?)®(3cd®)*

(a72)3 (12)4

b.

3xy? ?
c pry

Answer
a. 81c**d3°

1
b. —
als
9y10
2

T

? Trylt1.3.1.29

Simplify each expression:
a. (a®v?)%(4ab?)*
() (@*)°

(P7)S

b.

™

Use the Product to a Power Property, (ab)™ = a™b™.

@)t =)
(«°)®

230

228

( 2zy? >2 <12wy3> -
23y 2 23y 1

(2 (12t
N (Ez :1:2
(2y*)* (129*)!
(@) (z2)!
12y

CB4 ar:_z

4y4

12z2

y4
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Answer
a. 256a22p%4
1

: p39

c. 2z3y10

? Writing Exercises 1.3.1.30

1. Give an example of distributing division over subtraction.

2. Give an example to show that you can not distribute division over multiplication.

3. How is the negative exponent related to reciprocals? Give an example.

4. How are positive and negative exponents used in science to express large or small numbers?
5. What is the purpose in writing numbers this way?

X Exit Problem 1.3.1.31

-3

b5
m5,yl()
70a:15y5

-3
3
a. Simplify ( = ) . Write your final answer with positive exponents only.

b. Simplify . Write your final answer with positive exponents only.

Key Concepts

« Exponential Notation
a

base a"=a-a*a-..da

This is read a to the m*™® power.

In the expression a™, the exponent m (when positive) tells us how many times we use the base a as a factor.
o Zero Exponent (Definition) If o is a non-zero number, then a® = 1.

1 1
o Negative Exponent (Definition) If » is an integer and a # 0, then a™™ = pry or, equivalently, i a®.
o Product Property for Exponents
If a is a real number and m and n are integers, then

To multiply with like bases, add the exponents.
¢ Quotient Property for Exponents
If a is a real number, a # 0, and m and n are integers, then
a™ a™ 1

— =a™", m>n and — = n>m
an an an—m

¢ Quotient to a Negative Exponent Property
If @ and b are real numbers, a # 0, b # 0 and n is an integer, then

a\ " b\"
5" =(3)
o Power Property for Exponents
If a is a real number and m and n are integers, then
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To raise a power to a power, multiply the exponents.
e Product to a Power Property for Exponents
If a and b are real numbers and m is a whole number, then

(ab)™ =a™b"

To raise a product to a power, raise each factor to that power.
¢ Quotient to a Power Property for Exponents
If @ and b are real numbers, b # 0, and m is an integer, then

() -4

To raise a fraction to a power, raise the numerator and denominator to that power.
e Summary of Exponent Properties
If @ and b are real numbers, and m and n are integers, then

. Property Description
Definition of Zero Exponent a®=1,a#0
—— . n 1 . 1 "
Definition of Negative Exponents a " = —, orequivalently, — =a
o=
. Property Description
Product Property a™-a" = a™tm
Power Property (@™)™ = a™"
Product to a Power (ab)™® = a™b"
am
. _— amn
Quotient Property o =ee #0
a\m a™
Quotient to a Power Property (z) = b—m,b #0
. . a\" b\"
Quotient to a Negative Exponent (3) = P
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