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1.3.2: Simplifying, Multiplying and Dividing Rational Expressions

4b Learning Objectives

By the end of this section, you will be able to:

e Determine the values for which a rational expression is undefined
o Simplify rational expressions

o Multiply rational expressions

o Divide rational expressions

X Be Prepared

Before you get started, take this readiness quiz.

90

1, Simplif .

1rnply15 5
14 6

2. Multiply — - — .

WHPY 15" 35

3. Divide 42 + 5

: 10 25°

Above are examples of some properties of fractions and their operations. Recall that these fractions where the numerators and
denominators are integers are called rational numbers. In this chapter, we will work with fractions whose numerators and
denominators are polynomials. We call this kind of expression a rational expression.

# Definition 1.3.2.1

A rational expression is an expression of the form £, where p and q are polynomials and ¢ # 0.
q

Here are some examples of rational expressions:

24 5z 4z +1 42> + 3z —1
56 12y z2—9 2z —8

24
Notice that the first rational expression listed above, 6 is just a fraction. Since a constant is a polynomial with degree zero, the

ratio of two constants is a rational expression, provided the denominator is not zero.

We will do the same operations with rational expressions that we did with fractions. We will simplify, add, subtract, multiply,
divide and use them in applications.

Simplify Rational Expressions

6
3= 13 which can be understood by imagining dividing a pizza into 2 pieces and eating 1, and
imagining dividing the pizza up into 12 pieces and eating 6 of them! In general, % = % when ¢ and b are not zero. The process

c

of replacing % by the equivalent expression g is called reducing the fraction. It is commonly also called 'canceling' the common
c

b

Here we recall for example,

factor c.

A fraction is considered simplified if there are no common factors, other than 1 and —1, in its numerator and denominator.
Similarly, a simplified rational expression has no common factors, other than 1 and —1, in its numerator and denominator.

Access for free at OpenStax ENcEPANE https://math.libretexts.org/@go/page/93952



https://libretexts.org/
https://creativecommons.org/licenses/by/4.0/
https://openstax.org/
https://math.libretexts.org/@go/page/93952?pdf
https://math.libretexts.org/Courses/City_University_of_New_York/College_Algebra_and_Trigonometry-_Expressions_Equations_and_Graphs/01%3A_Expressions/1.03%3A_Rational_Expressions/1.3.02%3A_Simplifying_Multiplying_and_Dividing_Rational_Expressions

LibreTextsm

# Simplified Rational Expression

A rational expression is considered simplified if there are no common factors other than 1 and —1 in its numerator and
denominator. There should be no more "—"s than necessary.

For example,

3 is simplified because there are no common factors of  +2 and = + 3.

2x
32 is not simplified because z is a common factor of 2z and 3z.
x

We use the Equivalent Fractions Property to simplify numerical fractions. We restate it here as we will also use it to simplify
rational expressions.

# Equivalent Fractions Property (Reducing Fractions)

If a, b, and ¢ are numbers where b # 0, ¢ # 0,

Notice that in the Equivalent Fractions Property, the values that would make the denominators zero are specifically disallowed. We
see b # 0, ¢ # 0 clearly stated.

To simplify rational expressions, we first write the numerator and denominator in factored form. Then we remove the common
factors using the Equivalent Fractions Property.

Be very careful as you remove common factors. Factors are multiplied to make a product. You can remove a factor from a product.
You cannot remove a term from a sum.

2+3-7 3x(x—~9) X+5
357 Sy where x+ 9 e
2 3x NO COMMON
5 5 FACTORS

We removed the common  We removed the common While there is an xin

factors 3 and 7. They are factor (x-9).Itis a both the numerator and

factors of the product. factor of the product. denominator, the x in
the numerator is a term
of a sum!

Figure 1.3.2.1.

5
Removing the z's from rro would be like cancelling the 2’s in the fraction
x

Simplifying Rational Expressions: Monomials over Monomials

Now we will look at an exponent property for division. As before, we’ll try to discover a property by looking at some examples.

5 2
. T x
Consider — and —
x2 z
What do they mean? = =
Use the Equivalent Fractions T ZTTT 22 1
Property. T, T, Lz
1
Simplify. =z =

(This is not a polynomial!)
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. T

Consider — and
22
z° 222
— = = 7

Note. z2 x?

Reducing the fraction.

Note that the result when you divide monomials is not necessarily a polynomial!

v/ Example 1.3.2.2

540263
—6abd

Simplify

Solution

54a2b®
—6abd
213
Rewrite as a fraction. 54a’b
—6abd

2 33
Use fraction multiplication. 54 a* b

Simplify and use the Quotient Property.

Multiply. 9a

? Trylt1.3.2.3

724753
Simplify ——————.
Pty (8a12b4
Answer
_9
a’b
? Trylt1.3.2.4
o 63c8d3
Slmpllfy—m.
Answer
—9d
ct

2  z2z =z
Reducing the fraction.

When we divide monomials with more than one variable, we write one fraction for each variable.

Once you become familiar with the process and have practiced it step by step several times, you may be able to simplify a fraction

in one step.
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7,12
.1 Ty
Simplif

p y21

xllyb ’
Solution
o 14 - o . . .
Be very careful to simplify 51 by dividing out a common factor, and to simplify the variables by subtracting their exponents.

14z7y12
21z11y6

%

Simplify and use the Quotient Property. T
4B

? Trylt1.3.2.6

alc5yl4

Simplify ———.

R 49x9y12
Answer
4y2
T4

? Trylt1.3.2.7

30mSn!t

Sil‘l‘lplify m o

Answer
5
8mn3

Simplifying Rational Expressions: Polynomials over Monomials

Now that we know how to divide a monomial by a monomial, the next procedure is to divide a polynomial of two or more terms by
a monomial. The method we’ll use to divide a polynomial by a monomial is based on the properties of fraction addition. It is

3 2 3
clear that —~7_ =7 + 7 because the left side is 5 sevenths and the right side is 2 sevenths plus 3 sevenths. You may also see
1 1 1 2 3
this as 7(2 +3)= 72 + 73 =z + 7 So in other words, we distribute division over addition (and subtraction) just as we did

multiplication. Since variables are place-holders for numbers, it will be the same if instead of numbers we have variables.

2 2
For example, the sum % + 5 simplifies to vt . Now we will do this in reverse to split a single fraction into separate fractions.

2
can be written % +—=.

2
For example, y+ 3

. . - . . a+b a b .
This is the “reverse” of fraction addition and it states that if a, b, and ¢ are numbers where ¢ # 0, then =—+—.Wewil
c c ¢

use this to divide polynomials by monomials.
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X Division of a polynomial by a monomial

To divide a polynomial by a monomial, divide each term of the polynomial by the monomial.

v/ Example 1.3.2.8

18z%y — 36zy>

Simplify
—3zy

Solution

1823y — 36zy?
—3zy

_ 1823y — 362y
N —3zy

Rewrite as a fraction.

- - . ) 18z%y  36zy?
Divide each term by the divisor. Be careful with the signs! = — —
—3zy —3zy

Simplify. = 622+ 12y

? Trylt1.3.2.9

32a%b — 16ab?
Simplify —m8M8™
— —8ab
Answer

—4a+2b

? Trylt1.3.2.10

—48a8b* — 36a%0°
—6a3b?

Simplify

Answer

8a’b +6a®b?

Simplifying Rational Expressions: Polynomials over Polynomials

? Example 1.3.2.11

z2+52+6

Simplify ——.
. yx2+8w~|—12

Solution

z2+5z+6
22+ 8z +12
(z+2)(z+3)

Factor the numerator and denominator completely. = (z +2)(z +6)
a8 T
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 @xHE+3)
(e 2o +0

Simplify by dividing out common factors. T+ 6
for the values of  where \

22 +52+6 (z+2)(z+3) dw+3

= an
z2+8z+12 (z+2)(z+6) z+6
are both defined.

? Trylt1.3.2.12

a:2—:z:—2

Slmphfy 312
2

Answer

r+1 z? —

-2
for values of © where 2 72 is defined.
T — 2 —-3zx+2

? Trylt1.3.2.13

z2—3z—10
2+ —2

Simplify

Answer

_ 2_ 321
z-5 where M is defined.
z—1 24z —2

Note that in th le it is noted that the equality is valid only wh PA5046 _ (24+2)(@+3) L @+3
ote at 1n eexamp81 1S note al eequalylSVal OHyW ere $2+8;13—|—]_2 = (x+2)($+6) an $+6 are

defined. The latter is defined everywhere because one can always ad and multiply numbers. The problem is what when
22 4+5x+6  (x+2)(x+3)

= is not defined. For example, if £ = —2 the denominator is 0 (check by evaluating) and so
22 +8z+12  (z+2)(z+6)
3 —243 1 24 5z+6 3
the quotient is undefined whereas 1 i ﬁ =7 which is defined so that for x = —2, ;2 _:_ 8;—:_ 15 #+ z 1 6 Maybe

you can spot another value that doesn't give equality. If the two expressions are defined then they are equal, which is most values of
z. In the context of an application, it will be necessary to go back and make sure the equality holds for the value of interest. We will
see this in action in the next unit.

We now summarize the steps you should follow to simplify rational expressions.

# Simplify a Rational Expression

1. Factor the numerator and denominator completely.
2. Simplify by noting common factors.

Usually, we leave the simplified rational expression in factored form. This way, it is easy to check that we have removed all the
common factors.

We’ll use the methods we have learned to factor the polynomials in the numerators and denominators in the following examples.

Every time we write a rational expression, we should make a statement disallowing values that would make a denominator zero.
However, to let us focus on the work at hand, we will omit writing it in the examples.
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3a? —12ab + 1202
6a2 — 24b2

Simplify

Solution

3a% — 12ab + 12b%
6a2 — 242

3(a® — 4ab + 4b?%)
6(a2 — 4b2)

_ 3(a—2b)(a—2b)

~ 6(a+ 2b)(a— 2b)

¥(a—2b) (a_2br

Factor the numerator and denominator, first factoring out the GCF.

Remove the common factors of @ — 2b and 3. ¥ 2(a+2b) (a}Zb)'
_a—2b
2(a+ 2b)
3a2 —12ab+ 126>  a—2b
Conclude. 6a2 — 24b? 2(a + 2b)

where both sides are defined.

? Trylt1.3.2.15

o 2x? — 122y +18y?
Simplify
3z2 —27y?
Answer
2(z —3y)
3(z+3y)

? Trylt1.3.2.16

522 —30 25y2
Sty S — S
222 — 5092
Answer
5(z —y)
2(z +5y)

Now we will see how to simplify a rational expression whose numerator and denominator have opposite factors. We previously
introduced opposite notation: the opposite of a is —a and —a=—1-a .

7 . .
The numerical fraction, say — simplifies to —1. We also recognize that the numerator and denominator are opposites.

a . . . <o
The fraction —, whose numerator and denominator are opposites also simplifies to —1.
—a

Let’s look at the expressionb—a. b—a
Rewrite. —a+b
Factor out —1. —1(a—0)

This tells us that b — a is the opposite of a —b.

a—
In general, we could write the opposite of a —b as b —a . So the rational expression

simplifies to —1.
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# Opposites in a Rational Expression

The opposite of a —b isb—a.

An expression and its opposite divide to —1.

We will use this property to simplify rational expressions that contain opposites in their numerators and denominators. Be careful

not to treat a+b and b+a as opposites. Recall that in addition, order doesn’t matter so a+b=b+a . So if a # —b, then
a+b
=1.

b+a

? Example 1.3.2.17

2,
4 —4x — 32
Simplify ———————
64 — x2
Solution
z? — 4z — 32
64 — x2
— 4
Factor the numerator and the denominator. = %
B8—z)B8+=z)
(z _8y(a +4)
Recognize the factors that are opposites. = (-1 L
R z+4
Simplify. - _
S z+8
2’ —4z—-32  x+4
Conclude. 64 — 22 Tz +8

where both sides are defined.

? Trylt1.3.2.18

2
z° —4x —52
Simplify ————
implify PR
Answer
z+1
z+5
? Try 1t 1.3.2.19
2
- +x—2
Simplify —————
implify 172
Answer
T +2
rz+1

Multiplying Rational Expressions

To multiply rational expressions, we do just what we did with numerical fractions. We multiply the numerators and multiply the
denominators. Then, if there are any common factors, we remove them to simplify the result.
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& Multiplication of Rational Expressions

If p, g, 7, and s are polynomials where g # 0, s # 0, then

p T _
s

" =

pr
gs’

To multiply rational expressions, multiply the numerators and multiply the denominators.

Remember, throughout this chapter, we will assume that all numerical values that would make the denominator be zero are
excluded. We will not write the restrictions for each rational expression, but keep in mind that the denominator can never be zero.
So in this next example, z # 0,  # 3, and = # 4.

? Example 1.3.2.20

o 2z x2—9
Simplify .
z2—-Tz+12 62
Solution
2z z2 -9
Step 1. Factor each numerator and 9 2 2 —Tx+12 ' 622
Factor z° — 9 and z° — Tz + 12.
denominator completely. v v v _ 2z ] (z—3)(x+3)
(z —3)(xz—4) 622
Step 2. Multiply the numerators and Multiply the numerators and denominators. 2z(z — 3)(z +3)
denominators. It is helpful to write the monomials first. ~ 622(z —3)(z —4)
Recognize factors common to the numerator
and denominator and reduce the fraction. 7y (mﬂ’ (@+3)
Step 3. Reduce the fraction. Divide out” the comrPon factors (divide 73 gz (z 79’ (z—4)
numerator and denominator by those z+3
common factors). Leave the result in = 3z(z — 4)
factored form.
2z -9  z+3
Conclude. 22Tz +12 622  3z(z—4)

where both sides are defined.

Note that we will stop writing the qualification that the expressions of interest are defined. It will be tacitly understood for
the rest of this chapter.

? Trylt1.3.2.21

5 z?—4
2 +52+6 10z

Simplify

Answer
r—2
2(z+3)

? Trylt1.3.2.22

92 | z? —36
z2+112+30 32

Simplify

Answer
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| 3(z—6)

z+5

# Multiplying Rational Expressions

1. Factor each numerator and denominator completely.

2. Multiply the numerators and denominators.
3. Simplify by dividing out the common factors.

? Example 1.3.2.23

3¢’ —8a—3 a?>+10a+25
a?—25 3a2 —14a -5

Multiply

Solution

Factor the numerators and denominators

and then multiply.

Simplify by dividing out

common factors.
Simplify.

Rewrite (a — 5)(a — 5) using an exponent.

3¢’ —8a—3 a%2+10a+25

where

a?—25 3a% —14a -5
? Try 1t 1.3.2.24
. 2245212 2> —8x+16
Simplify . .
z2 —16 222 — 13z +15
Answer
r—4
z—5
? Try It 1.3.2.25
Simplif 462 +7b—2 b2 —-2b+1
PY ™ 1% wiish—4 -
Answer
(b+2)(b—1)
(1+b)(b+4)

36> —8a—3 a?+10a+25

a2 —25 3a2 —14a—-5

(3a+1)(a—3)(a+5)(a+5)

is defined (then

(a—5)(a+5)(3a+1)(a—5)

(3a4+1T (a—3) (a5) (a+5)

(a—5) (a5 (Ba+4T(a—5)

(a—3)(a+5)
(a—5)(a—75)

(a—3)(a+5)
(a—5)2

(a—3)(a+5)
(a—5)?
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Dividing Rational Expressions

Just like we did for numerical fractions, to divide rational expressions, we multiply the first fraction by the reciprocal of the second.

# Division of Rational Expressions

If p, g, r, and s are polynomials where ¢ # 0, r # 0, s # 0, then

p.T_P
q S q

s
—
To divide rational expressions, multiply the first fraction by the reciprocal of the second.

Once we rewrite the division as multiplication of the first expression by the reciprocal of the second, we then factor everything and
look for common factors.

? Example 1.3.2.26

p'+e r-a 3 g8 2 2
Divide <+ . Use the fact that p° +¢° = (p + —pq+
25 1 g 127 s P’ +¢’ =(p+a (@’ —pa+q*)

Solution

Step 1. Rewrite the division = “Flip” the second rF+q . P-7

as the product of the first fraction and change the 207 +2pq + 2° 6

rational expression and the = division sign to r+q 6

reciprocal of the second. multiplication. 2P +2pq+2¢ = p-q

Step 2. Factor the Factor the numerators ~ (P+@)(P'-pg+¢q) | 2-3

numerators and and denominators. 2(p*+ pg + q°) (P-qlp+q)

denominators

completely.

Step 4. Simplify by dividing ~ Divide out the common (p+qi(p’-pg+q)2Z-3

out common factors. factors. 2(p* + pg + ¢)p - q)(p+1q)

3P —pg+q)
(P Q)P +pq + )

So, \(\dfrac{p"3+q/A3}{2p~2+2pq+2g~2 }+\dfrac{p/2—q/2}{6}=\dfrac

? Trylt1.3.2.27

z -8 C ozt -

il -
TPy 3 62+ 12 6

4
. Use the fact that 23 — 8 = (z — 2)(z% +2z +4) .

Answer
2(z* +2z +4)
(z+2)(z? —2z +4)

? Trylt1.3.2.28

. . 222 22 —2242 3 9
Simplify — T 51 Use z°+1=(z+1)(2* —2z+1) and don't forget to factor out greatest common factors.
22 — z
Answer
2z
z—1
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# Division of Rational Expressions

1. Rewrite the division as the product of the first rational expression and the reciprocal of the second.
2. Factor the numerators and denominators completely.

3. Multiply the numerators and denominators together.
4. Simplify by dividing out common factors.

A complex fraction is a fraction that contains a fraction in the numerator, the denominator or both. Recall that a fraction bar means
division. A complex fraction is another way of writing division of two fractions.

? Example 1.3.2.29

6x2 — Tz +2
4 —8

222 — Tz +3

x2—bx+6

Divide

Solution

Rewrite with a division sign.

Rewrite as product of first times reciprocal
of second.

Factor the numerators and the

denominators, and then multiply.

Simplify by dividing out common factors.

Simplify.

? Trylt1.3.2.30

322+ 7z +2
4z +24

3z2 —14z -5

z2+z—30

Simplify

Answer
T +2
4

62 — T +2
4z —8

2z2 — Tz +3

2 -5z +6

622 — Tz +2 . 222 — Tz +3

4z —8 " 22—52+6

622 —Tz+2 2>—5z+6

4z -8 222 —Tx+3

(2z-1)(3z—2)(z —2)(z—3)

4(z—2)2z—1)(x —3)

(2217 (32 —2) (z2) (28]

4 (22 (2217 (237
3z —2
4
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y? —36
2y2 +11y — 6
Simplify y—i-—y
2y? — 2y —60
8y —4
Answer
_Z
y+5

If we have more than two rational expressions to work with, we still follow the same procedure. The first step will be to rewrite any
division as multiplication by the reciprocal. Then, we factor and multiply.

? Example 1.3.2.32

3z—6 z24+2zx-—3 L 2z+412
4dr —4 22-3x—10 ~ 8z +16

Perform the indicated operations:

Solution
3x-6 , X+2x-3 _2x+12
dx-4 x*-3x-10  8x+16
Rewrite the division as multiplication 3x-6 ,X¥+2x-3  8x+16

by the reciprocal. 4x-4 x¥-3x-10 2x+12

3x-2) (x+3)x-1) 8(x+2)
Factor the numerators and the denominators. Ax=1) * &+ 2)x-5) : 2(x+ 6)

Multiply the fractions. Bringing the constants to
the front will help when removing common factors.
Simplify by dividing out common factors.

o 3 - 2)(x + 3)
Simplify. (x - 5){x + 6)

? Trylt1.3.2.33

4dm+4 m?-3m-—1 12m —
Perform the indicated operations: mt m_—3m 10 , 12m 36

3m—15 m2—4m—32 = 6m—48

Answer
2(m+1)(m +2)
3(m+4)(m—3)

? Trylt1.3.2.34
2n% +10n _ n?+10n+24 n+4

Perform the indicated operations: n_1  m218n—9 82+izn’

Answer
(n+5)(n+9)
2(n+6)(2n+3)
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? Writing Exercises 1.3.2.35

1. What is a rational expression?
2. What is the first goal when aiming at simplifying rational expressions? Why is this the first goal?
3. Give an example of dividing a rational expression where the reduced result is a quotient of linear expressions.

79
4. a. Multiply 7 70 and explain all your steps.

n
b. Multiply —— -
Y 03 "h+3

c. Evaluate your answer to part b. when n = 7. Did you get the same answer you got in part a.? Why or why not

and explain all your steps.

24
5. a. Divide 5 =6 and explain all your steps.

22 -1

b. Divide +(z+1) and explain all your steps.

c. Evaluate your answer to part b. when 2 = 5. Did you get the same answer you got in part a.? Why or why not?

X Exit Problem 1.3.2.36

Simplify:
. 5p? p? —16
"p—5p—36  10p

29% — 10y N 10y +2 y+5
o 5 6y

b

Key Concepts
o Determine the values for which a rational expression is undefined.

1. Set the denominator equal to zero.
2. Solve the equation.

o Equivalent Fractions Property
If a, b, and ¢ are numbers where b # 0, ¢ # 0, then
a a-c d a-c a
—=—oand — = —.
b b-c b-c b
o How to simplify a rational expression.
1. Factor the numerator and denominator completely.
2. Simplify by dividing out common factors. (The resulting equality holds for values of the variable where the initial
expression is defined.)

o Opposites in a Rational Expression
The opposite of a —b isb—a.

An expression and its opposite divide to —1.
e Multiplication of Rational Expressions
If p, g, r, and s are polynomials where ¢ # 0, s # 0, then

p r_pr
a5 as
o How to multiply rational expressions.
1. Factor each numerator and denominator completely.
2. Multiply the numerators and denominators.
3. Simplify by dividing out common factors.
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¢ Division of Rational Expressions
If p, g, r, and s are polynomials where ¢ # 0, r # 0, s # 0, then
p."_P S
g s qr
o How to divide rational expressions.
1. Rewrite the division as the product of the first rational expression and the reciprocal of the second.
2. Factor the numerators and denominators completely.
3. Multiply the numerators and denominators together.
4. Simplify by dividing out common factors.

This page titled 1.3.2: Simplifying, Multiplying and Dividing Rational Expressions is shared under a CC BY license and was authored, remixed,
and/or curated by OpenStax.

e 7.2: Multiply and Divide Rational Expressions by OpenStax is licensed CC BY 4.0. Original source:
https://openstax.org/details/books/intermediate-algebra-2e.

o 5.3: Properties of Exponents and Scientific Notation by OpenStax is licensed CC BY 4.0. Original source:
https://openstax.org/details/books/intermediate-algebra-2e.
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